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A ¥ 2- B vector space PLoE-BEEY BRSSP ﬁ%’ﬂ ¢ &_linearly
independent 1. Gl4c e R* ¥ =& 3 B £ vy =(ar,b1),v2 = (a2,b2),V3 = (a3,b3) ¥e- g
linearly dependent. &% F cHh FI{ LA P L H 5] ¢,c0,c3 R # 7 vy +cava+c3v3 =0,
jo o

X1V1 +X2V2 +x3V3 = x1(ar,by) +x2(az,b2) +x3(asz,b3) = (0,0),
A REE S S fe e

axy+axxy+azxz =0
bixi +byxy +bsxz =0

TE G =B %frﬁx X, X2,x3 B F A B ARN DB S fple APy - T £ B S
fi#, ~ T‘*\P’“ 3 & ocp,0,c3€ER 7 i » 0% #F civit+evatcezvyz=0. FI vy, vy, v3 — TA

linearly dependent. 2 % 4% 2 BREAEMP LT FRHEE T IL

Lemma 3.5.5. 3k V % wvector space over F 2 vy ..., v, €V. & Wi,..., Wy € Span(vy,...,V,)
2 m>n, Bl wy,...,W, 5 linearly dependent.

Proof. d *t wy,...,w, €Span(vi,...,v,), FILHEZ j=1,...,m, w; FRE 1 B VL.V,
#7 linear combination. + ,ﬁk{;ﬁu, TR al ..., .0, ER &

Wj=ay;jVi+--+aijVit+ - +an;jv.

ANPESI c,...,cne€R 2 50 # W1+ 4+ cuWn, =0, TEE Wi,..., Wy, =
linearly dependent. #-ciwi+---+c,Wy * # - B W, # 2 vy, ..., v, i linear combination

PR EEE

<C161171 —+ .- +Cma17m)V1 + .-+ (C]LZL] +-- -—|—cma,-7m)v,-+ e (Clam71 + +cmam7m)vm. (31)

Fl e A PRSI o, cn€F RENS (31) P E B ov; g E 0, {7 F I
CIW + -+ Wy, = 0. FJpb 3V i 1 & 35 585 = 2 7 %
(ay1x1 4+ ai X, =0
aiix1+---+ajmxm =0

\ An X1+ ApmXm = 0

- ¥ RR X =cCl,.. ., Xm = Cmy :T‘f‘u?" iR eqwi+ -+ W, = 0. 28 @ 2 B homogeneous
linear system #77 4258 B#c n >3 KA B I m. )J'* L B BT ¥R B i L echelon
form p¥, 2 pivot 0B B (] 3+ F > n) & 53 variables 0 #& m, iﬁ{?# ¥ free
variables, F]ptd Jt > 203 xj = - =x, =0 - Lt > frle g His f2 (

1.33), 53225 0drc,...,cn€F % xy=cly.cpxm=cm » E- i3 &@#%

Wi,...,W, & linearly dependent. O

Question 3.9. 3K vy,...,v, 5 linearly independent. & wi,...,w; € Span(vy,...,v,)
k<n, :##%P Span(wi,..., W) # Span(vy,...,V,).
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Bk W i V & subspace, F wy,...,w, € W % linearly independent. 4r% wi,...,w,
# §_W &1 spanning vectors (7 Span(wy,...,w,) CW), RIAPF 2 & W @ EP w, &
X Wyp1 & Span(wy,...,W,). # FF Lemma 3.5.4 2 37347 w,...,W,,W,y (7 i%4F linearly
independent. | * iz BELL A7 11w ¥ finitely generated vector space 7 subspace » &_

finitely generated.

Proposition 3.5.6. B3k V % finitely generated vector space. & W & V &0 subspace, R

W % finitely generated vector space.

Proof. i V % finitely generated i3k, % & vi,...,v, €V /& & Span(vy,...,v,)=V. d
% {0} =Span(0) % finitely generated, #% if* ¥ % & }%1 W #{0} snfm. AP K gE K
X W 7 &_finitely generated. iz B~ wi €W H ¥ w; £0. d 3> W 7 &_finitely generated,
AP g Span(wy) AW, A5 e wpy €W P wy & Span(wy). ¢ Lemma 3.5.5 &= wy,wy 3
hnearly independent. 32 %] W 7 &_finitely generated, #% i* &= Span(w,wy) # W 7=
FwsEW ¥ ws & Span(w;,wp). ¢ Lemma 3.5.4 &= wi,wy,ws 5 linearly independent.
BEHR- 2T, A1 ke Eﬁf BFEER AP E wy,...,we €W 5 linearly independent. d 3t
Span(wi,..., W) #W, 5t Wiy €W F Wiy & Span(wy,...,w). Fl £ 4 Lemma 3.5.4
ATW,..., W, Wiy 5 linearly mdependent. A g Eﬁf}i PE-C A {ﬁnitely

generated, P4t E & meN, ¥ 5 A w,...,w, € W % linearly independent. #Aa i& e m>n
g g FloppFd 3wy, w, € WCV =Span(vy,...,v,), Lemma 3.5.5 £ 373t
i Wi,...,W, < & linearly dependent. %]t s+ W % finitely generated vector space. (|

Question 3.10. §]* & P(F) ¢ > @ & ne N, ¥ ¥ ',....x,1 % linearly independent,
#M P(F) % A_ finitely generated vector space.

womkiBE V...,V €V, B veV £F B Span(vy,...,v,) 8 - B F i
8, 4 i‘u{ﬁ EEFtcy,...,cpeF#E v=cVi+-F+cyVp ES IToV=C1Vi+ - -F+CpV, €
Span(vi,...,v,), £F € F ¥ - 2., cF & EF v=clvi+- 4, 72?7 &hri- &
e %Ei‘ué’, e vi,...,v, £.F 5 linearly independent 3 B 7. N5 10T e k.

Proposition 3.5.7. B33&% V i vector space over F ¥ vy,...,v, €V.

(1) % v1,...,V, & linearly dependent, P ¥tix &, VGSpan(Vl,...,Vn), v B vV,
e linear combination H8 ;2 F v — | ,T* AR Ftecr,...,cpeF 11z (... el
HY BB ciFce RE v=ciVvi+-Fc Vo =c|Vi+-+CpVn.

(2) & vi,...,Vy & linearly independent, B ¥ = & v € Span(vy,...,v,), ¥ v & =

Vi,...,V, 50 linear combination 8 ErE— | % ij‘k{;ﬁ%’ v=ciVi+--+cuv, BPI¥
ER ), €FHEPRB c;#C, ¥ F vEVI+-F v,

Proof. (1) ¥1% vy,...,v, 5 linearly dependent, # 5 # dy,...,d, € F * X B d; #0 i 7
divi+-+dv, =0, IE V=c1Vi+-+CiVn, T B cf/.:cj+d,~eIF, for j=1,...,n. 7
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di#07 ;'—Ecﬁfr' Ci7écg7 f-E—}\" f}iﬂ ﬁ,e};
VitV = (c1+di)Vi+-+ (cp+dn)Vn =
(crvi+-+envp)+(d1vi+--+dyvy) =civi+ -+ +0=c1vi+ -+ cyvy.

(2) HB3K vy,...,v, & linearly independent, ¥t i & v € Span(vy,...,v,), B& 5 &
Clycescn €F 2 o ch €F BE v=cVi+- 4V, M1E v=C\vi+- 4V, *PF
(cr—=cPvi+-+(cn—Ccp)va =0, &d v,...,v, 5 linearly independent v ¢ —cj =--- =
cn—¢p =0, F cy=c,...,cn=0), BHE Vv BF vy,...,v, e linear combination 1§ & i
- ]

3.6. Basis and Dimension

3t~ B vector space V, AP E F i 53 - BHEE ST V=Span(S). i=hRNAPE T fFV
FERIfES TV, §87 SARTAAZTEER V, R EAPx F ¥ HAR ] AR k™ 12
ol - BB ERT RV e B IR A ) & F S I basis RS

BK V f_over F ehrvector space * V#{0} APF AV P ZE2Ee g v, T R
Span(vy). % Span(vi) =V, RI2AFH I E & S ={vi} @& & Span(§)) =V, = d 3 v; £0,
% ¥ % S &_linearly independent. % Span(vi)CV, 47 % & vo €V ¥ v, & Span(vy),
Y R Sy ={vi,v2}. @ vy & Span(vy), & 5 vy, v, &_linearly independent, #z 3

-

Span($) =V, 23 3|7 Sy £V ¢ spanning set ¥ S 5 linearly independent. i&ti— E

T3 BE AP I {vi,...,v,} 5 V @ spanning set ¥ 5 linearly independent. st ¥
spanning set e717% 412 % linearly independent s — £ R V ¢ g2 yARERL S

Vi,...,V, &7 linear combination, » F]4t A G 10 T HE K.

Definition 3.6.1. #* V & vector space. & {Vi,...,V,} 5 V ¢ spanning set * 5 linearly

independent, P4 vi,...,v, & V - ¥ basis.

B A &/1LE spanning set # % &_linearly independent. ]4r A R? ¢ {v;=(1,0),v2 =
(0,1),v3 = (1,1)} #_R? ¢ spanning set, & # &_linearly independent (#] v3 =v;+v,).
1 5 linearly independent 7 % % & 25 spanning set. t4c R? ¢ w; = (1,0,0),w, =
(0,1,0) ﬁ!‘u{linearly independent, & Span(wy,wy) ZR>. FpL B HP vi,....v, 5 V - &

basis, & /g #.P Span(vy,...,v,) =V % vi,...,v, % linearly independent, # - 7 ¥ . §
R, % {vi,...,vu} » V g spanning set & {v,...,v,} 5 linearly independent H ¢ ¥ &
- 383 % &, P4 {vy,...,v,} * E_V fbasis. bl4doi e 8B b3 vy, vo, v ,T*‘J» 2 R2 eh

basis, @ wi,wy 4 # #_R3 ¢ basis. &7 kA i A @ ¥ R vector space £ basis.

Example 3.6.2. B*% F ¥ - B field, 244 g 12T ¥ & over F # vector spaces.

(A) & F" ¢ ¥ % e =(1,0,...,0),e,,=(0,1,0,...,0),...,6, = (0,0,...,0,1) (7 ¢; 5 i-th
entry % 1, # % entry % 0w &), d 38 EE (c1,...,cp) €F", 27 F (c1,...,00) =cCr01+

.-+ +cpe,, *v Span(ey,...,be,) =F". * F ciej+---+cue, =0, %57 (c1,...,¢,) =(0,...,0),
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A =--=c, =0, F& eq,...,be, & linearly independent. ¥} eq,...,e, & F" -
f basis. - % basis £ F" ¢ &2 3% &% * o basis T A Fx fLz L F" 5 standard
basis.

(B) & Myn(F) ¢, % g Eij, » (i,j)-thentry 5 1, # & entry 5 0 7 m x n matrix.
Rl * fo B P aginaggiz, Apw ide (B0 1 <i<m,1 <j<n} & My, (F) ¢ spanning
set ¥ % linearly independent, # 5 M, ,(F) ¢7- % basis.

(C) t P(F) ¢ {1,x,x%,....,x"} ¥ & & PB,(F) ¥ % linearly independent, 714 &_ P,(F)

ES

1 basis. i& % basis » f 5 P,(F) 7 standard basis.

& Definition 3.6.1 #» V ¥ d 3 T 5 B~ Z 7B &, “70 P pFen Vo ik T & A finitely
generated vector space (Definition 3.4.3), 7 i % i #& i — 4K ¢7 vector space A & € H_

finitely generated, #1243+~ 4 vector space, 2% i § 14 T basis hE_&.

Definition 3.6.3. X V i vector space * SCV. & § % V chspanning set ¥ % linearly
independent, FIF S & V - ‘2 basis.

d e g % Span(0) ={0} ¥ 0 3 linearly independent, #7120 ik B Definition 3.6.3,
Apr B & 0 F_zero vector space {0} e basis. ¥ “t & Example 3.4.4 » 2 P s P(F)
# &_finitely generated. #% @ %% % 5 41 {1,x, X2 } 4_P(F) =1 spanning set ¥ % linearly
independent, *72 {1,x,x%,...} & P(F) mbasm.

AP P % - B AL §_basis ey AR EE. 4 )I* F 3, ¥t - £ vector space &_
* —Eers € 7 basis. &7 k&P 2L F 9 finitely generated vector space j’;'ﬁ ¢ 7 basis.
HF it 2 & finitely generated 5 vector space » ¥, 7 i d 3ig § X PG % il
EPE A A F AP S 336 o0 vector space ?{'Sa-\ﬁmtely generated, #1433\ i % —i HImv. A

A& Y AP 2T finitely generated vector space.

Proposition 3.6.4. 3k V #{0} 5 vector space over F, ¥ SCV 5 - B finite set % &_
V=Span(S). P52 S CS 5 V - ‘2 basis. » ,T‘u{;ru, # V#{0} 5 finitely generated

vector space over F, B % & vy,...,v, €V 5 V - ‘& basis.

Proof. 4t § ch~ % B dicn RIF jF 372, Bk n=1, * V =Span(vy), F1V £ {0}, v
vi #0. tzd v; & £ §_linearly independent, (% S={v|} Z_V ‘1 basis. BEX&X n=k FF= =
WG ok~ F RS S, F V=Span(S), B & S CS 5 V chbasis. A PEFEP F
n=k+1 "2 MEK S={v,...,Vkr1} £ Span(S) =V, & S % linearly independent,
Plice st §=S, i V e- 2 basis. m % § # 4_linearly independent, B % % — &4,
A9 B3k vy € Span(va, ..., v,). B E4S S=S\{vi}={v2,...,vu}, FIV =Span(§) ¥ § =
FBdEG k &d FRERTHASCSCS &V - & basis. W@ A L. O
B Vi, V)

P4 -t 2F @ H L linearly independent ¥ % 5V &1 spanning set, & ¥ * 5 V éi- &

Proposition 3.6.4 #.e1E_% vy,...,v, €_V & spanning set, B3¢ i ¥ 12

basis. ¥ 2., & {vi,...,v,} & V &1- ‘e linearly independent set, |24 i 7 12 4e » — it %
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#H= {vi,...,vn}, @ H = 5 V g spanning set ¥ 7 i%3F linearly independent, #& ¥ = 5 V

- % basis. PG T gEIL,

a

Proposition 3.6.5. #x V # {0} 5 wvector space over F, ® V = Span(uy,...,u,). %
S={vi,...,vy} CV % linearly independent, B| % % §' C {uy,.. um} #® SUS iV

basis.

Proof. # I ik 4 S 1= 4 BT H2, 2 Biox LWk o PlFp. LLAV =
Span(uy,...,u,) £ vi,...,v, 5 linearly independent, #xd Lemma 3.5.5 = n <m, #7 14
AT U BERXRr=m—1, B¢ 0<r<m-—1. i & ¥ ¢ 2 mathematical induction. %
t=0P 47 m=n, PEAPERP S={v,...,v,} 5 V & spanning set. A %] i
% Span(S) AV, 27 3 weV ¥ w¢Span(S), #¢d Lemma 3.5.4 + {v,...,v,,W} 3
linearly independent, @ * B {v,...,v,.w} 3 n+1=m+1 B~ %, %3 Span(uy,...,u,)
dim B~ 4%, & Lemma 355 484 7, w4 § 5 V & spanning set. £ f|* ¢ &+ § 3
linearly independent, x4 §' =0 {##% S=SUS % V e basis. iEXK r=k >, T
% S={vi,...,Vm_r} % linearly independent, F| % & &' C {uy,...,u,} & SUS 5 V
basis. B4 Jg t =k+1 0f3), ¥ S={v|,...,V_k_1} » linearly independent. 5 £ ¥ g S
#_F 4 V chspanning set. % V = Span(S), Bl iz ¥ &4 S 5 V - & basis, &8 §' =0, 7|
S C{uy,...,uy}, ¥ SUS' =S 5 V ehbasis. @ % Span(S) AV, 7 {uy,...,u,} ® &F -
~% w; &Span(S), ERIE wy,...,u, ¥ B> Span(S), € i# = V = Span(uy,...,u,) C Span(S)
2% F. mA g S=Su{u}, A ui¢Span( ) 4 Lemma 3.5.4 %= § % linearly independent,
# d Senad Bdc: m—k &d FrEken e S Clu,..u,) # 8 SUS Vi basis.

&t S ={uus, 2P §C{uy,...,u,} F SUS =SU{n}uS =8uUS 5 V chbasis. O

A e e =i finitely generated vector space 7 basis € i, 3 U I A vE- L Bi4e
& R? ¢ "% 1 standard basis {(1,0),(0,1)} #b, iy & 5 & {(1,1),(0,1)} » 7 2 2 R?
£ basis. % i basis 8278 4 *ii— | 7 iF % finitely generated vector space ¥ 2= basis e~

FRELR LN AP G LT HTIL

Theorem 3.6.6. B&X V 5 wvector space over F, ® {vi,...,v,} fv {uy,...,u,} ¥ 5 V h

basis, ] n=m.

Proof. 2\ i % k3 BR ntm, * % - PN xf”,j}ui;l;t m>n. %]V =Span(vy,...,v,),
#= u; € Span(vy,...,v,), Vi=1,....m. F|4*d Lemma 3.5.5 4v {uy,...,u,,} &_linearly de-

pendent. £ {uy,...,u,,} ¥ _basis hEE I G, THF m=n. O

Theorem 3.6.6 # 714 1 1w % V ef1— & basis s~ % BgELF L. 4 jen s s 3
B~%2,= V chbasis, ] V 2 & hbasis — T+ ¢ &d n B~Forles. d 3 HI?&E!’LQ
k= o ?r’“*)‘f T

Definition 3.6.7. & V £ - B finitely generated vector space over F. = V - ‘e
basis (h~ % B #A 5 V over F 7 dimension (&), * dimp(V) % & 7.
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d ** % = finitely generated vector space 11— ‘2 basis 7 & B # A G L, (s

F i 4L finitely generated vector space z finite dimensional vector space.

Example 3.6.8. #* £ 3¢ & Example 3.6.2 7 # finite dimensional vector space F&E %
5 b,

(A) ¥ g F" ¢ e standard basis {e; | | <i<n}, Fli £ F n B ~% *712 dimp(F") =n

(B) 2 arig {Eij € Mpxn |1 <i<m,1 < j<n} & My(F) éh- ' basis. F]
dimF( Ay xn) = m x n.

(C) 2 arig {x",...,x,1} 4_P,(F) 7 spanning set ¥ % linearly independent. #& v
{X'..ox, 1} 5 By(F) eh— ‘& basis, F]¢t dimp(P,(F)) =n+1.

LR LT, AP AL T AR dim BT BEYEL F, % dimp. 6 R FL
58 33 2 1" - vector space ¢ & over F &1 vector space *7 ¥ 7 dimension. ' " § 5% &, I
B AP VR 'ﬁ = over # [ ¢ field &0 vector space. F gt fFi 2T T i &7 basis +
Fef 3R, BL AP R AR T - B field. A T k)3

Example 3.6.9. #* 7 * C % 7+ complex numbers (4f #) #7 = ¢ field, @ * R % 7& real
numbers (§ #) #7 % 0 field. Y B # & C = {(z1,22) | 21,22 € C}. ThEEL T - A
gt 2 2 T AR, C? #_vector space over C, # ¢ &_ vector space over ]R. B AN ARt
{(1,0),(0,1)} £ C* % % over C ¢ vector space 1 basis (Example 3.6.2 (A) n=2,F=C
iR, s A dime(C?) =2, # # {(1,0),(0,1)} & over R 2z ¥ ;7.*-;7» Z_basis 7.
f‘i? P g ki (1,0),(0,1) over R £ linear combination 3% & i# & 7% (i,0) i&- B Cc?

A (PR AR P=—1 A, #E {(1,0),(i,0),(0,1),(0,i)} T&{CZ over R
e spanning set. &4 % % iz 3 C? h’ﬂ’v—%“’fi”’ B (a+bi,c+di) B¢ oab,c,d eR, Hr
A (a—i—bz,c—l—dz):a(l,O)—|—b(z,0)+c(0,1)+d(0,z). =~ {(1,0),(i,0),(0,1),(0,i)} over R
#_linearly independent. i&# %] % & a,b,c,d .3 #i% & a(1,0) +5b(i,0) +c(0,1) +d(0,i) =
(0,0), "% 7 athi=02 c+di=0, %@ a=b=c=d=0. 4 # & {(1,0),(i,0),(0,1),(0,i)}
£_C? over R #h basis, #r2 # F dimg(C?) =

“\

d Example 3.6.9, # i 4rig & 3P — B vector space 7 dimension % @, — T_& Fp
H over ¢ field ¥ B, * - A, § AP RP EAcy over o field £ A LG A

Example 3.6.9 izfdfifk s ¥ o), AP § v 2 4% dim(V) k47 # dimension.

26 November, 2021



