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1.3. Echelon Form ¢

o- &P AR Gk T F M oechelon form = B R AL g LA ﬁi?&ﬁ CNPES
KFP 2 - TF MU#— B 5 echelon form. # 7 & ¥4 &0 row mu}g@?&?g
g E. AP AT B G - B row PR - & echelon form, #1541 g2 TR P AT
77 3 B row B Y T ’f'] * elementary row operations it i echelon form. £ f|* & i
row B € & 2 OE R HEP F 3 B row (h4EE s T {]* elementary row operations it
echelon form, 4rt - 3 T3 A :J’"F%‘i“ﬁ 4,5,6,... B row B € & 2 A iFinthen™ F
P MEE G F LB row B ¢ 2 2 (Blde 10 B row), © &2 EE - Bl (T
E & B #hrow). R ECE B iz AhWFmEL LT FAPRACEF kB orow gEE

- @it J1* elementary row operations i* % echelon form iz B ¥ F 2 J1* o B ¥ 7 #F 3
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k+1 B row 4B - it §* elementary row operations it i echelon form, LE')J‘JD % 77 %(
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| /gy
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3 @ B row B R 1 * elementary row operations i % echelon form, »

2
2
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s § - B row 4By 1 * elementary row operations it % echelon form ,T*
1&
I3

P

E3nd

W o=
=

5
B row endEE A 2 BiEA G 4 B orow AR A 2 opt - B T3 AT
e ¥ 5t f1* elementary row operations i* 3 echelon form.

ES fr“éh—ﬁ F3 - B row endprl, plprd 2N Eairow RHT AR R R P RA
echelon form. # % —F“ F @ B row (RAEE. § AL R %k K- B echelon form 1% - B row
H leading entry (% F ¢%5) & &¥73 B & row ¢ leading entry #7 > ¥ ez 3. Aru A
P gt 3 @ B row AR P ) Jeading entry i = P - B row (75 % B row 1 leading
entry #r =% 40 :T‘£T£B’~— B row) 1 * row R # ¢ row operation #-2_ ¥ >+ % - B row.
BT ORARZITET - B row @ leading entry A= ¥ F &% — B row 7 leading entry
g4 3. E % - B row ¢ leading entry T =B fr¥ - B row * F, Pl F)C ok - B
row 1 leading entry #r =% Ak = >, ¥ = B row 7 leading entry #r A =¥ - T AR
- B row ¢ leading entry i+ %, ik T_& M PF e i echelon form. m & % = B row
leading entry b #7 > % 4% — B row 1 leading entry a 48, 2 ¥ #-% - B row 3k
Mo—b/a, £ 4P % = B row F. dogt - K F - B row B ¢ leading entry % 5 0, s H
leading entry #7t & =% L+ # 7, & L& ! PF 5 echelon form.

FFAPRYEFFREDER, TTERG kB row FHELY T ¥ elementary row
operation i* % echelon form. &N P& &2 F k+1 B row B, dom 6 7 jF ’g e
i k- leading entry G ¥ A 2 B 7R B row f1* S row 3 4 ¢ row operation #-2_

W E - B orow. EBEX N PFY - B row 7 leading entry 5 a. T kAP H L row ¢
leading entry ehiz % &2 % - B row ¢ leading entry % — # ¢ row. % % row 0 leading

entry 5 b, P % - B row kP —b/a (&4 Fl3% row . 4ot - K3% row €0 leading

entry T =8 { AwH 7. - E A7 H 3, f@_ 3% - B row ¢ emrow E leading entry
Arh il R % - B orow g leading entry AT EAPR. JLE, LR - B row T en
% row 2 leading entry #7 =% ¥ &% - B row ¢ leading entry #t A= ¥ e 3. F
A 'Fi % - B row, “TH| T I - BF kB row i A mog ¢ o kB orow
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e Y ¥ 4| % elementary row operations i 5 echelon form, # i ¥ 12 4] * elementary
row operations #-p B & — B row M T ¥R i> {4 % echelon form. fe gt PFF L B row
leading entry #7 &= % ¥ &% — B row 1 leading entry #7 & = ¥ e & | #r BB ApiL
% echelon form. #&#&#E 773 B Y ¥ 4% elementary row operations it 5 echelon form.
X R FIAL R P A 2 echelon form B A7 E ,l’ﬁ * PIH-E B orow k- 220 F B
- B type 2 & elementary row operation. ¥ § }+ % i* & echelon form i/ F © F &
* 3 type 1,3 i& 8 elementary row operations, I *% type 2 7 elementary row operation

€ rfs g gt L “reduced” echelon form A2 E F & o, F FI R
T KA PP L @ 4% augmented matrix [A |b] §1* elementary row operatlons Lo
echelon form [A" | b], RIH 3 erms = = 220 A'x =D/ gfr)ﬁ' S Azl Ax=Db F PR hfE &
&, pARZFHR- S 28 Ax=Db 1 augmented matrix [A [ b] fI* = f;é_ elementary
row operation i - fAgH = [A'[b] A RR AR S 2 F ez BAAS E KR
2% fpe Ax=b. KA e Ax=b FfI* G 22z E (THA NI H
BEHARE - NF R BT EASR- BAIR R BIEAFT - BRI D
S Arke A'x=b, R i/% EAx=Db - 2 fiim ¢k FLA’X:b’. . ‘jfb’«%&’w‘\xzb mﬁi,ikg
F_Ax=Db &f3. 3 FEH &7 TP gzl b, APRERP A'x =Db @iz € A
Ax=Db fE] 7. KA AP 55 %2 elementary row operations &7 7R f e 4 SR
[A"| V] » 7 5 d elementary row operatlons RS [A|bl. AT E* R A 1@d | AP S

A'x =V ez ﬂ} ¢ 2 _Ax=Db 2. Fp FF Ax=b ’frA’x—b’ iR afEE &,
PR R AX=b v Ax=b UV PHREER, AT B3 R G AN D

BE fhen, A 0T SRR,

Definition 1.3.1. 3k linear systems AX=Db fr A'x=b’ «hf@ f & 4nk, RIfE Ax=Db {r
A'x =V % equivalent linear systems

FEF moengE 3 A P A augmented matrix [A | b] & 41 * elementary row operations i*

= [A"|P], Bl Ax=Db fv A’x =b" i equivalent linear systems.

A RIS e Ax=b hfE, & ¥ 5 A 5 echelon form ehFA;. T K
e 'I’“JI“'TL‘Q 4% % A % echelon form PF, B+ % 424 Ax=Db fRenfF . £ F F AP
P 1.2 &9 4k Rjgen 2 or@eniE R ¥ LD R ch- iR SR EF NI E
Pl 1.2 &9 ik fefFan 2 Tm?’ BT g enfd, FEFANPERP, BR- B
elementary row operations i* % echelon form % % % v&c— | e §_T i* &7 pivot variables &_
P — £,

Ak AP ET 1.2 & (2)(a) FF (A F - Brow 25 0 b &% row 3 5 0),
Bz e PN PEC R R R TN R BRI G RO FARAE- T A 1.2 &7
Peffzan iz F LAAPEB D] free variables, i*u{{" #% ke ‘f 7 pivot variable 12 ¢t i
variable. #& ¥ % iz free variable i R en$dicie, ARG L fl* d T L F R w e 203 P8

=3 ARty ehfd. F & free variable, ,T*esjhzd THAY-H-H RKETE.
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!

d 2+ F 02 2vi augmented matrix 2 5 0 &0 row, #TIL AP T EX GHcEL A LG
B row % 0. F15 A 5 echelon form, iz+ %7 A % - B row ¥ 7 leading entry *
pivot. LA P w ¥ ¥ A §_echelon form PF, 1.2 & ¢ #7if f28 = 2 fg22 Ax=Db > j* 97
F7 mﬁ"i,ﬁkf}’\“#’ﬁ HfE. ,T*u{;&,{—‘. F_X| =Cly.,Xp=Cy & AX=Db - 23 NP HP
TaEag vd 12 §ordk i FE DL 50 2 AN 4L 1.2 &k aht 2 0T iF hfz
Ak &G S, AP REP (xy,...,x) = (cly...,00) FEF 5 S ¥ ehE. IE x, 5 pivot

variable, B x, eniE £ A4LvE — FE 2 eh, 700 § endr g fRY X, B E - ¥4 5 0p B Xy B

Fs

free variable, B %] § enf2® x, ¥ S EZE, (& S ¢ - TF - BfEH x, B E 5 ¢ J’T‘L
37 F x, £F 5 pivot variable, § ¥ & - ®fH x, PB~E L ¢, MBE X1 » pivot
variable, R d * pivot #f f i row #TH > 550 F Frox,_ g B E € AL x, DB BT
e s§e ‘QA‘JP - ‘E'_ﬁi—),—d Xy AP~TE G Cp, TP ‘E"ﬁi'\i R ] =Cp_1,Xp =Cp; ™ F Xn_1
% free variable, R %] § érfz? x, | ¥ Z EREL2 BB I x, BB, geir § ¢ &
P EfEE X1, X TBNEG Xyl =0, Xy =Cp At - BT A AR S P %G - ez
H oxp,oo,X, BB A X =Cp,... X, = Cpe

A E ol g h, ¥ F A 5 echelon form PF, pivot variables v free

variables ¥f5 = = f2 2 Ax=Db 2@ 5. ¢ JL—F,: pivot variable ¥f8% = = 4% % ef 2. g2 5K,

Lemma 1.3.2. X A % - F n & column < echelon form ® xi =ci,....x, =¢,

S fzie Ax=b $- 3.

ETI

x1=di,....x,=d, ¥
(1) 3K x, & A - B pivot variable. R] ¢, =d,.
(2) B3K xx 5 A = B pivot variable, B¢ 1<k<n—1. % 1 =dis1,.--,cn =dy,

B ¢ = d.

Proof. B Ei = > f22 5

anx; + -+ apx, = b
anxy + -+ awmx, = b
amxy + -+ QuXpn = by
He
aig - dap
a, -+ axy
A=
aml - Amn

% echelon form, * # & — S AP E% A 95 - B row, aj1,...,a4;, &+ > 5 0.

(1) & x, » A - B pivot variable, % 7% A 5 - B row = leading entry #7 i
A ox,. 4 :T"Ji‘{gﬁ*amlzamZZ“':amn—lzog amn#o BART M SRR
Bfs—- BF 5 auxn=by. #&d x1=cl,....xp=cp 2 x1=dy,....xp,=d, ¥ &

B AR BiRivx,=c, frx,=dy ¥ 7 % appXy = by, TV Ay = by F

Amndy = by 79 amp 75 0 #4 ¢, =d,.
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(2) # xx » A - B pivot variable, 2 77 A 3 — B row ¢ leading entry *f &>

Ivmﬂ?

X i&agw{;t‘* row = A % [ B row, Bl ag—=ap=---=aj;-1 =0 2%

aix #0. P row f’“’r*;"%},'@;éﬁ;\i—? 2 oapxp++tapx, =b;. &4 xy=c,....xp=cp %

X1 :dl, xn—d A R i 1 I e R R )‘@:W' Xk = ClyXk1 = Ckg1y-++3Xn = Cp
e xi = di, X1 = dk+17~-,xn =d, ¥ 7 s apxp+ -+ apx, =b;. Fltd =
dk+1>-'-7cn:dn ﬁjiﬁ;"f}:ﬁ—r

aixcr = bi — (aikr1¢k1 + -+ + aincn) = bi — (@ixp1di1 + - + aindyn) = aidy.

?oay #0 ¥ o =dy.

#B }"J»%,\ inOt Variable 7{\; TFB ﬁ—‘?lﬁ }'QL%" free Variable ;k, f]as 1y K&fi B | f;l E’f”? ﬁ'{rﬁ /gy E'J _
g, AT g 0T free variable ¥ f# R 55
Lemma 1.3.3. %X A 5 - 3 n B column 7 echelon form ® X3 - B row > 5 0.

(1) B3K x, » A - B free variable. PI¥ER O #cr, > 428 Ax=Db ¥ ¥ 3 |-

228 x,=r.

(2) BE x¢ & A - B free variable, #°? 1<k<n—1. F xj=cp,...,.Xxp=0Cy » =

Ar Ax=b - ®BfE PIHEILFTHEr S REAX=D FVHI- f2HE g =r
2 X1 = Chkt15- -y Xn = Cn-
Proof. t# m #73k cnF e ? A P oy ¥ ¥ free variable T 5 E & P 8, £ - H -

d TAFAwiER - efE AEBEARY AP fRDE x; A free variable, B v e~ B F
ERED PTG x;, HP j<iithea®iie, 7 7 § BRI H L Ry, HY i< B E,

e
At

BF x, 4_free variable, i & 7 AP F UL T x, & T T‘éf’?ﬁi: E-H- At & REs
DR fed- iR v EEL TR, SR AX=b ¥ T HI|- Bf2H x, i

F X & A - B free variable, ¥ 1<k<n—12 % fwx;=cp,...;Xp=Cy » > A2
Ax=Db - 2BfF. T 2 X1 = Chilye- s Xn =Cp 7ol X AR pivot (il A ox 7 b
ZRE row FTHH R EZRE 2 2N d 3t oy PERE LT Y 2§ B .., Xy SOBNE, AT
MARPT L o =r2 X1 =Ciily-Xn==Cp — H— H A £E@H 3 fgle - 2fF, O

Lemma 1.3.2 v Lemma 1.3.3 3 3F 5 & * . 4% A #_echelon form P& % 8 > 3 42
F

BAX=b &G - BfExi=c,... . =cy L X1,...,X% * - B FRA pivot variable, R|d
Lemma 1.3.2 #vB = = 2% Ax=Db & &_x; =cp,...,x, = Cp. oI5 3 A7 e cnf2

FE- L ¥ - 3G, B 2R AX=Db © &F f22 xi,...,x, ¥ } free variable, B¢ Lemma
1.3.3 w02 % e Ax=b §§ 85 512 (FAAPhOl LT § U B AR,
FAPE - BAELPE, G 3F S A F 2 b L echelon form, @ P it = &9 echelon form

¥ i 7 — . 7 #E{|* Lemma 1.3.2 fv Lemma 1.3.3 2% i* ¥ 12 17 3| iz & echelon form
BEZR T 50 A - &, 2 P pivot T ’é_ii_"é‘ﬁﬁ € - R.od AP RHe REEL AL
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echelon form & enfi-a), T A PF UL g AX=0 - AHEFRA N M2 2 gl B3R %
Penm S ARt g R, FE x =00 =0 s iR S SRz S e

2 % homogeneous system.

Proposition 1.3.4. %z - &L A, & Aj,Ay 355 A % elementary row operations it =
e echelon forms. B A; v Ay 7 pivot B#cAp e, EF + # 7 9 pivol variables - 3R eh.

Proof. AP ¥ g Ax=03i- &8> >4% H?¢ A3 n B column (T > fele s n B
%#). F1i A ¥ % elementary row operation it i A} 2 A, iz # 5 augmented matrix
[A]0] ¥ 4] * elementary row operation i* 5 [A] |0] 2 [A |0]. #F o @B~ 3 2l
AX=04c Ayx =0 $ 252 feie Ax=0 1 i ej. £ 50 S8 M2 S 42030 ¢

x1=0,...,x, =0 itk ch— 2 f3.

PR R EJT. K A fv Ay § pivot variable 7 - &, # % - &R TF‘,TJ'LTE»‘%{
¥ A K x; 4_pivot variable 2 Ay k3 x; * &_ pivot variable (¥ free variable). i
Ki=n, igd T3 Ax=0 hfg¢ x, BB - o (Lemma 1.3.2), $9 + x, — &
%0, 8 Apx=0 enfE? x, BB v 1 E_iE g 07 #ic (Lemma 1.3.3). &frpt = = f2le
fA R Rl 5. RE 1<i<n—1. 17 x=0,...x,=0 ¢ Li5a W= * 2 iz,
AP e A Ax=0 ¢ - T3 Pl BFEH xp,...x B EE S 0 @ x B
7 4_0 (Lemma 1.3.2); ¥ - * 6 Lemma 1.3.3 24 37341 Ap)x =0 enjz® - 27 35 7| -

ERREE X, X TREY GO0 y PBREAEO(FF oV UAERLF B X e
Ax=0,Ax=0 - > f22F dp e DfEipa F. wd F @iz 4 A) {r Ay 7 pivot variables
- i, O

iR S AR e A Y B F iR - 9 - echelon form 1t % #73) ¢ reduced echelon
form. Reduced echelon form ¥ ¢ + i» % echelon form, 7 £ 4+ & B 4], % - B
4] E & - B pivot entry Z 2 1. ¥ — B4 52 pivot ehi=% F 3 25 0. /13, & ET&K

echelon form £ pivot =% = * ¢ > % 0 #7124 reduced echelon form & — B pivot #7 fehn

column, % 7 p & Z 5 1 HBIMAY L 0. bldr

1 2 00 1 1.3 0
A=l0 03 6|, B=l0 11 2
(000 0] 00 1 —I
#8 7 &_reduced echelon form iz &
1 2 0 0] 1 00 O
A=|l0012|, B=|010 3
(000 0] 00 1 -1

,T%{ reduced echelon form. # — B echelon form ¥ ¥ 4] * elementary row operations #
% reduced echelon form. =8 %1%, #F — B row 0 pivot entry 7 a (LR & T & a#0),
PR & 2% row kb 1/a, BI3% row 0 pivot entry i €1 7 (LE,T%{%’ £ type 2
elementary row operation =% = ). &4t & A ig- B echelon form ¥ #-% = B row 3k}
1/3, ,T*‘u? # A" iz— % reduced echelon form. § i #-% B pivot 8% 3 1 15, ,T};? K
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#3% row kP E - FHcAc DY - B row 97 2 % pivot #7 ¢ column hH # WA G 0.

bldct & B iz— B echelon form & #-% = B row & Wkt -3, —1 4| % - B row v %
1 10 3

ZBrow,® [0 1 0 3 |.EH#%-Browxkt —1+43%- B row, fj-%'v" # B -
0 01 -1

i# reduced echelon form. ;i & — £& 2% f® 7‘3"3 P A T #-apri ik 2 echelon form, 7 i {8 3
echelon form #é ¥_j%_F @ } #- echelon form #% = reduced echelon form # 7 = 1.

it & reduced echelon form {5, 3¢ i3 ¥ 1 41% % G o echelon form A f &7 % ) 5
> 2 #g  enfE. d 3t reduced echelon form # - i row f 7 3% row 7 pivot ¢, B #| free
variables (# i 1 pivot variable #f & entry % & 0), #7047 rd fped 5 1 fF :’1’:’1;}\ ) 4o
S B'x=0 %

X1 =0
X2 +3x4 = 0
x3 —x4 = 0
F1W x4 % free variable, £ x4=1t, * > %= row {# x3=1. A *» %= row ¥ xp = —3¢. H i

d % - row ¥ x; =0. &&fF 5 (x1,x2,x3,x4) = (0,-3¢,¢,1) =1(0,-3,1,1),r € R.

A s & Bty 7 45 d elementary row operations i 3 echelon form. @ # P x v
% 1 echelon form + ¥ 4] * elementary row operations i* % reduced echelon form. %]t #
BEL ¥ ¥ 1% elementary row operations i % reduced echelon form. ¥ ¢F 24y & {Fi #-
B = 2 42 ¥ ¢h augmented matrix %L elementary row operations & 7t & B 2 S f2 e g
#_equivalent, #7114 it 5 reduced echelon form *7# hj2 fk & » € frh > B hjzhk &4k

it & reduced echelon form & 2% f g {8 7 12 ffeds 5 4 fReha) 30, - kit 3
reduced echelon form +* i & echelon form #7 3 0 28 5 7 3% %, #7120 41 * echelon form
koffB A€ v P, JI* echelon form Rf2en= 2 - BH L Gauss method & Gaussian

elimination, @ * reduced echelon form &j%- &4 % Gauss-Jordan method.

Example 1.3.5. Example 1.2.2 = linear system, i* = echelon form {$ 3

2 3 -1 7
01 -3]-5
00 3|9 |
#-% = row k1 —1/3 ¥
(2 3 —1 7
01 —-3|-5
00 1| 3]
£ #5% = row A%k 31 4% -, % - row 7
2 3 0110
01 0] 4
0 0 1| 3
BEEY - row T =3 43 % - row &
2 0 0|2
01 0| 4
0 0 1 3
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B & %% - row %k 2 1/2 # reduced echelon form

10 0|-1
01 0| 4],
00 1| 3

- ﬁﬁ#p (xl,XQ,X3):(—1,4,3).

Example 1.2.4 0 linear system, i* = echelon form & %

1 -2 1 -1 4
0 1 2 —-1]-9
0o 00 0] O
0o 00 0] O

#-% - row k17 2 43 % - row ¥ reduced echelon form

1 05 -3|-14
01 2 —-1| -9
000 O 0
000 O 0
%] x4,x3 » free variables, £ x4 =r,x3=5, * » % = row & xp=-9+r—2s. £ & » % -
row ¥ xy = —14+3r—>5s.
AP ¥ L2 * Proposition 1.3.4 (g 2 2 #P - BAEL | * elementary row opera-

tions it % reduced echelon form # ‘F—%% )

Theorem 1.3.6. %% - “EL A, & A|,A2 325 A 1% elementary row operations i* = ¢
reduced echelon forms, | A; = A;.

Proof. A4 B AX=0 - 28> 3 2l REXB2 S £ Ax=0c Aox =0 ¥ 25
e AX=0 F F HenfE,

1% F it BR AIAA 2 BRET L, ALA §- BE 2 4R drrow 2 pivot
variable % x; (L& ¢ Proposition 1.3.4, 34 i 5rig Aj,A, <0 pivot variables &~ & 7).
B3k A1 Ay Bt row FT¥R T 2N A B G

Xk Q1 X1+t anxy =0 ¥ x4+ b X1+ buxy, =0 (1.2)

HY $hl BT k+1<I<nZ2 a#b. % x; 5 pivot variable, ¢ ** Aj, A, % % reduced
echelon form, #.i& % row ¥ , # ¥ 1 pivot variable ¥ g% Bk s 0, " R g =b =0
2.3 'f, wiv x i & free variable. # i ¢ ¥ € - % free variables chiE, ¥ 0k d T @
ditwen @I 2 fg e . A R0 x - B free variable i 1, H # free
variables & 0 71 enf. KR 2T E Ax=0 2 Apx=0 fZ 4 9 5 (x1,...,%,) = (¢1,...,¢n)
& (x1,...,x0) = (dy, - >dn)- AR, % xj » pivot variable, # ¢ j>k Bl aj=0b;=0, #r14*
F%x,mﬁ’»m%g ’z‘:’ﬂ‘zfl Xy EPP~1E, - {[}KPY‘-‘J\"" (12)%7‘{'5 Eﬁ*wwl

c+a=0 & di+b=0.
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A d iR ERK ALy R ox 3 pivot iE- B row T hE - B orow fR- 3k, AP AT

P k+1<i<n %3 ci=d. HRaiea BfEY i Ax=0 f2 ¥ x 5 pivot variable, #&

d Lemma 1.3.2 &v ¢x =dy. ¥ aj=—cr=—dv=0b. 2" & ay# b DBERApF |, &
Al =A;. O

FiI#* i 2 reduced echelon form * f# linear system, 828 g 5, 2 i v X5 v chiF
Few B4e%] % i = echelon form i 7 v~ | #711F F it - & linear system %]i* = echelon
form £z, BT kenfg EenAFhEA M N7 €3k (REN AR, 2R L - #
). % it & reduced echelon form T}LZ gtk 1, Fla v ArE- i TR RB T k2
BLon 247 “a\” B - Ren, ¥ b E B NS B FE VT LY - 2 elementary
row operations BB P - BELY - B, Bies BAEL i 2 reduced echelon form i&’v’
7. % U P it 2 reduced echelon form & - en, FRE R4 7w v P EF L% - 1 elementary
oW operatlons BHY - BRI -B, A FF - R, M E- BT T PR T oY - B

elementary row operations #-H ¢ — Bk = ¥ - B,

Question 1.6. HEXEL A B &~ W7 4|* elementary row opemtz'ons it % reduced echelon

form A',B' ZF#E P A ¥ 4% elementary row operations i* = B % * v&x A'=B.

AR Y APEY A 2 4T % elementary row operations #- augmented
matrix ¥ AR Y L echelon form 5, 2 e ® A IR 2 R B F G iR A
J fEpEs ¥ 1% gt oechelon form = FFenfd Fl gt 8 2 S fg e g i, d echelon form f2
&2 f23) pivot variables fr free variables 8> 3 i ¥ F j f2 2 jRE FE- 5 F
TROME. AR 3 M RO RE S M AT S 2 FRIRR, F AR
MG gL R E s S ﬁi}ii&? A AR T

08 October, 2021



