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AN

MNP EKR Ac M ,(R) 5 regular stochastic matrix ¥ % diagonalizable.
Vi,...,V, & R" - % basis ¥ 5 A ¢ eigenvectors. 3K v; #T¥ & 7 eigenvalue 3

Ai, 27 A1 =1. ¢ Proposition 8.5.8 2 F# ¥ 2% v; i probability vector, * ¥3* i=2,...,n,
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Al <1l #&E vi= || &FF cg+-+c,=0. R4 P= V‘l V|n , VP A=
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lim AK = lim P & . P '=1limP & ' pl=p 0 . Pl
k—yo0 k—yoo .. k—ro0 .. ..
A Ak 0

AR I=2...nv;F - Bentryzfoi 0> 7 (u,v;)=0- 2 FirucSpan(vy,...,v,)"
£ %] vy,...,v, % linearly independent, ¥ dim(Span(va,...,v,) ) =n—(n—1) =1 Fpt &
Span(vy,...,v,)" =Span(u) = ¥ — % & F] v; i probability vector » & (u,v;) =1 F]* ]
* plp=1, 429 P! thl-strow 5 u'> ¥E - B entry ¥ 5 1. &
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5 ,ﬁh{;m'ﬁ'? A % regular stochastic matrix ¥ % diagonalizable, P § k 4% k4% % pF Ak €
%iT- BEF B column ¥ 3 vy ghaEE H ¥ oy i R" ¢ vk - ¢ probability vector % &_
Avy =vy. =B %% 2 F ¥ - & regular stochastic matrix (# % diagonalizable 2_ 3K )
FAREL VEEP TG R P P A AT, A FENEIRUGR. PR T R
B AP ERSEP - T FEPT LG T ED ) FEAPE Y LRIV LA T R

P IP engit 1 2 2 g ek % (Corollary 8.5.10).

Theorem 8.5.9. B#& A € M,n(R) 5 regular stochastic matriz * v € R" 5 v& - ¢h
probability vector % ¥_Av=v. R|
| |
limAf=|v v -~ v
k—yo0
| |
Proof. § n=1 P A=[1] #r&~ 7 stochastic matrix, }* pF & TILp R = Apu A ipd
Bon>2 A5 LEA PR ZER limg LAY & - B column F_4p F ¢ vector.
B4eP R limg AR ehF - B column &.4p ¢ vector *t ? i€ {l,...,n}, 24
v ihi-th entry ¢; > 12 975 keN ¥ g AR dristh row o & & My, mg » % 5 AX &9 i-th

row shentry P B BB E o AP RBEN my < <M P limgo (M —my) =0, Fpt
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B limgAX e ith row é0% B entry & 5 - Blcc. Fli It i=1,....n ¢ 2
Fo4 F P B limy . AY 9E — B column ¥ % 4P e 5 vector v.

BA 4 a; 2 Ad(ij)-thentry ¥ § k>1 pF4 al) L AX i (i, j)-th entry. 7

j
Cl
Av=v, 23 Afv=v,VkeN- £ v= , Bl % B Akv ehicth entry o 24 [l
Cn
ci lell(l)+ —I—cna ZCJ a;; (8.20)

¥] v & probability vector, & 3 ci+---+c,=1. * RIEK my <a( ) yVi=1,....n> #&d
FF (820) i >my(cr 4 Fepy) =myp e I F a§j> <My > ;z;%_]-ﬂ my < ¢ < My »
BTk APEP lmye(My—m) =0, Rtz cha iz A=Ak 2 g
al(];H = Zgzlagg)aqj. Bk A% e ith row g B ek | B4 W% 4 & AF 0 (i)s)-th entry
"% (i,t)-th entry (7 M) = al my = ag{)), 2 fgak A e icth row fhd & B o] B A

s

w4 4 AL 0 (i) j)-th entry ™ %2 (i,])-th entry (% M, = agl;ﬂ), My = agfﬂ)). PP
EAN A

k k k
Mk+1 = Cll(jJrl) = al(t)atj + Zal(q)aqj < mpdy j —I—MkZaqj = mya; j —|—Mk(1 —a,j). (821)

q#t qF#t
k+1
My :az(l+ )—a( agg +Zazq aql>Mkasl—|—meaql Myag; +my (1 —ay;). (8.22)
q7s q7s

AR+ (8.21), (8.22) * $17 A & stochastic matrix 2 B3k, ¥ YU a,;=Y7 a4 =1.
AR (8.21) B4 A (8.22) @

My —mypy SMi(1—apj—ag) +mi(aj— (1 —ag)) = (Me—mi)(1 —a,j—ag).  (8.23)

d 3 q;>0,a, >0, FF l—aj—ag <1, wd 8F (8.23) # My —mpy) < My —my. =
)I*apm&ﬂ (My —my), B— B iLp enies).

o BP (My—mp)p, & BRFAEANEBTE 02?7 APRTEHI V- B
subsequence %373t 0 ¥, fé%‘i’_%&% E* 3 A % regular eniEK. » ;I*uaum FrreNi@@®
A" & entry ¥ & T""?ﬁt 202 ARR, NP L B=A"2 £ bj; & B0 (i,j)-th entry
T k> 12 bl 5 BE=A% i (i j)-th entry. ;LR B ERAMF ;>0 2 b)) >0«
L ic{l,...,n}, 2 F My, my » % 5 BE=A™ thith row chentry @ hdk + @2 5]
B.OFR Y AR et gk, B NS (8.21), (8.22) & BX 4 BNl chiFa), v 4@ A5 (8.23)
% B* 22 BTl gp gt enit &

Myes1y = my(e1) < Muc(1—=by j = byt) +mpe(by j — (1= b)) = (Mg — mpge) (1= by j — byy). (8.24)
Bi2RSF (8.24) #1553 (8.23) Bt iR P e¥t by >0 2 by >0. M4 B 3 B e
entry ¢ fde ] . & B AIE, NP by > B> B, B 1—bj—by <1-2. F+d
FF (8.23) @

My (k1) = Mpert) < (Mpge—mpg) (1 - 2P). (8.25)
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F] B A7 7R column #7F ehentry 2 feE 3t 1 F A E aff B 0<B <
AAPE n>2 2 BR). 10 0< 126 <1, f1% 5 (8.25) w2 % #F fFip ik 19

Mr(k-‘rl) = My (k1) < (MF _mr)(l - ZB)ka

2 FEE (Mg —my),_, & B subsequence & & limy_ (M —my) =0, #& ¥ & sequence
(M —m)_y % % limy oo (My —my) = 0. 83~ 232 0

£ & £ ¢ Theorem 8.5.9 ¥** - 4 hstochastic matrix A & § = = /f 4 b regular hif
- 2>, izBFTRGSELE DTS ;’I*?‘u{é_ Markov process ¥ # ¢ 4~ 4¢P probability
vector & P, %5 regular stochastic matrix % =t eni®* 2.7 & {5 € AT - B4R Tk

hE h 2 4, v
Bi . AN L K At e T

Corollary 8.5.10. B*& A € M, (R) 5 regular stochastic matriz * v € R" & v - eh

probability vector #& &_Av=v. R Z & R" 3 probability vector w & #

lim (Afw) = v.

k—yoo
1
Proof. £ w= | :|. & w 5 probability vector 2 &, P ¢+ +¢c,=1. #&d
Cn
Theorem 8.5.9 4v
C1
N e
- k -k
lim(A"wW) = (limA®)w= v v - V| | | =cV+ev+---Fcv=1.
k—oo k—yoo ‘ ’ ‘ :
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Question 8.8. Corollary 8.5.10 ¥ w % & 3K & probability vector 1 € = 2§ ?
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Exercise 8.28. %% Exercise 8.26 » :#% ¥ 12 T stochastic matrices #p i #* 38 :

0 05 0 10 0 01 0 0 05 05
Ai=105 0 1|; A,=1]0 0 05|; As=1|1 0 05|; As=1{0 05 0
05 05 0 01 05 0 0 05 1 0 05
(1) #p I}imAi-‘ EZdheFrn REETo
—>00
1/6
(2) £ p=|1/3| »#P limAfp 23 5t £ 2 REE Lo
1/2 koo

(3) iz & 1 probability vector v. 3w & T B AL P 2 o

(a) 780 A; § €9 imAY - ®F 23 F v 5P EARTTIR - B R,
(b) 78 A; § ¢ 18 limAlv = i it v e §ABITH A b i £

(c) 7nip A; § 1817 ]}i_r)r.}oAf-‘v 7 - i b

(d) 78 A; € %17 ]}i_{rochfv i S

Exercise 8.29.

¢ & A % regular stochastic matrix.

2

(1) #P £ v 5 A deigenvalue 5 1 7 eigenvector, B v 7% — B entry % 7 %3t 0
(2) B3& A€My, (R) 5 diagonalizable ¥ Q & invertible matrix # ## Q~'AQ=D, #
¢ D % diagonal matrix ¥ H (1,1)-entry 5 1. 3#® Q' e l-strow % [r---r] &
cl
Por a2t R e el Q lstcolumn 5 | |, Bl r= (c1+-+cp) .
Cn
Exercise 8.30. % jg ¥k S:R" >R & 5 S(ai,...,ay) = Y7 0. ¥ A M, (R) £
T,:R" = R" %% 5 Ta(v)=Av. £ €, » %5 R" v R 1 standard ordered basis.
(1) z#M S % linear map ¥ BT S % &,& thi mie'L [S]2.
(2) ¥ & > Sk SoTy (R - R. RHEM [SoTyle % o
(3) B®E A e B entry % 5 2L F ¥ M A 5 stochastic matrix ¥ ¥ v& %
SoTy =S.
(4) 3% A % stochastic matrix * B € M,y,(R) e7% B entry % 5 254 F #c - 1% &
g rnS s (7 So(TyoTg) =(SoTy)oTp) M2 S g = Bt k2 ehfl hE
M B i stochastic matrix % ¥ *&E% AB 3 stochastic matrix.
(5) #FH I A,Be My r(R) £ ¢ A4r BA 5 stochastic matrix & € B i % §_stochastic

matrix.



