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3.7. Column Space and Null space

A -4 2 - B 4L fh column space, row space ™ % nullspace I £ 3t4c e 45 I v O oen

4

basis. 2% i ¢ 4 I column space fr row space =7 dimension ¥ 48 f¢ ¥ % 4B i rank.

s VP EE 4o 17 3] - 4& subspace 0 basis.

%z~ B, v e column space fv nullspace foid 3248 5 R BicE L 973 & 0l 2 2
AREETEFfENE R FEE- L LA, d 3 column space fr null space shE & & A
Bz 1N K AT

| |

Definition 3.7.1. % A= |a; a, --- a,| 2™ R™ ¥ v £ ap,...,a, & column

| |

vectors 7 m X n matrix.
(1) #v i # Span(ay,...,a,) = A 3 column space, £ * Col(A) * % & A &1 column
space.

(2) #% i 4 homogeneous linear system Ax =0 #73 f##7 = vl & & A 0 null space *
* N(A) 47 A @i null space. I N(A) ={u e R" | Au=0}.

& ‘Jii % A€ Myxn, Bl A 07 column space Col(A) ¢ #_R™ ¢ subspace, @ A 7 null

space N(A) ¢ & R" ¢ subspace (38 7 &). J1* Lemma 2.4.1 ™/ 2 Theorem 2.4.5 #*
B F T

Proposition 3.7.2. X A 5 mxn matric ® beR", 4 g8 > 2% Ax=Db.

(1) Ax=b } ja 2 s b e Col(A).

(2) B Ax=b § jEplH farz- 2 EE N(A) = {0},

BTk oA g ,Tk & 35 3| - B L o column space ™ % null space iz d B £ &
subspaces 71 basis. — 4 k3R & 43 3| R™ ¢ subspace V - ‘2 basis, Vi ¢ L5 V - &

spanning vectors. X {s H ¢ F P i%4F L spanning vectors P 5 linearly independent

- g FEIABeER NPT S bd v PETE LT ERIEETE S linearly
independent. 7 i ¥ § = B} he EPF, T F A E«j%--ﬁ vRi 5 § ¢ linearly

independent, ‘,ﬁ:? 2ol T i)+

Example 3.7.3. ¥ 5 R3 ¢

0 2 0
3 -5 7
Vi = 0 , V2 = 0 ,V3 = —1
1 0 0
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BIRP Vvi,v2,v3 & linearly independent, 34 % FRP F 3 § cir=c=c3=0F, 1 ¢ i¢

2

#Fvit+ceavot+ce3vz=0. A

0 2 0 2¢)

3 -5 7 3c1 —5¢y+7c3
C1V1 + Vo +c3V3 = ¢y 0 +c 0 +c3 1 = s

1 0 0 cq

Sl & B 1F v+ evy +e3vy; =0, 328 B3R V) + Vo +c3vs 7 1-st entry 2c¢p, 3-rd entry
—c3 W% 4thentryc; %% 0, P ey=c0=c3=0. #FE"F % ci=c2=c3=0F, 1 it

8 c1vi + v +c3v3 =0, #7 v, v, v3 & linearly independent.

A Example 3.7.3 AP F 2 F 0K, F vi, v, ¢ - B v 38T B - B entry
20 AHEwE AiZentry ¥ 5 0, P vy,...,v, 5 linearly independent. (i]4- Example
3.7.3 ¢ vy éhd-thentry 3 1, @ vy,v3 ehd-thentry 3 0; vy e l-st entry % 2, @ vy,v3 e

I-st entry 2 0; v3 0 3-rd entry 2 —1, @ vy,vp e 3-th entry 2 0, T"H LB iEE). pLpE

B E B v, 978 B 2L 0 e sk entry 5 a;, ¥ 3 cvi+--+cpv, RIEEE hentry & ocia;,
BT E Vit eV =0, B ca; =0, BE - B ¢ ¥ E 0. F ovy,...,v, & linearly
independent.

% A 5 mxn matrix, A 1 null space N(A ,T‘ % §_homogeneous linear system Ax =0 7
T OfRAT R & d A Chry e @3 Pl AX =0 fR, A7 AP R e P 35 null
space £ basis B 4.

wREAN P Ax=0 i £ 02 2 5, 1 * elementary row operations # A it %
echelon form (2 reduced echelon form) A’. }* ¥ A'’x =0 f2 & & i&«fx’-\Ax =0z g &,
5 i‘u{;ru A fe A" 7 48 F e null space. £ F A 45 ) free variable, £ #-%  free variable
R E R f i, KT A E - w2 AR e BiEAARY , pivot variable g € 4 free
variables @ @72, #710 F & T 1) free variable (11 fr“u’v" R F - iR RBEK free
variables & xj,...,x;,. $#% - % j=1,... 0k 2P F g x, =1, # & free variable 2 0
Fa5, £ ietkda @ kenfz L vy d 3t vy dhiithentry 2 1, @ 28 vi, 7 i;-th entry &

0, d %34+ vy,...,v, 5 linearly independent. @ ¥**Z & ri,...,rk €R, rivi+--+revg
,Tkﬁi fe 3t {ﬂé’:—ﬁ ® free variables x;,...,x; A B & x; =rp,...,x, =rg PTE DR T 2
& t[%ﬁ”“"fs LB Vv A58 8 i%;{;k Vi,...,Vx %_A &1 null space #- i
spanning vectors. # FEM T vi,...,V; ,T.%{A e null space - % basis, + F]M F i A

&7 null space 77 dimension % free variables e % #, 7= ™ A 7 column iF HRr 4 pivot 79
B, Tl TR

Proposition 3.7.4. & A 5 mXxn matriz. % §1* row operations # A i* % echelon
form A" 15, A & pivot BHcE r, B A 7 null space 7 dimension » n—r. Hx A'x=0
1 free variables & X;,....x;. ¥F - B j=1,.. )k, 2P x, =1, 2 & free variable 3 0,

Figtia @ R enf2 L vy B v,V 2 A 59 null space - 2 basis.



3.7. Column Space and Null space 81

d 3t — BLEL null space 3 § F1 5 H it % echelon form 7% ¢ & :x%, @ ¥ null space
¢ dimension &_F] % ¢, #7121 Proposition 3.7.4 » A 7 “% 4 - BELF|* clementary
row operations #7 i ¥ 7 echelon form % @, 2 pivot B LR, » i‘u‘{g B e e

rank.

Example 3.7.5. ¥ & A 7 null space, & *
21 1 0 0O
1 00 1 0O
A= 1 11 0 1 2
1 2 2 -2 1 2

#-A 1 2-nd row A %k =2, —1, —1 4r I l-st, 3-rd v 4-th row, X {s £ #- I-st, 2-nd

rows & 1¥

1 00 1 00
011 -2200
011 —-11 2
022 =312

% ¥ % 2-nd row A S FF —1,-2 4 3 3-rd fr 4-th row #

1 00 1 0O
011 -2020
000 1 1 2
000 1 12

B fé#-3-rd row k+ —1 43 4-th row, ¥ echelon form

1 00 1 00

011 -2 00

000 1 12

000 0 0O

2 e ,*T%—ELQ # I homogeneous linear system

xq +x4 =0
Xy +x3 —2x4 =0
+x4 +x5 +2x% = 0

“73 ihf%. 4 echelon form 5 i x1,x,x4 % pivot variable, x3,xs5,x5 & free variable. 3 4

X6=1x5=0,x3=0, fF0 x4y =2, 00=—4x1=2,m % x6=0,x5=1,x3=0 f& x4y =—1,
x2:_27 X1:1, s 4 X6:O,XS:0,X3:1 ﬁ;:” .X'4:0, X2:_1,X]:0. ;’—f(’fg
2 1 ] 0 T
—4 -2 —1
. 0 v, — 0 . 1
Vi = ) y V2 — -1 ,V3 = 0
0 1 0
1 0
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«»

% A & null space 71— & basis. ¥ F X6, X5,X3 4~ W & T R F s, BT E

X4 =-2r—s,xp=—4r—2s—t,x; =2r+s. ‘T*ua?’uA #7 null space ® e E‘FK? PRy

2r+s 2 1 0
—4r—2s—t —4 -2 —1
t 0 0 1
Cop_ =r ) +s . +1 0 =rvi+svy+1v3.
s 0 1 0
i r i |1 | 0 | | 0 |

FCAT V], V2, V3 & A 0 null space £ spanning vectors, * (%% % 7 1! vi,v2,v3 & linearly

independent, ¥ vi,v2,v3 5 N(A) - ‘& basis.

Question 3.11. ##- Ezample 8.7.5 ¢ é0 A i* & reduced echelon form. &3 L % % 5 !
N(A) - 2 basis *2 7

T kAP kg 4oie 45 matrix A 9 column space Col(A) 7 basis. § A - B E &l
JE: jj-‘ﬁ.{A 7 column space, fj.%{fé FH > % AX=V F fEchv AR enfk & p iR

E RURCE i}b—a 1218 3] A £ column space. 24 74T k]S

Example 3.7.6. ¥ g Example 3.7.5 # ¢4 x 6 matrix A. #* " £ 35 1 A ¢ column vectors
e- % basis. B#E b % A 7 column space - B e £, AP AriE L Ax=Db ﬂ)é iz, 7

»t

by
_ | b2
b= by |
by
NP RS T] by,by,b3 by IEEREF LTS S R G fE
2x1 +Xx2 +x3 = b
X +x4 = b
X1 “+Xx7 +x3 +x5 +2x¢ = b3
X1 +2x 4+2x3 —2x4 +x5 +2x¢ = by
%4 J& augmented matrix [A | b], 41* Example 3.7.5 4p F 7 elementary row operations % if®
®
21 1 0 0 0]b 1 00 1 0O by
1 00 1 0 0fby - 01 1 =2 0 0|b;—2by -
1 1T 1 0 1 2|b3 01 1 -1 1 2| bs—by
1 2 2 =2 1 2|by 0 2 2 =3 1 2| bs—by
100 1 0O by 1 00 0 0 by
011 -2 020 b1 —2b; 01 1 —2 0 0 b1 —2b;
00 0 1 1 2| bs+by—b 000 1T 12 bz +by — by
000 1T 12 b4+3b2—2b1 0 00 O 0 O|byg—b3+2by—b
i fEE G frE a2 (T 1.2 & (b) ehfFay) v, B 3 42l Ax=Db F f2F

v % by —b3+2by—b; =0. *‘ép\7 2 "”'T)i by —2by+b3—by =0 03fz, #7iF ch b 7 h
8 £ £ A # column space. #7141 i w 5| RIpE B = [ 1 -2 1 -1 ] e null space.

d 3% x; % pivot variable, xp,x3,x4 % free variable. 1% % & F null space 7 basis 17
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PEIS X4:1,X3:0,X2:O ﬁgﬂi X1:1, mA x=0x=1Lx=07FE3x=—1, i 4

1 —1 2
0 0 1
1 0 0
g1— % basis..

% B & null space 71— 2 basis, » ,T.‘L{A e column space -

AR EB 2, F mxnmatrix A it & echelon form {523 - % row 2z 0, ff*u%fr
FhbeR" ¥ g RIS A2 G 2, wxyt BF A <0 column space & R”.

Example 3.7.6 4% column space #7% 17 j* z\i@&«i&{:ﬁlﬁ £ R ¥ - B null space
4 4t 45 ¥| column space =11 basis. #& 7T kAP 4 L B L f§HEE

BAALELF AP elementary row operatlons # A it % echelon form A’ {4, ho-
mogeneous linear system AX=0 f= A’x=0 7 o chfE & &. REK aj,...,a, 5 A
column vectors, @ aj,...,a, = A’ & column vectors. ¥ xj =cj,....x, =¢, » AX=0
- fR & clal+tcpa, =0, L EEd T x =cp,x =0 7R AX =0 - B Rt
g ocar+-+ca, =0 PEE ¢, €R EEF crag+---+ca, =0, AR E
cial+-+ea,=0. TEFAPGFAELT 2L 0che RiF claj+-+ca,=0 % FEE 5
A >E 0che 9% clal+---+cpa,=0. # % 2, aj,...,a, 5 linearly dependent % * *&
# a),...,a, % linearly dependent. i&+ % @ ** aj,...,a, & linearly independent % ® v& 3
aj,...,a, % linearly independent. f§ ¥ k3§ 4 4| * elementary row operations #-— i
ELRE T T - BAEL, 3 BFEL column vectors 2 B R B Tk ¢ AR IR F e, A g 1

T n] S

Example 3.7.7. % & Example 3.7.5 # #14 x 6 matrix A, ¥ 4] * elementary row operation

#-2_ 1 % reduced echelon form A’. = fi‘u{%— Example 3.7.5 ¥ &7 echelon form ¢ 3-rd row
&k + 2 4c 7] echelon form 47 2-nd row, £ #- echelon form 71 3-rd row % *+ —1 4c | echelon

form # 1-st row &

211 0 00 100 1 0O 1 00 0 —1 -2
L 100 1t oo ot —200| , 01102 4
1111 0 12 000 1 1 2 10001 1 2

1 2 2 -2 1 2 000 O 0O 00 0 O0 O 0
A iE st A g3 B pivot #f ’é_r__'rﬁ column vectors a},a},a} % linearly independent.
P oajaya; F- BB LT - L 0 entry (7 pivot 2. entry) @ # # » € %% entry

» 0. 2 E g AR T] A 0 column vectors aj,ap,a4. U #+ ¢ &_linearly independent. &
EFEEFAPY RATH 43 matrix [a; a, ag] Hd BHAHES A - KW Ff i elementary
row operation # i ¢ (¥ 3| [a] a), a)]. T ikE oG @A, Fl L oa),a),a) 5 linearly
1ndependent 4 ap,ap,a4 + ¢ A linearly independent. ¥ - % &, & A" ¥ A iE AR b
7 41 a) =a), aj = —a| +-2a) +a; 1% ag=—2a) +4a) +2a;. T Aok B RIZd ik
elementary row operations % LR (kP B NG a3 =ap, as = —a; +2a+ag M %
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ag = —2a;+4ar+2a, TR I REKLE

1 2 1 0 0
0 1 0 1 0
a =az = BE —a;+2a)+as=— 1 +2 1 + 0 =1 =as,
2 1 2 -2 1
2 1 0 0
1 0 1 0
—2a; +4a, +2a4 = -2 1 +4 1 +2 0 =, = ag.
1 2 -2 2

H# 3 2 a3, as,ac € Span(a;,ay,as). #x+v A ¢ column space &
Span(al 732733,34735736) = Span(a17a27a4)'

£ 4c+ aj,ap,aq 5 linearly independent, %3 a;,ay,a4 ¥_A 7 column space 71— % basis.

AR A Example 3.7.7 # 240 5 7 3 [f 3P % A i 5 reduced echelon form. ¥ § * =
RAPE Frig column space 71 basis A_d & I pivot #T =¥ A 7 column vectors #7
=, #7120 it 2 echelon form #rig pivot #&7f# column ,]*’v" 1135 3] basis 7. Fpt “f 2E 2 fpe
BL ¥ AcH P column vectors * iz % basis k& 7, - & 7 F & i&- #H {* & reduced
echelon form. ¥ ¢F 2% P & 53 24 504 column space =7 basis # & = ¥| A 7 column vectors
friea @ 2 Hd A i echelon form (2 reduced echelon form) A’ 0 pivot #f ¢ column
vectors #rie . HH_Fl i - LA AR elementary row operations @ #- column vectors %
B entry #7 ##, #1712 echelon form A’ 47 column space © % £ _k % A #1 column space
3

A iz B R column space €0 basis 97 % - B AR, F L% mxn matrix A ] *
elementary row operation it 5 echelon form A’. 3k A’ ¢ pivot variables 5 x;,...,x;, B
d 3> A’ &1 pivot #7 & ¢ column vectors a ,agr % linearly independent * elementary
row operations ¢ #4¥ & column vectors 2 Fé‘* AR R, NP BT A 9 column
vectors a;,,...,a; 7* 5 linearly independent. F 32, d > A’ ehH # column vectors a/J v
& a € Span(a; ,...,a; ), & # A 8 © column vectors a; + {* & a; € Span(ay,,...,a;,).
¥4 ¥ Span(ay,...,a,) = Span(a;,,...,a; ). }* PEF T a;,...,a;, = A 7 column space 7
spanning vectors * % linearly independent, #x a;,...,a; & A 7 column space 11— %
basis. Vi T g IL,

Proposition 3.7.8. BE& A€ Myx, * aj,...,a, €R" i A &1 column vectors. & F|*
elementary row operations #- A i i echelon form A’ {5, A’ & pivot B#c: r, B] A

column space 1 dimension 5 r. ®B3X A’ &1 pivot variables 5 x;,...,x;, B a;,...,a;, 5 A

r

£ column space 71— B basis.

0¥ 4B i column space, 2 s ¥ 4 g 4B i row space. PG YT T K.

i
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Definition 3.7.9. Bx A= : ER" ¢ g § a,...,,a 5 row vectors
7 m X n matrix. B] A 7 row space » Span(ia,...,pa), ® * Row(A) k% 7.

4ofe F A & row space ¢ basis ¥t ? AP F ¥ g A 1 transpose AL Fl 5 Al ¢H column
vectors i&{A #1 row vectors, 11 A 9 column space 7 basis )T*uﬁi F > F A ¢ row space
e basis. #7114 ##F 12 % R column space 7 basis * 2 11 A ¢ column space £ basis,
{ #3] A e row space i basis. * e B E G B FEAPILE - BEL A R
row operations, %] ,]*usn 2 @3 4e kR kA 7 column space 22 BF el T L U A e
#, . B¥ A # elementary row operations k& f{8 A #1 row space £ basis, #r4 £
¥ 11 B3] A 9 row space fr column space 2 [ e 7%,

TRl B A §A 51 elementary row operations %3 = A’ {5, A fv A" e

row space ¥ AP . HH_F|E E qa,...,,a = A 7 row vectors, (@, ,ma LA
row vectors, R|* i ;a’ —,’Ei.‘*'{la Lma P e I p e, A KRB0 R EK
AEF P ERFERE ST - B E. )]'.J-'Ltk?u—‘* B a 2% % ja,..., a0 REE
&, b’“rJ‘la%’qL“r)a i=1,...,m ¥ 3 ;a €Span(ja,...,a). F*d Span(ia,...,a) £ R" ¢
subspace # Span(ja’,..., ,a’) C Span(ja,..., ,a). FIZ %] elementary row operation &_¥
i e, A4 7 5 d elementary row operations ## = A, #7143 4§ Span(ja,..., ma) C

Span(;a’,..., ,a’). # & Span(ja,...,,a) = Span(ja’,..., ,a’), " F A fv A" § 4 F & row

space. {15 11T ehi]

Example 3.7.10. % & Example 3.7.5 ¥ €74 x 6 matrix A, ® §]* elementary row opera-
tion #-z_ it % reduced echelon form A’ (% % Example 3.7.7), £ ja,7a,3a,4a 5 A 1 row

vectors, 1a’,,a’,3a’, 42" 5 A’ & row vectors. 7*
a=[211000),a=[100100,,5a=[111012,5a=[122 21 2],
—[1000 —1 —2],,8'=[011024],;8=[000112,42=[00000 0).

41* Example 3.7.5 ¢ elementary row operations, #* i* &= A’ &1 3-rd row 3a’ €4 A 1 3-rd

row F4 A e 2ndrow ($ & jE2 A &1 2-nd row k F —2 4 3| 1-st row e £, 7R
(3a—sa)—(ja—2a)=3a+,a—1a=[111012]+[100100]—[211000]=3a.

@ 41 * Example 3.7.7 ¢ elementary row operations, A’ ¢ 2-rd row ,a’ &4 A 1 2-nd row

b —24cF] A l-st row {5 R 4et 2 Ben A ¢ 3ord row e B, 75
(1a—25a)+2(a+2a—a)=23a—;a=[222024/—-[211000]=,a.
@ Al Lt row 12’ £ A 9 2nd row 2 A” 9 3ad row e R, R
—(3a+2a—ja)=1a—3a=0211000—-[111012]=,a"

JEaE A 3 0 17 Span(y@’,,a’, 3@, 4a’) C Span(ja,,a, 3a,4a). F I2 ¥ Span(ia,,a, 3a, sa) C

Span(;a’,2a’,3a’,42") (#* wé 2 7 # & 7). < ¥ Span(ia,a, 3a,4a) = Span(ja’, »a’, 3a’, 4a’),
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79 ja’,a’ 3@’ 4" 5 A f0row space 7 spanning vectors. - echelon form ¥, i3 pivot

girow & 5 Fwe®. A drpivot BHEE 3, T pivot & 24 3w 3 B row ja’,a’ za’, @
4 5 F e, AT pivot #7 B row (4, a’, 34’ ifu? M= A A 7 row space £ spanning

9

vectors. FL* d ** A" % reduced echelon form, # — B row ? pivot #7 =% H © &5
vk Y

row Bi%iE ¥ 5 0, #7121 1a’,a’, 34’ 3 linearly independent. ¥ (a’,,a’,3a" 5 A Frrow

space 17— % basis.

73 % & Example 3.7.10 # 24 5 7 3 § P # A ¢ 5 reduced echelon form. £ § + %
#2 A 5 echelon form §r reduced echelon form 3 #g ¢ £ row space, @ v ¥ pivot =B =
tp ke, #rr4d dimension e, 4+ echelon form ¥ pivot #f ¢ row vectors + € £_A D
row space #— % basis. * 2 reduced echelon form 47 B8t & % % 3| 2 7 % row space
v ogie £ 8 2% e basis e L. P “f ZE & - A o row space P eh vectors
* 15 % basis k& 7, B ® 45 7] row space 1 basis — £ E * T & i - H it L reduced
echelon form. ¥ b3\ & 33 23 ¢9%_row space #9 basis % ¥ 14 % ¥| A £ row vectors 2 :P;‘.
TE_FE - AP AR elementary row operations ® - row vectors #f i 0
#7114 row operation ¥ X F #-3¥ row vectors 2 B en&IE R %

A -3 B R row space 7 basis f7 jF fa- B AR B A ¥ m x n matrix A ] *
elementary row operation * 3 echelon form A’. 3%k A’ 0 pivot B#c: r, B|d 3> A" 2
echelon form, A’ # r & row vectors 1a’,...,,a’ % nonzero vectors. A’ H 4 1 row vectors

% % zero vectors. d *% elementary row operations ¢ ##¥ row space, & ¥ {¥ ja’,...,,a &
A &1 row space 1 spanning vectors. * d it % reduced echelon form ef§-3; R e A eh
row space 1 dimension % r, #d Proposition 3.6.10 ¥ ja’,...,,a" 5 A &1 row space -

% basis. i 4); W e I,

Proposition 3.7.11. &3X A & mxn matriz. FF1* elementary row operations #- A it

echelon form A" 18, A’ &1 pivot B85 r, B A & row space e dimension » r * A’ &

E'B

fe

af

" r B row vectors 1a’,..., @ (7 A" P &1 nonzero row vectors) i A &1 row space fh— &

basis.

A 1 * 35 column space fr row space 7 basis 97 % 3% - 4 R™ ¢ subspace V

1 basis. 5 AN P AL IV g- % spanning vectors vq,...,V,, RisE - B ovy, ...V,
B ) y ¥ ) )

% column vectors P3E" A= |v; - v, [. R{EEJI*FH A o column space 7 basis

1 2 @3V odh- % basis. AL Fad- B2V,

. » row vectors £ n X m matrix

2

B= : Ri&E J1* 35 B <9 row space 7 basis 77 ;2 {7 3] V - ‘e basis.
R V R

B2 ANG T P e ae f1* column vectors £ 2 d 3t EC {845 41 e basis R ke

spanning vectors vi,...,v, ® &g € #7E a fr L if & IR #F . basis 0 vectors #_d ROk

spanning vectors ® i Jchf 3. @ | * row vectors 17 %, d ¥ it L reduced echelon
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form, @ basis #_d ¢ reduced echelon form ¥ 7 nonzero vectors 7% = #7121 g R 4r K ch

spanning vectors & R, 7 i (if & £ Kk Z|¥ronidt » § At subspace ™M % EJZ #- subspace

¢ £ F M basis £ o1 R REL Bdol T k]S

Example 3.7.12. ¥ & R® ¢ s £

2 1 1 1 1
1 0 1 2 -2
V] = 1 V) = 0 V3 = ! V4 = 2 and w= 2
0|’ 1|’ 0|’ -2 3
0 0 1 1 -2
| 0 ] L 0 | | 2 ] | 2 | | —4 |
4V =Span(vy,v2,v3,V4), 3#35 1 V eh- & basis, ¥ % 2 H|¥rw £F AV ¢

o om it AP Ao R AL £ % row space 507 VR Al R I VLV, V3,V A
row vectors s4E'E A, JLPF A ifu{ Example 3.7.10 ¢ & A, 41* Example 3.7.10 e’
T

1 0 0

0 1 0

u = 0 u = ! uz = 0

1= 0 U2 — 0 Uz — 1

—1 2 1

| -2 | | 4 ] | 2 ]

LV é— % basis. AR Fla R XV ¢ e E 5 column vector eh753% ) 57 - KRG
AP - A ¢9 row space #9 basis B ™ & column vectors. &kt R weV FEFEE G

c1,c3,c3 ER # 7 w=ciu; +cup +c3uz. &K

C1

(&)

(&)

ciu] + w4 c3u3 = ,
C3

—c1+2c+c¢3

| —2c1+4c+2c3 |

NPEIRERE w=Cu + coup + c3ugz, N 1-st, 2-nd ’ff' 4-th entry g > (fé{k_éi”l - ZT}L{
reduced echelon form hpivot s> %) F 7 c1=1,c0=—2,c4=3. &#-c1=1,c0=—-2,c3=3

Bor FIE B oentry ¥ &, 3 w=u —2u+3u3, FAowelV.

FAPHES D basis X F FARE R, APT NERESFHE P T R FELD row
chip Bl b 7R fE 5 2 AT, F] 5 4ot 7% i elementary Tow operations 4p $t4 % ¢
fit o fRoP-35 F] - ‘% basis. Bdr® - B 53 Example 3.7.12 ¥ dvy,v2,V3,V4 5 G
= column vectors, #71# &4E 5 6 x4 matrix, @ ¥ J§ = row vectors, 78 B 5 4 X6
matrix. #7r FFEE B4 0 Span(vy,v2,v3,V4) - % basis, * row vectors iR T €
bR

i =t 55 3 0 elementary row operations € $%3¥ column vectors 2. B LB % (T

- 47 ¢ 4F column space) ; 7 i elementary row operations ¢ %1% row space (¢ -
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47 € 45 row vectors 2 B endLBE ). Fpt L w - BAEL A % elementary row
operations #- A it 5 echelon form A. ¢ % Col(A) & & &>t Col(A’), e d +t A" # pivot #f
#* % linearly independent ® it B = Col(A’), #rr1 w 3| L eipd A,
H ¥ ¢0 column vectors ,T*ug A5 Col(A) #h— ‘e basis. @ d ** Row(A") =Row(A), @ ¥ %
P &g e A e pivot #7 f£ row vectors € £ Row(A’) - ‘& basis, #7144 A X & Row(A)
- e basis. * HE&LE o B A Hpivot iz H Row(A) £02F L&D T E RAEF

H ¥R A o row vectors § E_Row(A) - ‘2 basis.

% h column vectors

B b oehg 2 (2% f%_Proposition 3.7.8 v Proposition 3.7.11) » & P frig 2 A n
column space v row space 1 basis e £ B#cy 5 pivot i #ic, T A drrank. #TLA
column space §r row space 7 dimension ?K %_A chrank, T 3% A & null space iR, A
e M55 - BRI LH, TUT DR,

Definition 3.7.13. B3k A & mxn matrix. A ¢ null space 7 dimension % A 7 nullity,
3¢ » nullity(A), 7* 7 nullity(A) = dim(N(A)).

i pt ¥ %, d Proposition 3.7.8 fv Proposition 3.7.11 #* i &rig rank(A) 5 A ] *

elementary row operations i* 3 echelon form & # pivot eniE #&, @ ¢ Proposition 3.7.4 ¢
7 sesg nullity(A) ,T}u—fx'-\ homogeneous linear system Ax = 0 7 free variables i #, 7 A h
column i #jF 2 echelon form 7 pivot i #ic, F]pt 34 i 5 14 v Dimension Theorem (&

# % rank equation).
Theorem 3.7.14 (Dimension Theorem). &3k A i m xn matriz. R
rank(A) +nullity(A) =
Question 3.12. & A 5 nxn invertible matriz. 3 % rank(A) 2 % nullity(A).
Question 3.13. X A€M, x,.

(1) P2 veR" B2 2 2% AX=V ¥ 7 f%, 3 & rank(A) 2 2 nullity(A).
(2) 5 veR" @ @8 > e Ax=v 7 v~ fZ, # & rank(A) 2 2 nullity(A).

Proposition 3.7.8 £ % #4 {* A &7 column space F8E ,T»%{A girank, 7+ ¥ dim(Col(A))
rank(A), @ Proposition 3.7.11 2 37 2% i dim(Row(A)) = rank(A), %] ¢ ¥ dim(Col(A)) =
dim(Row(A)). = ,T*u—«‘il;fu— B 4E"L e column space fr row space 3 4B R . R g AEL
A ¢ transpose A'. d 3% A 1 column space )I‘uaAt £ row space (¥ A €1 row space ﬁ*uq—\
A" 7 column space), #7123 5 rank(A) = dim(Col(A)) = dim(Row(A")) = rank(A"). & 11
=

Proposition 3.7.15. BE3X A€ M, «,. B
dim(Col(A)) = dim(Row(A)) = rank(A) = rank(A").

74 % elementary row operations #- A r1 3 AU v % echelon form i, v i &0 pivot B #c
k.
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Question 3.14. Bk A 7 mXxn matriz. FZ P nullity(A') = m —rank(A).

A&, #3t Proposition 3.7.15 ez P | F E & E £FP | * elementary row operations
#-A 112 AU it % echelon form {5, U e pivot Bl R, € F AR E DFIELAR. SR
B 4E4% 5 column space 1 % row space =7 dimension & 4, )I* REh R BRF I HER
AR AE R, F'*‘"Q#’ & RpH i%ﬂt‘m MR ipe A AP L 'ﬁg?mf’f»ﬁf@’ﬂ?
¥edHE Jf£uﬁif HAZGOEE DR T SN PP Y FOME RIS BAE

"ip %k {4 rank g it Fﬁé .

Proposition 3.7.16. B3&X A€ M, «,, BEM,y;.

(1) Col(AB) CCol(A) * rank(AB) <rank(A).

(2) Row(AB) CRow(B) * rank(AB) < rank(B).

(3) # E € Myx, % invertible, B] Col(AE) = Col(A) * rank(AE) =rank(A).
(4) % H € Myxy = invertible, Bl Row(HA) =Row(A) ¥ rank(HA) =rank(A).

Proof. £ A 4v B & column vectors & & 5 aj,...,a, = by,....b; ® £ A 4= B &7 row

vectors & B 5 ja,...,,a fv 1b,...,b.

by
(1) i %_% Col(AB) = Span(Aby,...,Ab), & $E & b= | : |, &7
b,
| 11>
Ab= |a; - a, ! | =bja; +---+bya, € Span(ay,...,a,) = Col(A).
| s

F]pt Ab; € Col(A), V1 <i<I. ¥ ## Col(AB) = Span(Aby,...,Ab;) C Col(A). # % 2
Col(AB) % Col(A) =71 subspace, #xd Proposition 3.6.10 (4) #r rank(AB) = dim(Col(AB)) <
dim(Col(A)) = rank(A).

(2) * %% Row(AB) =Span(1aB,...,,aB), a 5 & a=[a; - a,), &7
J— 1b I
aB = [al an] :al(lb)+~-+an(nb) ESpan(lb,...,nb):Row(B).
— nb —

F]p ;aB € Row(B), V1 <i<m. %] ¥ Row(AB) = Span(jaB,...,,aB) CRow(B). # 7 2
Row(AB) 5 Row(B) fisubspace, txd Proposition 3.6.10 (4) = rank(AB) = dim(Row(AB)) <
dim(Row(B)) = rank(B).

(3) I * & (1) e % 2 i v Col(AE) C Col(A). F] E % invertible, ¥ & (AE)E~! =
A(EE™Y)=A. £ 41* (1) %= Col(A) = Col((AE)E') C Col(AE). F]#* ¥ Col(AE) = Col(A)
® P~ dimension ¥ rank(AE) = dim(Col(AE)) = dim(Col(A)) = rank(A).
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(4) F1* % 5 (2) ek % 2§ 50 Row(HA) CRow(A). F1 H 5 invertible, ¥ & H '(HA) =
(H'H)A=A. £ 41* (2) % Row(A) = Row(H ' (HA)) C Row(HA). F]p* {# 3% Row(HA) =
Row(A) * B~ dimension ## rank(HA) = dim(Row(HA)) = dim(Row(A)) = rank(A). O

A&, & Proposition 3.7.16 (3) ¢ A 4 § E & invertible p¥ rank(AE) =rank(A), +
#] 4 dim(Row(AE)) = rank(AE) = rank(A) = dim(Row(A)). 7 i+ 7 X & Row(AE) =
Row(A). i 4 %] 5% Row(AE) f= Row(A) # % 3 & 7 B %, T} T & dim(Row(AE)) =
dim(Row(A)), » & ;%42 {F Row(AE) =Row(A). F I & Proposition 3.7.16 (4) ¢ # 5
i § H 5 invertible ¥ dim(Col(HA)) = dim(Col(A)), & Col(HA) + # « &> Col(A).

Question 3.15. #3536+ A EeM33(R) 27 E 5 invertible & 17 Row(AE) # Row(A),
Col(EA) # Col(A). (Hint: ¥ g E 5 elementary matriz.)

Question 3.16. #* B~ ¥ &' ch 2 1% Proposition 3.7.16 (1) ™ (2), = 4% (3)
#PO(4).

Question 3.17. :#41* Proposition 2.5.7, ¥ invertible matrix & ¥ B = elementary ma-
trices 3k F, @M Proposition 3.7.16 (3), (4).
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