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¥+ finite dimensional vector space F B ** dimension 2, AP f 4T L =
T, 0 AP R Y K over - B F e field F, Aru A dim(V) k& 5 A

dimension.

Proposition 3.6.10. H3X V % finite dimensional vector space over .

(1) & {v1,...,Vva} 5 V e spanning set, B] dim(V) <n. $F %W, FEF vV, 5
linearly dependent, B dim(V) < n.

(2) # {vi,...,vu} 5 linearly independent, ] dim(V) >n. $F %, F 2 PF {vi,...,V,}
* E_V e spanning set, | dim(V) > n.

v oxx

(3) BIK vi,...,v, €V. T rlaniE 2 .
(a) Vi,...,v, 5 V &= '8 basis.
(b) dim(V)=n & {vi,...,v,} % V 7 spanning set.
(¢) dim(V)=n * {vi,...,vu} % linearly independent.
(4) = W i V 3 subspace, B] dim(W) <dim(V). # %, & dim(W) = dim(V) R
wW=V.

Proof. 513 {428 A4 §S={v,...,v,}.

(1) #* 3k V = Span(S), # 4| * Proposition 3.6.4 35 & & CS 5 V 1 basis. %&—E\
WS kB ﬁf:ﬁ‘&{V e dimension. #A@ S’ &S ¢ subset, #rUH A% B EINS
2 Blcn wBF dm(V)<n RE S 5 linearly dependent, ¥4 7 F v, ¥ B = §
PHW AR s T YR S=S\{v}, AP F Span(S)=V. ppF S hAk B
n—1, * I E 2% & erzeT @ dim(V) <n—1<n.

(2) i 3k S 4_linearly independent, #z4]* Proposition 3.6.5 i &% B 'T& & §
%% SUS % V & basis. + ,T*uiﬁb SUS e % i@ﬁqfa—&l\v e dimension. A SCSUS,
“rrl SUS thad Blick 3t % S chaid Blon, w@% dim(V)>n BE S 3 EV
spanning set, % 7 3 & weV ¥ w¢Span(S), Flt ¥ g S=SU{w}, 253 S 3 linearly
independent (Lemma 3.5.4). s S chA % B#ic: nt+l, “T1IL g % % 5 #E DT F
dim(V) >n+1>n.

(3) A& FEP (a) "4 (b), (b) #4818 (c) 12 (c) 4218 (a). F] &+ (a),(b),(c)

(a) = (b): B& S E_V e basis, § & S A_V 1 spanning set. * d 3t § ch} B
¥ i on, k& dim(V) =n.
(b) = (c): d ** § A_V 7 spanning set, d w6 (1) g%, F S & linearly de-
£

pendent, R| dim(V) <n. & dim(V)=n BX 3 7, &= E S & linearly

independent.
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(c) = (a): d »> § &_linearly independent, d = & (2) eh% %, & § % £V
spanning set, A] dim(V) >n. ¢t & dim(V)=n BEXKpF 5, w3 EF S LV 5

spanning set. ¥yt #3F § &_V &7 basis.

(4) 7] W &_V & subspace, #cd Proposition 3.5.6 == W 7= % finite dimensional vector

space, 2 P EK S={vy,...,v,} 5 W ¢hbasis. d > vi,...,v, €V ¥ % linearly independent,
ted (2) B &E o dim(W) =n<dim(V). @ % dim(V) =n, Bld S §_linearly independent
F1* (3)((c) = (a)) &= § » A_V e basis, /e W=V. O

3 3% — T, Proposition 3.6.10 £ 3% 3% i i V 0 dimension 4% e % # 7 rig dim(V)
WL n, B (3) 23FA P E L&A vi,...,v, £F 5 V - 4 basis BF, RIE & g & v A
% % spanning set £ linearly independent # # — 78 )T* TN APE R EHEKE A Bk
WREIETY, FehEe e W 5V iisubspace, £ a W £ F 5V, A P2 E ks i
AFHBV g /e W, a 0L g0 dim(W) L3 83500 77,

Example 3.6.11. *% % § ) & P(R) ¥ X a1 x,1 % linearly independent. i& &
Fli 4ok ¢, ...c,c0 ER @8 e+~ +ex+eol 5F 5N B RE AN hEEA,

e, %G 0. MEAPAL PR) ¥ ¥ - £ & 0 linearly independent &7 % 38 5%
siE = 5, fL s Lagrange interpolation polynomials. #% % B8 31— @ &) 3, — Sk R+
Fh FIA

Bt abec 2 pEF o, APFLBI=Z B 5IEN pr(x), pa(x), pa(x) % &
pi(a)=1,p1(b)=pi(c)=0, p2(b)=1,p2(a)=p2(c)=0 and p3(c)=1,ps(a)=p3(b)=0.
§ 2 pi(b) =pi(c) =0, & iaw pi(x) s (x—b)(x—c) HH, 4 AT aF g F
pi(x)=r(x—>b)(x—c). T* B R p(a)=1, &*» x=a @ r=1/(a—b)(a—c). FEF &
I pa(x), pa(x) Flet 2005

@B ek . (—a)x-b)
pl(x) ((l )( ) pl() (b—a)(b—c) d p3() (c—a)(c—b)‘
= cipi(x

AR pi(x),p2(x),p3(x) # linearly independent. & LB %, & f(x) )+
capa(x) +e3p3(x), R » x=a ¥ 4 pi(a)=1,p2(a) = p3(a) =0, ¥ fla)=c). 2
fb)=caflc)=c3. FIRE f(x) 5% 5385, d fla)=fb)=f(c)=0,"F c1=c2=
c3=0. % 7*»{?%‘"73 P a=0=c=0F1 % cp(x)+cpr(x)+c3pslx) = F 5 A

8, 7% pi1(x), pa(x),p3(x) 5 linearly independent.

A e T opr(x), pa(x), p3(x) € P(R) 5 linearly independent,  § * pi(x), p2(x), p3(x)
¢ 4_P(R) 0 spanning set. # B & FEM ix- B, F* Pl Bo] 3 3 0 AR SRS
P E¢F 3BAMEIRERERF, WP ARG BRFE. 2B AP o dim(P(R)) =3,
#= d Proposition 3.6.10 (3) #* pi(x),p2(x),p3(x) % P(R) ¢- ‘& basis. ~ ,T*u—kgu ER
Rl Bl 2 3 ah 3N f(x) PF LR A Pl - - X oc,0,c3€ R BB
J(x) = c1p1(x) + c2p2(x) + c3p3(x). iﬁ? P E o x=abc, X AE o = fla), 2= f(b),

c3 = f(c) ‘T}‘*{L}?‘ZE* - B,
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PR T n BAAE T arn,. .. a, AP F 0B a1 x5 pr(x),...,palx) & &
pila)) =12 % j#i P, pi(a;)=0. d ** pi(x),...,pa(x) € B (R) ¥ % linearly independent,
td dim(P,_(R)) =n * pi(x),...,pa(x) % P,_1(R) &1— % basis.

B3 - BoverFene 3BV 2 - % basis vy,...,v, 94F m®_, & V =Span(vy,...,v,),
ApriEg veV, ¥ 98B0 cf,...,c, €F B8 v=cvi+-+cpVp. * Flv,....V, &
linearly independent, # i iz ¢y,...,c, 4rE— 7 (Corollary 3.5.7). F]t § & i/ H 2
Vi, Vy i&— E basis, #ERL V ¢ - B & v, B Vv=cVi+-FcpVy, P 0 L4k
FRERETV, T (e, 0). BES 'F“I“G Ve g e B¢t B2 B - - -
M G T2 AT RV AN ke BEFARL T S AL B R, &

LRt g, 2 B AT & 5

3.7. Column Space and Null space

A -4 2 - BB ih column space, row space ™ % nullspace T {F 34 @35 B U b
basis. % i ¢ % I column space fr row space 7 dimension ¥ 48 ¢ ¥ % 4B i rank. &
& L iP $F 3 4o @ 7 3] - 4K subspace €7 basis.

¢ T~ BAEL, v column space fr nullspace 1 %4 5 (h BaB L 475 & g = S
e F R E R - L A4, d 3 column space fr null space (hE & f A
ez N FEAT

| |

Definition 3.7.1. 3% A= |a; a, --- a,| 2™ R" ¥ ¢w £ ay,...,a, & column

| |

vectors 7 m X n matrix.

(1) #% i # Span(ay,...,a,) = A i3 column space, £ * Col(A) * % 7+ A &1 column
space.
(2) 2% 4 homogeneous linear system AX =0 #73 j#*7= 28 & & A 7 null space *

* N(A) #%7 A @ null space. ¥ N(A) ={ueR"|Au=0}.

AR % AEMyxy, Pl A &7 column space Col(A) ¢ & R™ ¢ subspace, @ A 7 null
space N(A) ¢ #_R" 1 subspace (7§ 7#&). {/* Lemma 2.4.1 ™ %2 Theorem 2.4.5 #
AL T g

Proposition 3.7.2. 5% A 3 mxn matriz * beR", ¥ g8i= > 2% Ax=Db.

fARIH farg- E 7 reE N(A) = {0}.

BT RAA PRI RP I - BELih column space ™ %2 null space i& A B E & 0
subspaces 1 basis. — 4 k& 45 3] R™ 5 subspace V - 2 basis, 20 ¢ L35 V - o

spanning vectors. #X{s . H ¢ g P¢ 1 iv %4F L spanning vectors ¥ 5 linearly independent
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- en B R G A il_g& Vipw o g bd v R ST F kS ¥ E_E L linearly
independent. % i il #7 2B g T2 35 E #.%'J‘Fﬁ DRk e g € linearly

independent, ",% ZEye 1l T Hib| S

Example 3.7.3. ¥ 5 R3 ¢

0 2 0
v = 3 v -3 v 7
1 — 0 5 V2 0 3 V3 — _1
1 0 0
£ P v),v2,v3 5 linearly independent, 2 @ WP £ 3 F ci=cr=c3 =0, 1 §
B oevi+eava+ce3v3 =0, X
0 2 0 2co
c1vi+cva+ce3vz =c¢ 3 +c -3 +c T | _ | 3c1—=5¢c2+7¢3
itevatav=c | 2| o 3 4 | = s
1 0 0 C1

Sl & B 1F vyt eavy +e3vy =0, 328 B3R c1V) + oV +c3vs 7 1-st entry 2¢p, 3-rd entry
—c3 1% 4thentryc; %% 0, Pey=c=c3=0. FEFF ¥ ci=c2=c3=0pP, ] §

8 c1vi +cava +c3v3 =0, #7 v, v, v3 & linearly independent.

#_Example 3.7.3 2 i ¥ "i—ﬁ kL F v, v, P E - By FOF L5 - B entry
50, A HEwE AZ entry ¥ 5 0, B vi,...,v, & linearly independent. (#&]4- Example
3.7.3 ¢ vy éhd-thentry 3 1, @ vy,v3 ehd-thentry 3 0; vy e 1-st entry % 2, @ vy,v3 e
I-st entry 5 0; v3 17 3-rd entry 3 —1, @ vq,v, e 3-th entry % O, ﬁ‘!‘u?ﬁ TR ppE
B E B v, 978 B 2L 0 e sk entry 5 a;, ¥ 3 cvi 4+ v, RIEEE dhentry & ocia;,
BT Vit eV =0, B ca; =0, BE - B ¢ ¥ 5 0. F ovy,...,v, & linearly
independent.

% A 5 mxnmatrix, A & null space N(A) ,T‘u{ homogeneous linear system Ax = 0 7
SRR AR L b A e v dofe 45 B AX =0 SR, 47O PR iGe io 45 null
space £ basis B 4.

v

wAEA P Ax =0 hfE & £ 2 L f1* elementary row operations #- A it 3
echelon form (& reduced echelon form) A’. st p%F A'x =0 ehfz & & &R L d_Ax =0 ehfz & &,
% jTJLT?—‘;L A {v A" 7 48 F e null space. £ F A 45 ) free variable, £ #-% B free variable
R E R i, KT A RE - wfR AR A BiEAARY , pivot variable g € 4 free
variables g 1&g, #r0 © & 7 ) free variable g, fr“u’v" MR D - e fE RBEK free
W ¥HE-B j=1,...k 2P 3 g x;, =1, £ ¥ free variable z 0

Fa5, £ ietkda @I kanfz s vy d 3t v dhiithentry 2 1, @ 28 vi, 7 i;-th entry &

variables 3 Xxj,...,x

0, d % 34k vy,...,v; 5 linearly independent. @ ¥ Z & r,...,ri €R, rivi+--+revg
,Tkﬁi o>t -5 B free variables x;,...,x;, A S & x; =rp,...,x, =1 (TR D[R T 2
& - ER LR B2 v+ v 503550 /TJ‘K‘JD Vi,...,Vx %_A & null space #—

spanning vectors. # FEM T vi,...,V; ,T} Lg_A ¢ null space - ‘e basis, » F]pt F i A



78 3. Vector Spaces

&7 null space %7 dimension % free variables e F &, 7 ™ A 7 column iF HF R 4 pivot 0
B, FI G LT 2 %

Proposition 3.7.4. X A 5 mxn matriz. % F1* row operations # A i* % echelon

form A’ 18, A" & pivot B#cE r, B A e null space 7 dimension » n—r. H& Ax=0

e free variables % xi,....x;,. ¥F - B j=1,...k MNPE xi; =1, & free variable % 0,
Fiptia @Ak anf2 i v R v,V & A 59 null space - 2 basis.

d 3t — BLEL null space 3 § F1 5 H it % echelon form 7% ¢ @ :x%, @ ¥ null space
1 dimension #_¥] % ¢, #7121 Proposition 3.7.4 » P 7 “7 F - BAELA]* elementary
row operations # i ¥ 7 echelon form % @, 2 pivot B LR, » i*u{é B AEr

rank.

Example 3.7.5. ¥ & A ¢ null space, #
21 1 0 00
1 00 1 0O
A= 1 11 0 1 2
1 2 2 =21 2

#- A 1 2-nd row A Wk =2, —1, —1 4r I I-st, 3-rd v 4-th row, A (s £ #- I-st, 2-nd

rows 2 %1%

1 00 1 0O
011 -2200
011 —-11 2
022 =312

#FH#2-nd row » Wk —1,-2 4 3 3-rd v 4-th row ¥

100 1 0 0]
011 =200
000 1 12
000 1 1 2

B {s # 3-rd row F + —1 4v 3 4-th row, %

T

@
o
=g
&
o,
S
5

c
z

1 00 1 0O
011 =200
000 1 12
| 0 0 0 0 0 |
3\ fpe ,T};{Q #5 I homogeneous linear system
X1 +x4 =0
X2 +x3 —2x4 =0

+x4 +x5 +2x¢ = 0
“T3 i0f%. 4 echelon form 5 4 x1,x,x4 & pivot variable, x3,xs5,xs = free variable. 3 4

X6=1,x5=0x3=0, fF x4y =-2,00=—4 x1=2, % % x6=0,x5=1,x3=0 f& x4y=—1,
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xp=-2,x1=1, &% XGZO,X5:0,X3:1)3'3=’55 x4=0,x0=—-1,x=0. &#
[ 2 ] 1 ] [0 T
4 2 ~1
V] = 0 V) = 0 V3 = !
-2 |’ -1 |’ 0
0 1 0
! | 0 | | 0 |

% A @ null space #— % basis. £ F F, B4 xe,x5,x3 &~ W 5 TR 0F B, PV E

X4 =—2r—s,xp=—4r—2s—t,x; =2r+s. %{;&A 1 null space ® e i?‘i? Py =Y

2r+s 2 1 ] 0
—4r—2s—t —4 -2 -1
t 0 0 1
Cop_g =r ) +s 1 +t 0 =rvy+SVy+1v3.
s 0 1 0
i r i |1 i i | 0 |

FCAT V], V2, V3 & A 0 null space £ spanning vectors, * %% % 7 1! vi,v2,v3 & linearly

independent, ¥ vi,v2,v3 5 N(A) - ‘& basis.

Question 3.11. ## Ezample 3.7.5 7 é0 A - & reduced echelon form. &3 { % % 5 1
N(A) - ‘& basis ¥ ?

#T RN kg 40P matrix A 9 column space Col(A) 7 basis. 7 - B2 &8
;T}K rﬂcolumn space, T“U% FE: S e AX=V F fEv AT & TP R
E 3 Ay, JIJL? ™ 3] A ¢0 column space. #1514 F ehi]

Example 3.7.6. ¥ g Example 3.7.5 ¥ 94 x 6 matrix A. 2% & 35 41 A ¢ column vectors
e- @ basis. B3 b i A P column space #Zii— B g, i drig pLpF Ax=Db F %, F]

»t

b
_ | b
b= by |
by
NP R LS TD] bi,by,b3,by TNEEREFUT I S R 2
2x1 +Xx2  +X3 = b
Xy +x4 = b
X1 +x3 X3 +xs5 +2x¢ = bs
X1 2x +2x3 —2x4 +x5 +2x¢ = by
< J& augmented matrix [A | b], §1* Example 3.7.5 48 ¢ £7 elementary row operations #\ i
@
211 0 0 0]b 100 1 0O b>
100 1 0 0b - 01 1 -2 0 0|b;—2by -
1 11 0 1 2|b3 011 -1 1 2| bs—b
1 2 2 =21 2|bs 0 22 =31 2| bs—b
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100 1 00 by 100 1 00 by
01 1 20 0| b—2b 011 -200 by —2b,
000 1 1 2| bytba—by | 7|00 0 1 1 2| bythby—b
000 1 1 2|by+3by—2b 000 0 0 O|byg—b3+2br—b

§jRE s S fple s i (T 1.2 & (2)(a)(b) HFA) v, WS e Ax=Db } fEE 2
S by—b3+2by—by =0. HT 2, @ tF by —2by+by—by =0 hjE, {8 b
# & @ £ A ¢ column space. #Fr1A P w FfEE B=][1 —2 1 —1 ] # null space.
d % x; % pivot variable, xp,x3,x4 % free variable. % % & F null space =1 basis 17
Z, 8 x=1lx3=0x=0fE" xx=1,m4% x4=0x3=1,x=0 f%d x;=—1, &%

X=0x3=0,x0=1 f&d x; =2. #&i¥

1 —1 2
0 0 1
1 0 0

% B & null space - % basis, » %{A £ column space #1— % basis..

AR * e > %, F mxnmatrix A it & echelon form 23 - B row > % 0, ij‘h%fr
H e beR” W g RIS fRe G fE, %t PR A 0 column space  R™.

Example 3.7.6 35 column space #7% 7 & i* —H* B2 L RY - Ao null space
4 4t 45 ¥ column space 1 basis. & 7F kAP A K- B { @R 2.

BAALRLF AP * elementary row operations # A it % echelon form A’ {4, ho-
mogeneous linear system AX=0 f= A’x=0 7 #F chfE2 & &. MEXK aj,...,a, 5 A
column vectors, @ aj,...,a, % A’ & column vectors. ¥ x; =ci,....x, =¢, » AX=0
- fR & clal+-tcpa, =0, L EEd T x =cp,o =0 7R AX =0 - B fRE
P73 clar+--+ca, =0 FIEF ¢, ,c, €R @ EF claj+--+ca, =0, A7 €5
claj+-tepa, =0 BEFAPFAET 25 0h #F Cla1+ tca, =0 % rEE T
A 2>E 0che B9E clal+---+cpa,=0. # 3% 2, aj,...,a, 5 linearly dependent % * *&
¥ a|,...,a, % linearly dependent. iz+ ¥ §** a;,...,a, % linearly independent % * v& 3
aj,...,a, & linearly independent. f§ ¥ k3§ A | * elementary row operations #-— i
EL G - BEL, S BEL column vectors 2 B e T g AL e, Ay

T ok &

Example 3.7.7. % & Example 3.7.5 # #14 x 6 matrix A, ¥ 4| * elementary row operation
#-2_ 1 %4 reduced echelon form A’. » :T‘k{:%- Example 3.7.5 ¢ = echelon form 0 3-rd row

3k + 2 4c 3] echelon form #2-nd row, & #- echelon form 7 3-rd row 3%k + —1 4¢3 echelon

form 7 1-st row ¥
211 0 00 1 00 1 00O 1 000 -1 -2
100 1 0O 011 -2 00 p 0110 2 4
A = > WA —
111 0 1 2 000 1 12 00 01 1 2
1 22 -2 1 2 0 0O 00 00 0 O0 O 0
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Ay —FT 1 A" e1 3 B pivot #7 fg column vectors aj,a),a) i linearly independent.
FF L ajaya) F- BB LG - B2 0entry (7 pivot 2 entry) @ 2 # % £ 43% entry
0. 2P gAR T A 77 column vectors aj,a,a4. U i~ € &_linearly independent. i&
A FEFANPY EATN 4 x3 matrix [a; ay ag] G EA S A - KW ¢ elementary
row operation A g 3 [a) a), ay]. frikwmog it A, ¥ a),a),a) i linearly
independent, #7114 aj,az,as + ¢ &_linearly independent. ¥ - % &, & A’ ? A ip iy b
5 d ay =a), aj = —a) +2a)+a) % ag=—2a)+4a,+2a). ek d FREZd i

elementary row operations @a‘é‘r‘sﬁl 1B s ?’T Ny az=ap, as = —a; +2ay+ay =%
= —2a; +4a, + 2ay. EA ® -5
1 2 1 0 0
a =az = 0 —a;+2a +a4=— ! +2 0 + ! ~|0 =a

2 1 2 -2 1
2 1 0 0
1 0 1 0

—2a; +4a +2a4 = -2 | +4 1 +2 0o | =2 ]| =2
1 2 -2 2

# 7 2., as,as,a6 € Span(aj,az,a4). v A 9 column space 5
Span(aj,az,a3,a4,as,a5) = Span(aj,as,a4).

£ 4} aj,ap,ay 5 linearly independent, 2 aj,ar,a4 ¥_A 0 column space - % basis.

A% 7 Example 3.7.7 # 49 5 7 3 {f 3P # A i* 5 reduced echelon form. ¥ § + %

RAP FriE column space £ basis & d & 3| pivot #T &= % A 1 column vectors #7
=, #7112 ft = echelon form «F\."iﬁ pivot A 7R column )IJ"\E" 1145 3] basis 7. F]p u% 2E 3\ e
BE ¥ A H B column vectors * iz % basis X4 7, - 458 74 2 & :2- #H i 2 reduced

echelon form. ¥ ¢F 2% iB & 53 24 ch4_ column space =7 basis £ & = ¥| A &7 column vectors
rie s @ 2 E_d A ¢ echelon form (2 reduced echelon form) A" &7 pivot #f 7 column
vectors #ri = . 4 _F 5 - AP A elementary row operations @ #- column vectors %
# entry #1 # ¥, #7112 echelon form A’ 47 column space ¢ # £ €_# % A #7 column space

3

A i B column space £ basis 577 % - B F L% mxn matrix A ] *

elementary row operation i* 5 echelon form A’. 3k A’ ¢ pivot variables 5 x;,...,x;, B

d > A’ &9 pivot #T & ¢ column vectors all7 ,a;.r % linearly independent ¥ elementary

row operations ¢ #4¥ & column vectors 2 & |{E R %, NP ¥ KT A 9 column

vectors a;,,...,a;, 7 & linearly independent. 32, d 3+ A’ &hH & column vectors a; %

£ a) € Span(a;,...,a} ), & 7 {# A hH # column vectors a; » 7 & a; € Span(ay,...,a;).

117
F]pt ¥ Span(ay,...,a,) = Span(a;,,...,a;). & FEFEE I a;,...,a, » A ) column space i
spanning vectors ¥ % linearly independent, #x a;,...,a; % A &7 column space - ‘&

basis. i3 T g IR,
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Proposition 3.7.8. B& A€ Myx, & aj,...,a, € R" i A 71 column vectors. & | *
elementary row operations #- A i* i echelon form A’ 4, A’ &1 pivot B#c s r, B] A
column space 1 dimension 5 r. 3K A’ 1 pivot variables 5 x,,...,x;, | a;,...,a;, 5 A

1 column space 71— . basis.

A0 #>t %8 L eh column space, # P4 ¥ ¥ Jg 4B o row space. AP G T R A,
Definition 3.7.9. B& A= ER" ¢ g § ap,...,,a 5 TOW vectors
1 m X n matrix. B A £ row space Y Span 1a,...,ma), = * Row(A) k% 7.

4rie o A 1 row space £ basis ¥t ? R P ¥ 2 F g A 4 transpose AL Fl i A #9 column
vectors %{A 1 row vectors, 11 Al 7 column space 7 basis ?’ui‘ﬁ F >t F A & row space
£ basis. #7124 P F 12 % R column space 7 basis 2 11 A' ¢ column space £ basis,
{ #3] A e row space ih basis. # Eie B G B FlAAPIEHE - BEEL A R
row operations, ] ,T‘uﬂ 2 @3 4ekh kA 7 column space 22 BF el T . U A B en
ESNT} {_’é EH A 2 elementary row operations % $17 A €1 row space £ basis, #7114 # i

¥ 11 B 3] A 9 row space v column space 2. [ b 7%,

TR Eeni B A §_A 538 elementary row operations %3 = A’ &, A fv A’ e

row space %_ip F . i H_F] i % 1a,...,,a » A 1 row vectors, (a,...,,a 3 A &
row vectors, B|# B ,a’ H ? ¥ ia,...,,a? e B IpiE, NEFE B0 F H,
AE R FPERBFEESNDY - B R ﬁ}u{;ﬁui #a 2% H ja,...,a MR
&, 9T ¥rs i=1,...,m ¥ 3 ;a €Span(ja,..., ,a). Fl#td Span(ja,..., a) £ R" i
subspace # Span(ja’,..., ,a’) C Span(ja,..., ,a). FIZ %] elementary row operation &_¥
iR Ren, A4 ¥ 5 d elementary row operations # = A, #7174 A {4 4 Span(ja,..., ,a) C
Span(1a’,..., ,a’). ## Span(ia,..., ,a) = Span(;a’,...,,a"), 7* F A fv A’ § 40 F 7 row

space. U5 *4 T b S

Example 3.7.10. % i Example 3.7.5 ¥ 74 x 6 matrix A, ¥ 4] * elementary row opera-

tion #-2_ it % reduced echelon form A’ (%% Example 3.7.7), £ ja,,a,3a,4a 5 A 1 row

vectors, 1a’,,a’,3a’, 42" 5 A’ & row vectors. 7¢I

1@a=[211000,,a=[100100],3a=[111012,4,a=[122-21 2],

—[1000 —1 —2],,a'=[011024],32=[000112],45a8=[00000 0]

41* Example 3.7.5 ¢ elementary row operations, #* ¢ &+ A’ &1 3-rd row 32’ .4 A #13-rd
row B4 A e 2-ndrow (& B2 A &1 2-nd row kF —2 4 3] 1-st row e §, 75

(3a—sa)—(ja—2a)=3a+,a—1a=[111012]+[100100]—[211000]=3a.



3.7. Column Space and Null space 83

@ 41* Example 3.7.7 ¢ elementary row operations, A’ &1 2-rd row 2’ .4 A 1 2-nd row

kb 24 A lstrow (£ 4t 2 B A e 3rd row e £, 5T

(13—223)4—2(334—23—13):233—132 [2 2202 4]—[2 1100 0] :23,.

@ A’ &1 1-st row 12’ .4 A 9 2-nd row B2 A’ 9 3-rd row e £, T

ga—(3a+za—]a):1a—3a:[2 1100 0]—[1 1101 2]:13/.

PIYEREN

g A2 2 i 7 Span(,a’,,a’, 3a’, 4a’) C Span(ja, a, 3a,4a). K IZ {7 Span(ia, sa,sa,a) C
Span(;a’,,a’, 38, 4a") (At 2 7 ¥ & 7). # ¥ Span(;a,,a,sa, 4a) = Span(;a’, ,a’,3a’, 4a),
73 ja’,,a’ 3a’, 4" 5 A f0row space ¢ spanning vectors. - echelon form ¥, i pivot
girow % 2 Fw®. WA pivot B#Ec: 3, T pivot F 43 F 3 B row (a’,,a’,3a’, @
42 5 F e B, AT pivot #7 Adh row @, 0a, za )T&’P" " % A f7row space £ spanning
vectors. JL* o > A" % reduced echelon form, * — B row ® pivot #7T =% H © &

row iz ¥ % 5 0, #7121 ja',a', 32" % linearly independent. #3% a’,,a’,3a’ 3 A row

1% 7 Example 3.7.10 ¢ A 5 7 3 [f P # A v 5 reduced echelon form. ¥ ¢ }
F X A 0 echelon form {r reduced echelon form 73 #p e &7 row space, @ T i pivot i}
#x Ap ke, #7112 d dimension e+, F echelon form ¥ pivot #7 &7 row vectors » € &_
A 1 row space - X basis. f* 2 reduced echelon form #4F A H b i E 5 A P row
space ® i £ B it basis e e AL F]p Fp “f LA R ¥ A o row space ¥
£ vectors * iz basis k& 7, F 8B F| row space 1 basis - &£ F F F K- L
% reduced echelon form. ¥ ¢ 2% i@ & 333 e7&_row space # basis # ¥ 11w F| A 4 row
vectors 4 $5. =4 _F] 5 — A P AL elementary row operations @ #- row vectors #f feh
¥ 7 3 #, #T14 row operation ¥ X F #3F row vectors 2 B enAIE B .

AP M-z B f row space 0 basis e07 F G- B F A # mxn matrix A ¥
elementary row operation * % echelon form A’. 3% A’ “pivot B#EcE: r, Bld 3> A" 2
echelon form, A’ % r & row vectors 1a’,...,,a’ % nonzero vectors. A’ H 4 ¢ row vectors
% % zero vectors. d *t elementary row operations ¢ #34% row space, & ¥ ja’,..., a" i
A & row space 1 spanning vectors. * d it % reduced echelon form ef§-3; 3 i A

! ¥

row space 7 dimension % r, #/cd Proposition 3.6.10 #= ja’,...,,a" % A 1 row space -

& basis. NP F T T I

Proposition 3.7.11. &3X A & mxn matriz. FF1* elementary row operations #- A it
% echelon form A’ 18, A’ & pivot BH#c: r, B A & row space 1 dimension 5 r * A &
W r B row vectors@’,...,a (7 A’ ¥ &1 nonzero row vectors) i A &1 row space fh—

basis.
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