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FREAPT o - BAELED - i B i elementary row operations, # z i ¥ & £ %
FoR— BB F RN P T U hem 3 -0 0 elementary matrices & - A2 T E ) (e
THRRAF AR R R BT RN kg - B “clever” #3712 & A elementary
row operation PF i F A i BaEE e T k. R 2 7&{’ E & ¥ - B mxn matrix
A i elementary row operations, # 7 4L B T - i augmented matrix [A|L,]. ~ fl.&{— i
mx (n+m) R EL B 28 n B columns (T n B columns) 3 EL A & +E m B
- =X &9 elementary row operation, 3k H
& i elementary matrix & Ep, B] A A& 5 EjA. % [A|L,] #4p e i elementary
row operation 735, #r{ c % ¢ T E|[All,]. RA S FERA A SRS E A EA B L, o

IR A& 5 i elementary row operation, #7140 I, &84 € A E(l,. Flt N4
E\[A|L,] = [E\A|E L,] = [E1A|E].

» ,T%—E\;h, B AP [A|l] W R 90 elementary row operation, 7% e B L H 2
it ik{i%— A 4t elementary row operation #7{ ghiEr & 4 if ﬁﬁ{t“ elementary row
operation #T¥J& e elementary matrix. ¥ % § 2 7 T - i elementary row operation, i
2% ¢t elementary row operation #7#f J& 57 elementary matrix 3 E;, B elementary row
operation ¥t [E\A|E;] 1®% {89718 chae'l if §_E[F\A|E|| = [E2(E1A)|ELE]. et ™ 2,
B AR e [A|L,] i 17— & 8 <0 elementary row operations i, #7{8 ehaptL [A/|E],
HZEA ,Tfu{A &4 iz- i B & elementary row operations (7% {8 #7{F auErd @ L
E ij‘u{:@{hﬁ elementary row operations #7#f & ¢9 elementary matrices & B &35 F| 2 49 3k 97

Een i, Flpt EA=A AP 5 0T R,

Lemma 2.3.5. B®% A 5 mxn matriz. &% A 4 — & 8 e elementary row operations
i AL P F - B mxmmatrizr E # 8 EA=A", 8¢ E Ziz- 8 elementary row
operations #T¥ g elementary matriz @ + @ = & B AP Rk fE. T F L+ F ¥ augmented
matriz [A|l,] 54 F k1 elementary row operations €% {5, #7178 1 augmented matriz i}u
L [A'|E].

Example 2.3.6. #-5ErL

2 -4 4 —6
A=|1 —2 1 -1
4 -8 4 —4

it % reduced echelon form, I 45 ¥| elementary matrices ek ff E & 7 EA % ¢ reduced

echelon form.
B £ BT augmented matrix
2 -4 4 -6

1
AlLl=|1 =2 1 =10
4 -8 4 —4]0
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39

I H#-pt augmented matrix 7 1-st fr 2-nd row < #%, &

£ F A % augmented matrix 0 1-st row 3k} —2 4c ¥] 2-nd row }, @

1
2
4

2 1
4 4
—8 4

1 -2 1
0 0 2
4 -8 4

£
-1{0 1 O
—-6(1 0 O
—410 0 1

~1
—4
—4

#X {4 % augmented matrix 7 1-st row 3k + —4

#4 #% augmented matrix 7 2-nd row

B (¢ # augmented matrix 7 2-nd row

S O~

S O =

1
0
0

B

0 1 O
1 -2 0
0 0 1

-2 1 -1]0 1 0

0 2 —4|1 -2 0

0 0 00 —4 1
* 12

—2 1 —1|0 1 0]

0 1 2|1 -1 0

0 0 0[0 —4 1
kb —1 43| 1-st row @

-2 0 1]-5 2 0

0 1 —2| 4 -10

0 0 0|0 —41

4 B 18 71 9 augmented matrix 3 [A'|E], & 7 & £.F A 0 reduced echelon form A’ ﬁ}u

A EA. 74, AP

D=

_ 1
EA=| !
0

2 0
10
—4 1

2 -4 4 -6 1 -2 0 1
1 21 -1}|=]0 0 1 =2
4 -8 4 —4 0 0 0 O

Yeb AP L E F 5 ie T B elementary row operations #1¥ J& ¢ elementary matrices ¢

FF. F1i A 5 3 x4 matrix, #72 % - 1 elementary row operation #7¥ J& 7 elementary

matrix E; )‘]Ja{:lﬁ- 3 x 3 ¢ identity matrix I3 7 1-st v 2-nd row 2 4, @ % = B elementary

matrix E, 3 # L & 1-st row %k + —2 4c 3] 2-nd row .

% = i elementary matrix E3 5

#¥-I; 70 1-st row 3k + —4 e 7] 3-rd row } . 3T k& elementary matrix E;y 3 #- I3 ¢ 2-nd

row 3kt 1/2, @ & {4 - B elementary matrix Es % #- I3 ¢ 2-nd row 3k + —1 4 3| 1-st row

2

b R, A

E =

S = O

[
- o O

Ei=

1 00 1 00
Eb=| 21 0|,E5=| 0 1 0],
0 0 1 -4 0 1
1 00 1 -1 0
0  O0|,Es=|0 1 0
0 0 1 0 0 1
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#-iz7 # elementary matrices d + @ = & B Apak, /27 F

-3 2 0
EsEJEsE,E =| L -1 0| =E.
0 —4 1

uestion 2.9. BXK A 5 mxn matriz. ¥ & 38 A “TEED column operations #T¥ &
4

e elementary matrices Pk FF 0 B R L e H ?
2.4. Matrix 4= System of Linear Equations ¢ 3

A g &4 * elementary row operations #-3 B 4B it % echelon form k#F3H ¥R
Ppr G Are mpE G R0 R R FE- PR AL AN PR i fR- B S R R LT
HE AL RAT, - B A PR Y SRR AR S g
N EE R

FhdorA PR v mend it RFH, 30 0 TASREN RS e B R AR P
% row vector, & i #-— =% column vector k % 7. 4 ,?L{;,u;;g_? AL - B nx 1 matrix.
FhwR, R Am ARk

anxy + apxy + -+ apx, = b
anxy + apxa + - 4+ awmx, = by
amx1 + amxy + - A+ aAuuxn = by
EaN iFB L
apn  app -+ A X by
a axp -+ ay X by
A = . . . . 5 X = . 5 b = ,
anl Am2 - Qmn Xn bm
RIS B 322 Ax=Db k& 7. E X1 =Cl,X0=0C,..., X, =Cp, » T AR

C1
(&)
CcC= . s
Cn
K& Tie- 2fF, af x=ccR" 32 Ax=D>b - o jE. REERETHRTER WA G-

B mxn matrix 3k ™ ¢ i&- B nx 1 matrix § ¥ b i&z- B mx | matrix, & Ac=h.

2.4.1. fEenF i, AP L - IFHFER S mxnmatrix A R EHE L beR”, B2
*fele Ax=b ¥} f3.
C1
BABXDER"” ¥ Ax=b F /2 £ c=|:| 5-f& s, LT Ac=b. fI* BL 2
Cn
TEE

cia;+---+cya, =b,
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HY ap,...,a, 2 A & column vectors. 3 @, b ¥ U H &£ A 7 column vectors £
linear combination (#{+ % &). * &5 &k & ﬂ’ﬁ&{bESpan(al,...,an). k2, % be
Span(aj,...,a,), %7 3 c,...,c, €ER # % b=cjaj+---+c,a,. #&& x;1=cp,...,.%, =y

5 AX=Db - EfE. ANPEEE T LT SR

Lemma 2.4.1. & A€Myx, * beR". B Ax=Db 7 f#%# ¥ &% b € Span(ay,...,a,), #

? ap,...,a, & A 7 column vectors.

A4 B4 ey © e moxon matrix A € # %Mﬁziﬁvbew, W f2le Ax=b
PR AP B BE A R, FRG F ST S iR §ARR 0

A £ column vectors ¥ & R™ ® | #7100 p K5 Span(al,...,an) CR™ #m ¢ Lemma 2.4.1
T, FEHWELDER" ¥ 617 Ax=Db F & A7 HEZE beR” ¥ 3 beSpan(aj,...,a,).
E{%‘r‘ﬂ-l‘ﬂé} SPan(al""’ ”):Rm F —~ _49 Span(alv" ):Rmy %\ﬁéfi:—r-fé. bERm ?ﬂﬁ

%,

b € Span(ay,...,a,). ¥ #d Lemma 2.4.1 &t T T F beR” ¥ % 17 Ax=b 5 f
Fl ek g, HEL S beER”, B2 2 fele Ax=b ¥ § f3{- Span(ay,...,a,) =R"

e

ﬁn

FoaAme Y g e Ax=¢, 27 e,...,e, € R" i R™ & standard basis. &
SreffE LB bER, Bz Ax=b F 3, RIHF iz 1. m S ET $5)
GER' R Xx=¢ 3L Ax =€ - wF S RARH = 1w
Ac;=e;. B4 & nxm matrix C, & i-th column i&{ci. PpERAEL R DT EANT

| [ 1l |

AC=A|c; ¢ - ¢,| = |Acg Acy -+ Acy,| = |e e - ey, =1,
| | . | | |

5 )’Tk{;m, PR F A nxmmatrix C # 1 AC=1,. ¥ 2, % C 5 nxm matrix /% &
AC=1,, RIHEL beR", APy g c=CbecR", ¥ ¢ 3

= A(Cb) = (AC)b=1I,b =D.

ﬁ*{@tbfﬁﬁﬁ,&, beR" AFmv il e=CbeR", 7 x=c {"3?' > Az Ax=Db
2

G- wfE FGERB R, HEL D DER, W22 2w Ax=b ¥} fEfrir b nxm
matrix C & # AC =1, 2% ¢,
AR IEFE, £ A 5 d elementary row operations i* i echelon form {$, pivot e

Rt %5 A chrow hiE o m, &7 A 9 echelon form 2§ - % row » 5 0, ..—»td 1.2 &

g3t (7 Case (1)) it pFiZ e beR”, B> 2 e Ax=Db ¥ 3 f&. & 2, 4o% pivot
i #cH 3 m, 27 A éhechelon form A” ® B id- B row & 25 0. AP - T F M
HI beR” & E@3 R &L [Alb] i 5 echelon form [A'|b] #, b £ is- B entry 2 5 0 (Fr
Case 2( ). B PFAx=b § & 5. TP HCERE KA, HiE LA bCRY, B2 R Ax=b

1«

f#fr A ¢ echelon form ¢ pivot ehiE#cs m (7 rank(A) =m) &% § .

:’:5 LIRS A p,z, ANpEET TR LR ST E
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(2
flm

Theorem 2.4.2. B*% A€ M,x,, £ ai,...,a, € R™ 5 A & column vectors. M T % &git
1) iz ehbeR”, B2 Ax=b %} f%.

2) Span(ay,...,a,) =R".

3
4

(1)
(2)
(3) rank( ) =m.

(4) % t nxm matriz C & (8 AC =1,.

#F |4 fE- 7, Theorem 2.4.2, 45 fﬁ{%f”r’ﬁ beR™ = > 2w Ax=Db ¥ 7 f#hfi/T.
A E W arH - hb R EFH S 2% Ax=Db 7 f#, Theorem 2.4.2 I 7 if * (7» i# Lemma
2.4.1 g * ).

ANPFEE | F AEMu,, # A it 5 echelon form 6 # pivot chiE#7 ¥ it 7 3t row fr
column #ip f. » ,?u{;h pivot i i ] 3t %3 min{m,n} (2* dphEmn 7 & 70

B). #7121 pivot enBHcs: m, P& T n>m. #7352, F n<m, ] v pivot enip 3

¥ i &30 m, #71 Theorem 2.4.2 ¥ R ¥ ag g 4. AP 0T .

Corollary 2.4.3. B& A€Myuun, 27 n<m, |25 A beR"” @85> 3 22 Ax=Db
AEfF. A 2P 2 €5 & nxm matriz C & 18 AC = I,.

Proof. ¢ # 13k, & n<m PF A i* 5 echelon form 75, # pivot (W B &HKF ¥ it 5 m, 7~
rank(A) <m. ¢xd Theorem 2.4.2 &v7 ¥ i #HE L v beR” H> 3 8% Ax=Db ¥ 7 f%.
mrFaebeR" @ @M 22 Ax=b &% FIZ, J Theorem 2.42 &v7 € ¥ & nxm
matrix C & ¥ AC =1, ]

Question 2.10. B&X A€My, 27 m<n. £F FtnxmmatrisC # 18 CA=1,7

w h $£# Theorem 2.4.2 £ B A€ & T IL, v 7 UL FFANP - L fEI 2 3 48 e g 4,
#4c Corollary 2.4.3 ,T;u{{; AP E AN B E S R B IEPE, £ 3 bR #
wE S 4z Ax=Db & f%.
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