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% A & linear operator T :V — V - i eigenvalue, & i % 5 W =Er(1) &
# T-invariant subspace > 2 T|y : Ep(A) — Ep(A) ¢ characteristic polynomial. %
dim(Es(A)) =d, ¥ A & geometric multiplicity % d. £ B =(vi,...,V4) & Ea(A) - &
ordered basis > R [T|w]g = Aly. F1#* & Ty ¢ characteristic polynomial g(t) % (A —1)¢
m % T ~¥ A 1 algebraic multiplicity 5 m > #% 7 T ¢ characteristic polynomial pr(r)
Po(t—A)" /‘f’”f pr(t) (" m 5 t—A ¥ 1! ﬁ'”f pr(t) 7% < ¥ ) » #&d Proposition
Mﬁﬁ%k#ﬂﬁ%&—ﬂ’ﬁ@dgmoﬁrﬁﬂﬁknv&iﬁ&~?ﬁ§*ﬂﬁ
BERHco d 3t - B2 LT WAL S — B linear operator v #T)0in ¥ L F e e A g

P e g

Proposition 7.4.6. ¥t — & linear operator T % A €F % T e— B eigenvalue ¥ H
geometric multiplicity % d 11 % algebraic multiplicity 5 m, B d <m.

P> g3 AcM,,(F) 2 AeF 5 A eh— B eigenvalue ¥ B geometric multi-
plicity % d ™ % algebraic multiplicity % m, Bl d <m.
3
03}ﬁ 3EF
eigenvalue » (<% % ¢ H characteristic polynomial P4 (¢t) = (3 —1)? 4vH “ & 285 2 i
FTRVETEL S Es Lo T - ko A d R EIES P AR S E
B U T KIE B eigenspace A o B - BELOFIREYT d NicE 8
TN P €% o d 3t A e eigenvalue A 0 geometric multiplicity & + > 0 ( F]¥ /i A n

&ii:gﬁy@gﬁ&¢&w&gﬁ&a%%%i,m%§A—[

eigenvector & 3 &) ¥ H E & |3t & B30 H algebraic multiplicity ( Proposition 7.4.6) . %]

% A #_A ¢ characteristic polynomial 0¥ 3 (¥ A &1 algebraic multiplicity % 1) , #
geometric multiplicity — 2 %" 1. 2 8r8- ¥ A TS B £ 8§ — iR o

7.5. Cayley-Hamilton Theorem

fip & @ A4 2 Cayley-Hamilton Theorem. i B %32 F = L% A2 2 linear
operator SRRk o FRTCEP VAP T kA ¥ - *Jiﬂ\,j*ﬁ Moo 2 iEd A BAK

P R LT R L g2 1 2 % linear operator T H FEL > AT iRAL A fE
%mﬂwﬁﬂﬂ’*—T(%%ﬁ i i)

Cayley-Hamilton Theorem > # % #-= *L & linear operator & » % 38 ;% » A jpw - T
Bk eoFgoverFeand B8 f(t)=cpt™+--+cit+co, B¥ ¢;€F - Hizk A€ My, (F),
AR fA) =cpA" 4 +ciA+col,. R TE f(A) » € A n B> Lo @ ¥ linear
operator T:V —V » e 2& f(T)=cyT"+---+c1T + coidy. A& f(T) » ¢ A
V 3| V 0 linear operator o i&fk % » 5 3E ;40 38 g e §oaE 0 _’rfﬁf(;z AL s i’*;ﬁa?
F@&)=nh(t)g(t) > B f(A)=h(A)g(A) & f(T)=h(T)og(T) » ;L *E*4p 3 2 linear operator
I S VR
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Cayley-Hamilton Theorem #.em8_: §F A € M, (F) ¥ # characteristic polynomial %
pa(t)=det(A—tl) > Pl pa(A) 5 ntEE > o dp¥en> § T:V =V 5 linear operator
2 characteristic polynomial % pr(t) » Bl pr(T) % % Sific o 2P L g 8L cf-a) o

i Tk pa(t) =det(A—tl,), ¥ L4 FEeh#% Cayley-Hamilton Theorem #_E #:#- A &
> det(A—tl,) it ® > AT L pa(A) =det(A—Al) =det(0) =0. =B HE LT
o LB pa(A) E- B onpES R A Ll det(A—AL) B B ¥ B o HR2 *“%
#» L& characteristic polynomial det(A —tI,) P, &#-¢ 5 &+ F ¢ chhw~Z, a1 *

ayp—t - din
T RS & F ¥ e eigenvalue. Flpt det(A—1,) ¥ B = det : o, R E
(273 R e
BEehb358. T g "55'?@ tRiER FPardie s bifaded B (7 en, v §_
a1 —A - ain
tHoagd ~ B AL F L det : : TRATEDIRLT.
ani o apn—A

d 3% A &0 characteristic polynomial % # 3| A —rl, &tk FErL ) » %&;{?g{.«’r&@ﬁ’! entry
¢ jé t G N, AP E L - 4 A entry ¢ jé AN R, FHRE
tdAd+ -+tA+Ag, B P A€M, (F ) T AN Bl AT U oL ek o

50243 4r—1 _a(00Y 50 (043
7 B2+t ) 0 1 0 -2 0 1 7 0 )

AR T Rk S, A R R B R B A G R DR R 2R SR
AR R BFRE LR AP RBAFE A+ +1A1+A) = 1By + - +1B1 + By,
B AL B eM(F), Bl Ai=B, Vi=0,1,....d &% F 5%} 5% A#£B, 4745585
Beneh 3 B oentry B ¢ nfilc AR, @A F. 0 R0 A, A xreﬁ.ﬁm D)1
Cayley-Hamilton Theorem.

Cayley-Hamilton Theorem 3k # e&_ characteristic polynomial fe4E* & & - o % fr
F7)5F B o Flpt AP R RNt B el iE B dpid % o a2 eh adjugate (classical
adjoint) # # 7 &2 @ gudt % (%2 Theorem 5.5.12) > + i&;{

adj(A —11,) - (A —1tl,) = det(A —tI,)I, = pa(t)I, (7.2)

—J‘pi'J;T“:* (72) &FgFLZENDERA K ¢ BERAS L 3% Jj*'l?«ﬁt?é\v pa(A)
O FRARFL L, BER LR T T AH - B L AT Ept
?f Jar % (B—tl,)(B+tl,)=B>—12I,> w# A & » 38 (B—A)(B+A)=B>-A?
FE (22 AB=BA)  #TIIA P 4RL S O B RS ES S d B T L F
tdAd—i—---—i—tAl—i—AQ:tdBd—i—---—i—tBl+BO, Pl A;=B;, Vi=0,1,....d ; &3 N EIE o
OREPREEE BT RHEAPENHR A G 3 Eaa 0 R ig it B
Wi - dahp FF 2L o d 3 adj(A — 1) (hE B entry ¥ £ A —tl; ¢ minor {7 7
Vo @ A—tl shminor T 5 ¢ MRS & > A adj(A—1th) (0F B oentry B 5 R IRt a0z
Foos FRL AT - adj(A —th) B 2By +tBy+By 2 ¢ By,Bi,By ¥ 5 3FE o
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2

% A ¢ characteristic polynomial 5 pa(t) = —£+cat> +cit+co > Bld 83 (7.2) 2§04
(By+1B) + Bo)(A —th) = £* (=) +1*(cal3) +1(c113) + cols. (7.3)
BEN(73) 2 BER, APE
t*(—=By L) +1*(By-A—By-I3) +1(B;-A—By-1;) + By - A
BEArE s (7.3) 4, st ik i i®

By-A = cobz
Bi-A—By-I = cil3
By-A—Bi-L = cl,

—By- I, = -1

BHh- N8 RN A ELFA RN ELF AL RN R A, A

By-A = col,
Bi-A’—By-A = cA
By-A’—B|-A? = A?

—By-A> = A}

P adteA R g L 2¥hcAr k, BE 0= AP+ A%+ A+ ol = pa(A).
A s A5 38 e Cayley-Hamilton Theorem 4cif 4o

Theorem 7.5.1 (Cayley-Hamilton Theorem). & A € M,,x,(F) * pa(t) 5 A €0 character-
istic polynomial > B pa(A) 5 E4E'L o

## linear operator T :V — V &1 Cayley-Hamilton Theorem » e 2 3F P 44 i
BveV ¥ eRL pr(T)(v)=0> F1»B%& pr(T) 5 F S¥co 2l N £ 445
- @B veV ¥ K& 2 v i | T-invariant subspace - B% W ¥ - B ¢ 7 v &0 T-invariant
subspace o d veW » AP pREG T(v)eW o L£d T(v)eW m 2 W & T-invariant, 3
3 T(T(V)=T*>(V)EW. 4rpt - E T2 AP T(v)eW,VmeN. d g A ipse 5 W £
¢ % v ¢h T-invariant subspace, B| W % 55 ¢ 3 {v,T(v),T*(v),...,T"™(v),...} & B & & (T
{T(v)|ieN}) ¢ #3 ch~%. % i W £ subspace, #7114 & '7;5 T T BE R F TR S

e subspace, PTG LT TR o
Definition 7.5.2. 3% T:V —V ¥_linear operator. i % veV, 4
C(T,v) = Span{v,T(v),T*(v),...,T"(V),...}.

AP H C(T,v) % the T-cyclic space generated by v.

ERARLEL S={v,TWV),T2(v),...,T"™(V),...}, BB S # ¥ it &5 5 B ~%, 7 &
% span 1 &, C(T,v)=Span(S) ¥» e~ Z E S ¥ 3 VI B AFemibe s FpF
w € C(T,v) =Span(S), % 7 & & co,C1,...,cn €EF @ F w=cov+c1T(v)+-- +cnT"(v) (&
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Tt =0). &E& T(w)=cT(v)+c1T*V)++c,, " (v) € Span(S) = C(T,v). »
% v) &_T-invariant subspace. # & # i ¢ 3 v 7 T-invariant subspace & ¢ 3

’
S, Z A PRI T G chEIL

Proposition 7.5.3. &%k T:V =V &_linear operator * veV. Bl C(T,v) .¢ 3 Vv B]

1 T -invariant subspace.

Question 7.7. Bk V E_ vector space over F, T :V —V &_ linear operator £ veV.
EPHEL WECT,Y), ¢ 5 htlche F o5 fx) @ @ w=f(T)(v). &
C(T,v) ={f(T)(v) | f(x) € Flx]}.

4 V A_finite dimensional vector space over F, ¥]1% C(T,v) 5 # subspace, #714 C(T,V)
< ¥_finite dimensional. 4rf® foif C(T,v) ch g e? $ 287 % v=0, B T!(v)=T/(0) =0,
Vie N, g pF C(T,v) = {0}, ¥ dim(C(T,v)) =0. Fp P EF g vA0 P m. 74
A v,T(v) 4% 5 linearly independent. % v,T(v) # &_independent, d % v 0,
iz c€F ##® T(v)=cv. 4 5 Ti(v) =c'vcSpan(v), Vie N. F]3t ## C(T,v) =
Span(v), ¥ dim(C(T,v))=1. @ % v,T(v) % independent, F|3* ¥ & v, T(v),T?>(v) % %
independent. % v % %_independent, B4 v,T(v) 3 independent * T?(v) € Span(v,T(v))
(Lemma 3.5.4). F]p* 5 % c,d €F & 18 T>(v) =cv+dT(v). s &

T3(v) =T(T*(v)) =T (v )+de( V) = cT (V) +d(cv+dT(v)) = dev+ (c+d*)T(v).
5140 18 T(v) € Span(v,T(v)). £ {1 * e jF iz, A7 zgp T'(v) € Span(v,7(v)),
VieN, Flpt gt g C(T,v) = Span(v T(v)), ¥ dim(C(T,v))=2. 2P ¥ - B i5kFHT
AR

20 I B R @ T R,

Proposition 7.5.4. B33 V &_vector space overF, T :V —V &_linear operator £ veV. R
dim(C(T, V)) =mEEEE m b i @8 v,T(v),...,T"(v) % linear independent: +
,T* EH v, T(v),...,T" 1(v) &_linear independent & v,T(v),..., T" 1 (v), T™(v) # &_linearly

mdependent

9 dim(C(T,v)) =m, Bl v,T(v),...,T" (v) £_C(T,v) - ‘& basis.
Question 7.8. % dim(C(T,v))=1 % 2 v&% v 4T 7 eigenvector.

%R C(T,v) & T-invariant, 2% v T|cry) : C(T,v) = C(T,v) &_linear operator. 7%/
T|¢(r,y) 5 characteristic polynomial § £ # &+¥2? & & T|¢(p,) 1 characteristic polynomial,
R AT Tlery) & E C(T,v) h- 2 ordered basis, &{]* &% ordered basis ¥
3| Tlery) 0% RAEE, £ £3%48" o1 characteristic polynomial. JF\':}J*; Prop051t1on 7.5.4, &
dim(C(T,v)) =m, 2 i p R 3E (v,T(v),...,T"1(v)) &- 2 C(T,v) # ordered basis.

AOEP RGP ARG dm(C(T,v) =3 @R S R ek -
i dim(C(T,v)) =m ¥ g * o F dim(C(T,v)) =3 & B=(v,T(v),T*(v)) £ C(T,v) ordered
basis » 2 3% T(v) = cov+c1T(V) +caT?(v) e % F AP k5 Tlory * B - % ordered
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basis # % RAEL [T|cirwlp # ® 2 F & [Tlerylp o7 1-st column £ B &% - Bw 2 (>
V) Gd T pitis @ e £ (7 T(v)) * ordered basis f #7# endifh 4 7. d 3t T(v) |5

0
WAL HF - B, wBdikdri |1 FRE [Torylp 7 2-nd column 7 ¢001. =
0

* [Tlery)p 818~ B column, %8B chbfs - B & (7 T3(v)) Gd T pafisor@
e £ (T T3(v)) * ordered basis B #7117 chd 44 7. ged T3(v) =cov+a1T(v) +c2T*(v)

(@) 0 0 Co
Vf”ff}-;’t v [T|C(T,V)]ﬁ e (& — B column IT\}L{ Cl|- Tt i [T|C(T,v)]/3 =110 [SH 4o i@
o)) 01
—t 0 co
Figfk eh4E L o characteristic polynomial g(¢) *? F] [T|erylp —th = |: I —t ¢ |>
0 1 c—t
& £ H determinant, d >3 i B HE B 2 JoldB - AL AT B AR E oA R R

Peen= N ESR . #H [-st row "% ¢ 4 determinant F

o —t C1
gt)=( t)det[1 02—1} +codet[0 1

—_—
|
~
| S

HeY § - BaELv FH determinant % 12 —cyt —cp, @

determinant = 1. Flp v #
g(t) = (=1)(t? —cat —c1) +co = — (2 — cat® — 1t — cp).
B R I EEFREAPT @R T 2 S

Proposition 7.5.5. B3k V &_vector space over ¥, T :V —V &_linear operator ® veV. ¢
o dim(C(T,v))=m 2 T"(V)=cov+ciT(V)+-+cm 1 T" (V) o &% & C(T,v) i ordered
basis B = (vi,T(v),....,T™"1(v)) » B

00 0 oo
1 0 0 ¢
Tleawlp=|: :
00 0 cmo
0 0 1 Cpt]
2 Tleer,y) ©° characteristic polynomial %
(—l)m(l‘m — C,11,11"n_1 — e —=Ct — C()).

f1* Proposition 7.5.5, 24 7 5 ¥ {F 0T 24,

Corollary 7.5.6. 3% T:V —V % linear operator ® veV 2 2Fw &. £ gx) 3
Tle(ry) : C(T,v) — C(T,v) &1 characteristic polynomial. R g(T)(v) = 0.

Proof. 3k dim(C(T,v))=m ® T"(v)=cov+c1T(V)+-+-+cpu_1T™" 1(v). Proposition 7.5.5

% 331 T|q(ry) 9 characteristic polynomial % g(x) = (—1)"(x" —cpu_1x" ' —---—c1x—cy).
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g(T)(v) = (=1)"(T" = cnaT"™" = = 1T — coide(ry)) (V)
= (—l)m(Tm(V)—Cmfle_l(V)—“'—ClT(V)—C()V):0.

Question 7.9. B3k T:V =V & linear operator £ veV 3 2£% = 8. £ g(x) & Tlery

1 characteristic polynomial. &M g(T )|C(T,v) =0.

#FF1* T Ar Tler,y) 0 characteristic polynomial 2. B e % » 2 i ,T} LR

Cayley-Hamilton Theorem.

Theorem 7.5.7 (Cayley-Hamilton Theorem). &3k V & wvector space over F & T:V =V

% linear operator. < Jg T ¢ characteristic polynomial pr(x), 2 F pr(T):V =V &
zero operator, 7 W iEF veV, pr(T)(v)=0.

Proof. ¥ ** 4§ v=0, A 2273 pr(T)(v) =0 (7] pr(T) A_linear transformation), # &
TR VEV I VAO. PFY RV TA L i T-cyclic space C(T,v), ¥ £ g(t) 5 Tlery)
¢ characteristic polynomial. & Proposition 7.4.5 4% % h(t) % #c % F 1 polynomial
@ @ pr(t) = h()g(t). 18w pr(T) = W(T)og(T). & B pr(T)(¥) = ((T) o g(T))(¥) =
WT)((T)(V). %7 4 Corollary 756 = g(T)(v) =0, & ®3& pr(T)(v) = h(T)(&(T)(¥)) =
h(T)(0) = 0. O

B s34 - ® 3 B Cayley-Hamilton Theorem i * o % A € My, (F) > & 3-8 AF
AL AR ‘N * Theorem 7.5.1 ™ % & xﬁg PERE-A R ;e B N o = U L S N | Ak7 2\ fFB—JFIZ -
% 1 Example.

Example 7.5.8. % 5 A= [ 12 ﬂ d % pa(x) =x%> —2x+5 %4 Cayley-Hamilton Theo-

rem, A P A2—24+4+5L=0. APT A N A R Aot AS. % £
rERE, ¥ x0 "4 pax Y=x2—2x+5, 7 & X = (X + 2% —x—12)(x*> —2x+5) — 19x+ 60.
AR AE A = (A3 4242 - A—120) (A2 —2A+50) —19A+60L. 4 ** A2—2A+5L =0

41 38
208 A5 — —
i A 19A + 601, [38 A1 ]
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Exercise 7.9. & V i over F 7 vector space * T:V —V % linear operator. @ v
vi,v2 & linearly independent * & & T(vy) = avy, T(Vz) =bvi+cva B¢ abcel.
W =Span(vi,v2). 3ZEAF a=c M2 b P EdHm W ® 973 ¥ iy T 0 eigenvectors * H

¥ 11 eigenvalues.

.;Y}

Exercise 7.10. ¥ jg*73 3x3 ¥ ¥ 3 — i eigenvalue A =3 cnF L o« 46T £ 3 ¢
FREEESELI Vo R R ETEELYT X dT VA B 0 T X m'ﬁf’]m WP oo
HY am 47 AcE Nk gm 27 SR €3k

A=3 |lam=0|am=1|am=2|am=3|am>4
gm=0
gm=1
gm=72
gm=23
gm >4

Exercise 7.11. 3k T:V —V % linear operator, veV ¥ g(x) 52vF 538358 - & W i

v #74 & &0 T-cyclic space ¥ 4 N % linear operator g(T') ¢ nullspace (or kernel) .
(1) Bk dim(W) =k B $E L wWeW, & 5 frti— - Bdic] > k5750 f(x)
" w=f(T)(v).
(2) #M N % T-invariant subspace.
(3) #P veN g 2rigr WCN.

Exercise 7.12. 3# 42T linear operator T "] % T T-cyclic space C(T,v) » ¥ T|c(ry)

£1 characteristic polynomial.
o T:R* - R* =% 5% T(a,b,c,d) = (a+b,b—c,at+c,a+d); v=(1,0,0,0).

o T:My(R) — My(R) %% 3 T(A):[l I]A:v:[o 1}

2 2 1 0
1 2 1
Exercise 7.13. % gE< A=|0 2 3
00 -1
1) @ ad]( —th) B % ’By+1B1+By, £ 7 B; € M3(R) »
3«( ) 2 (t232+tBl+Bo)(A—t]3) B 3C3—|—t2C2-|—ZC1—|—C0 » He Ce M3(R) °

3
4

|* Cayley-Hamilton Theorem # A3 8 & A2 A L ch& e & & b 39 AS,

g

"

(1)
(2)
(3) 1
(4) 41* Cayley-Hamilton Theorem # A~! B & A2 A I shsft e & &gt g 9y A-L

f_xn‘}



