Linear Algebra (II) Exercise (Week 5)
March 21, 2025

1. #® ™ 11T linear transformations 7 standard matrix representation I % #7143
e fo 2 kernel {r image ¢ basis.

(a) T :R> = R*, & 3
Ti(a,b,c,d,e) =(a—c+3d—e,a+2d—e,2a—c+5d—e,—c+d).
(b) R =R, &5 D(v)=[vg> #¢ B 5 R’ e— ‘% ordered basis
B = (e1+er+e3,er+e3,es3).
2. B3K B=(v,v2,v3,V4) 5 V - % ordered basis. 4
Wi =V —Vy+V3+3V4, Wp = —V| — V2 +V3+2Vy,
W3 =5V] — V2 +V3+5Vy, Wy = V) — V3 —3V4, W5 = V| + V2.

(a) =P w; %yid ] Fl* BT V ar- % ordered basis .

(b) B3k Tg = * B/ #V LR e, 2B T Tp(vi), i=1,2,3,4.

(c) #p =L (Tg(wi),Tg(w2),Tg(Wa), Tg(ws)) f= (T (v1), T/ (v2), Tp: (v3), T (Va))
el

3. % J& linear transformations T:V — W, F:W — U.

(a) #M R(FoT)CR(F) 2 N(T)CN(FoT).
(b) 41 * dimension theorem, T rank(FoT)=dim(V)—dim(N(FoT)) % (a), #
pa
rank(F oT) < rank(T).
(c) B3k W 5 W ehsubspace, 3 g F' W —U 5% F cha &8 U4 & W
linear transformation (¥ F'( )=F(w), YweW). #p F'(W)=FW')
N(F/) :N(F)QW/, " VA LL }SF]B

I ‘a;

dim(N(F)) > dim(W') — dim(F (W')).
(d) 4 & () * W =T(V) s > §17% rank(F) = dim(W) — dim(N(F)) %P

rank(F) < dim(W) —rank(7') +rank(F o T).

Kil™

£ (a),(b),(d) #p

rank(F) + rank(7) — dim(W) < rank(F o T') < min{rank(7),rank(F)}.

(e) X



