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4.3. Projection and Gram-Schmidt Process

A i 4 2 R” 1 odoprojection. @ H R, Lt EeE weR, APk veR" A
wlrtea@ed W EILAwATELXNTEY (T weSpan(w)), @ ¥ v—w B w
€8, » Fp 7 2 Span(w) FArF e BB, Ry, APREEOTEMR D - L inner
product space V gh— B subspace W } e g, » ,Th{’éu, % W % V &1 subspace, ¥
veV, A E & v & W hprojection 3 W Fe- B W (TwWeW), B v—wic W

P e BET L K AN PLILT P

Definition 4.3.1. 3% V % inner product space. %% W 5 V ¢ subspace. £
Wt={veVv|(v,w)=0,YweW}.

- )’T&{;fu Wt iV dqestd We e i dm gordab &, - & W 5 orthogonal

complement of W.

3 7 orthogonal complement 7% _% # I'F“ifu? ¥ b it e projection &7 11T e,
Definition 4.3.2. 3% V % inner product space. %2 W i V & subspace. $3t veV,

EweW B v-weWh # w % the orthogonal projection of von W.

- TAPREP EHEE veV, the projection of von W - #F B, @ P orE— . F]p
O ACR AP e Y Projy(v) AT, A PHAEP a0 rE- L, kAR
L3P w iR Projy (v), R A WEW TR v-weW! 7 1.

AL fE2 T - 5 B orthogonal complement 2. BX W LV &9 subspace,
L vV eEWr Mz pseR 1% P FORE, HNEL weW, AP G (rvHsv,w) =
r(v,w) +s(v . w). L 1% vV eWL T (vw)=(V,w) =0, @5 (rv+sv,w)=0. * T 7
3 ER v eWt N2 pseR, ¥ F rv+svV eW @& W 5V g subspace.

T HBRP veW S (v.w) =0, VweW. it BA2F 104F 52, Fl i & 40}
Wt 4. #»iEd 3 W E_vector space, 3% " & 335 3] W eh— %2 basis, 78 {4 ¥1i& %2 basis &
LT, FAAPF T 2%

Lemma 4.3.3. 3 V i inner product space * W % V &0 subspace. B3k wi,...,w, ¥_

W - = basis, Bl ve WH 25 (vw,)=0,Vi=1,...,n.

Proof. % &F veW RIE L weW ¥ 3 (v,w)=0, #r2% & (v,w;)) =0,Vi=1,...,n
FELAPELEPE (vyw) =0, Vi=1,...n BIHEEZL weW 23 (v,w)=0. &
weW, Fli wi,...,w, W ¢— % basis, &t 3 . ¢l,...,ch, ER # 8 w=cwW| +---+c, Wy,
et

(Vv,w) = (v,c;W1 + -+ cyWy) =1 (V, W) + -+ cu(V,W,) = 0.
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£ ;1 & orthogonal complement 7 complement % {#ﬁ & &4 B, W 0 orthogonal
complement W £ 2 & W evid . 23 WNW* ¥ 2 ¢ £ B £, T4 75 wWnwt 4 ¢
# -~ ¥ subspace, #7020 - T B¢ TR AP G T g%k

Lemma 4.3.4. 3k V 5 inner product space = W 5 V 5 subspace. ] WNW+ = {0}.

Proof. F] WNW' % subspace, txcir 0 c WNWL. X we WNW. d 3 we W,
EZWeW w3 (ww)=0 a* weW, &# (ww)=0. Fl2'd p fFenltFow=0, ¥
# wWnwt={0}. O

FEANFF NEM projection vk - 4,

Proposition 4.3.5. B3 V % inner product space. ¥ T W % V ¢ subspace. ¥t veV,

v ¥t W &0 projection & rE— &,

Proof. B ww eW % % v & W & projection. » i*u{;ru w,wW B v-—weWt uz
v—w eWt. d 2 W 4 subspace, 2 F (v—w)—(v—wW)eWL AT w—w e Wt =
F] W % subspace, & F*» sow—w €W. t&td Lemma 4.3.4 +w—w =0, *F w=w, ¥
2: e O

3 7 Proposition 4.3.5 e — {4 Mg AP RGP w E v & W 9 projection, ,Tﬁfiﬁ b
AweW 2B v-weW?t P L

BT kAP IE projection i At & ¥ B v ¥ W 40 projection, P EAS T W
- 8 basis, X {6 £ § 7 &2 basis #7173 ¥ i PR e & - BT LB £ projection ih&
R SRR e S T&{, AP B EFRVI- BRMBESLE. AT TSI 2R
g basis, ¥ ME I EHFMP e ERFHEHR? APT IRy Fig- B TFE TP T
e 4F 7K 0 basis.

B W 2 V disubspace ® wi,...,w, = - % basis /& & (w;,w;) =0,Vi# j. #3tix

L weW, Fli wi,...,w, 2 W - ‘2 basis, 3 2 c1,...,c, €ER 8 18 w=cyw|+-+c,Wp.
- RRGRA PRI ] RIS e 2 2 T o0, B BIEAR iRl W, 2 B A5
T, AP AR e R EL =L S (o). A

(W, W;) = (C1W1 + -+ Wy, Wi) = 1 (W1, W) + -+ 0 (W, W) = i (Wi, W)

a0, R (wiw) = (WP £0, E 8 ¢ = (wow)/ wiwi) = (wow /w2 49,

£

# il =1, 01 = (wow). 0§ 0 e,

Proposition 4.3.6. 3% V i inner product space, W % V ¢ subspace * wWi,...,W, =
W - ‘2 basis 7% & (w;,w;) =0,Vi#£ j. I EZL weW, 25
W, W W, W; W, W
_{ 12>W1+"'+< ’2>w,~+---+< ”2>
[[wil] [[wi [[Wall

d 3TigfEs 3 3 4pE-E 0 basis, ¥*" % T - B w £ 0 linear combination 4p § 7> if,

Ay T .
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Definition 4.3.7. 3% V 5 inner product space ® vq,...,V, & V &1— % basis % &>
ERiA]EF (vi,v;)=0.BIFE vi,...,v, & V = 2 orthogonal basis. > & F (v;,v;) =1

(T lvill =1), Yi=1,...,n, RIFE Vi,...,v, & V = = orthonormal basis.

EAR,F Vi,...,V, AV - & orthogonal basis, > #13 i=1,...,n, £ wy=v;/|vil,

Bl uayg,...,a, fjkg X_V #- % orthonormal basis. i&&_%] &
1 1 1 1

i) = ™ o) = Tl gl
EIFAJ, AT () = (v, v) =08 g i=j, A () = (Vz'aVi>/||Vi|!2=
d @G e de, £ 45 F| W oeh— 2 orthogonal basis wy,...,w,, B3 P # T Ao
%EaWIﬂﬁ@€%$w““wnﬁﬁﬁgb.EMJimﬂﬁa%ﬁ@ﬁﬁm%w.
TF PP Ao, a3 W - & orthogonal basis wy,...,w,, B3/ 7 s b
@ 31 : -

v & W &1 projection 7. A FE F W=Projy(v) T w=ciwi+-+c,W,
P 2t v—we Wt o0 Looo,n, 203 (v,w)— (w,w;) = (v—w,w;) =0. 7]
B (v, wi) = (W wi) = (Wi, wi), TR e = (v, W) J(Wi W)L EE S R B - T R R

projection 7 ;.

S

Theorem 4.3.8. B3k V % inner product space, W 5 V €1 subspace * Wy,...,W, &
th— % orthogonal basis. & veEV, Bl v & W 1 projection %

. (v,wp) (V, W)
P —
(V) = M T

BFulhy wy,...,w, & W - 2 orthonormal basis, R

Projy, (v) = (v, W)W+ -+ (V, W, ) W,,.

Proof. £ w=ciwi+--+c,w,, 2% ¢;=(v,w))/(w;,w;),Vi=1,....n. !FFweW, ¥4

ERi=1,...n %3

n
(Vv—w,w;) = (V,W;) — (W, W;) = (V,W;) Z (wj,w;) = (v,w;) —ci(w;,w;) = 0.

txd Lemma 4.3.3 &= v—w & WL, F| )t d projection vk — 4 (Proposition 4.3.5) v
w = Projy, (v). O

A Kayg BRI W - & orthogonal basis, ifu’v‘ iEE KE v W e
projection. #f- 4k inner product space, # i #-4 & —- B 2 £ 35 | T - % orthogonal
basis, = F]t F P 1 ¥ - 4 eh inner product space — 73 % orthogonal basis (14 %
orthonormal basis). iz B =z ik{“r;ﬁ 11 Gram-Schmidt process.

% %V - i nonzero subspace W, ¥ 3k dim(W) =n. g LN PP £ wy,... W eW
EZ w2 f % & (w,w;)=0,Vi#j, Bl wi,...,w; % linearly independent. iz& %] % %

gk

ahnearly independent % 7 5 . c,...,c; ER % 25 0 @& cywi+---+cwe=0. A
}’ﬂ'f{ﬁ; i=1,...,k d 3% O:<c1w1+~--+ckwk,wi>:cinin. » ?]LLL d leH 7é0, ?5';%_ C,‘ZO.
fecr,,e P 25 0 PBEIKAPA B, % Wi,...,W & linearly independent. ] & 45
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| W - % orthogonal basis, 24 7 F & & W ¢ 35 3] wy,...,w, & & (w;,w;) =0, Viz£j
, 1% v 7 4_linearly independent * dim(W)=n, v W 1- %2 basis. &7 kN

(=)

el

PRI AW ¢ o5 Iis$k 99— %2 nonzero vectors.

BARFIWA{0}, &= & W ¢ B~— nonzero vector vi. & 1 3 A=A L w =V
* W) =Span(v;) = Span(w;). & dim(W) =1, B W =W, & w, ,T.%{W eh— 1 orthogonal
basis. @ & dim(W) > 1, p| %] Wy C W, 24 i ¥ 1235 $| nonzero vector v, e W F vy & Wy, IR
EAPEJHF vy, I W eW BE Wo#A0 2 (Wi,wy) =0. fXp Rer, AP ¢ L g wo =
v —Projy, (v2), F15 24 B wo € Wi, @ Wi =Span(wi), %% K F (W, wy)=0. & s & g;,;p@
W2790 AT F wa=0, § ¥ 3] vy =Projy, (v2) €Wy, 2" &1 § 4> vo g Wy HiEEAR ¥

% %] % W =Span(w;), /* Proposition 4.1.9 #% i 5 Projy, (v2) = (<vz,w1>/\|w1|] )wl,

D1 2P A
(v2,w1)
TR
¥ b &3 { e0E_ Span(wi,wy) = Span(vy,va), &2 F| 5 & wi,wy EEB A F ow, Wy €
Span(vy,v2), %1t Span(wi,wy) C Span(vy,vp). @ %15 vi,vo % linearly independent
® wj,wy 5 linearly independent, ¥ d dim(Span(w;,wz)) = dim(Span(vy,v2)) =2 # &
Span(w;,wy) = Span(vy,v2). % 7 * if 428, AL W, = Span(w;,wy) = Span(vy,vy). RFE
dim(W) =2, p| W =W, # w;,wy 5 W - ‘& orthogonal basis. @ & dim(W) > 2, B
Tl Wo C W, 20 ¥ 2 35 T nonzero vector v3 €W F ov3 € Wo, TR AN PR I vy, 5T
w3 EW B w3 #0 2 (wi,w3) = (Wa,w3) =0. o ai, 23 g w3 =v3—Projy, (v3), F] =
B PE wy € Wi, @ Wh = Span(wi,wa), #xE 22 (Wi, w3) = (wo,w3) =0. ¥ 4 F] vz & W,
oo I®d AP owy3£0. ¥ - 2 g F]L wi,wo & W, e orthogonal basis, 1 * Theorem
4.3.8 # i iF

w3 = v3 — Projy, (v3) = v3 —

Bffem g b feeni@d | A5 Span(wy,wp,w3) = Span(vy,va,v3). ioth— 2 T3, AT

# 3] Wy = Span(wy,...,w;) = Span(vy,...,vx) £ Wwi,...,w; 4_W; - % orthogonal basis.
BE k=dm(W)=n, RIE We=W, #7112 w,...,w; 4_W - ‘e orthogonal basis. @ &
k<n, Pl 3 v €W 2 v € Wi 24
Wit 1 = Vi1 — Projyy, (Vis1) = Vg1 — <V"<|;117‘T;’1> _ <VT;1;’TZ2>W2 S <V’k:vlk”‘v;k>wk,
PR W1 02 (Wi, W) =0, Vi=1,... k. ¥ ¢FF wy ... Wi, Wi € Span(Vy, ..., Vi, Viil),
e+ ¥ 17 Span(wy,...,Wg, Wirq) =Span(vy, ..., Vi, Viy1), ¥4 Wipp = Span(wy,... Wi, Wip 1) =
Span(Vi,..., Vi, Vig1), 2V F Wi, Wi, Wi 1 » Wigp £0— % orthogonal basis. i&fk— 2 7

2 EIEINW, =W, 28 wi,...,w, ;’IAL{W en— ‘% orthogonal basis.

4 i Gram-Schmidt process ® vy,...,v, shEBEF + v PiE 2 35 vector space e
basis = & #_ - # . é};“vlj,i&{?\ R v,...,v, &% basis Bz wy,...,w, - &
orthogonal basis. Fl#t4rd% — B4 L2 W - 2 basisvy...,v,, APF U2 8 HE

F]pF T i g
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Theorem 4.3.9 (Gram-Schmidt Process). B3® V & inner product space, W 5 V ¢h

subspace ® vi,...,v, & W &— ‘& basis. £
_ _ (va, w1)
WI=Vi, Wy=Vy— - twy, ...
[[wil
S F T4 W =1, n—1 4
(Vit1,W1) (Vit1,W2) (Vig1,W;)
Wir1 = Viy1 — w2 i
l l [[wil? [[w2 12 [wil> "
Pl wi,...,w, & W &= % orthogonal basis. 7 *

Span(wy,...,w;) = Span(vy,...,v;), Vi=1,...,n.

Gram-Schmidt process #x %7 orthogonal basis #73 aft, @ & vq,...,v, = 2 orthogo-
nal basis p, 2% ¥ 11 Gi 2 HERED (1/|vilDvi,-.., (1/||Vall)Va i&- 2 orthonormal basis.
F1* orthogonal basis e77F f &, & i i&fﬁ' ] 7 orthogonal projection #13 At 7. +

:T‘h{’@é V % inner product space ¥ W i H subspace, # TF“,T.%? r A1 # Gram-Schmidt
process 43 3| W - % orthogonal basis, X154/ * Theorem 4.3.8, FI|Z & V ? e & v

# W &1 orthogonal projection 7 .

Example 4.3.10. # " & * orthogonal basis * &2 orthogonal projection 7 3E. A

2 1 3
& R* # * dot product, ¥ & v= 1 . W = Span( ; , 3 ) =1 orthogonal projection.
4 NRE
B &3 W g- 2 orthogonal basis. 4
1 3 1] 3
woo 12| w41 2| 2]
T2 P q2| 102 5| -4
1 3 1] 3

PP w,wy 5 W oeh- %= orthogonal basis, #f]* Theorem 4.3.8 {#

1 3 2

. (v, wy) (v, w3) 8 12| 28/5 2|1 2
P = = — —_ — .

rojiy (V) w2 T w2 T 10 2] 285 (5 |—4| T o

1 3 2

B2 78 Theorem 4.3.9 =hécit ¥ 45 3| V &1 subspace W e orthogonal basis, # i F]| W &£_V
¥ iz R o subspace, iy W RV R, AL TIJ'L:}S ] V éhorthogonal basis 7. #11$1E &,
finite dimensional inner product space, Gram-Schmidt process 3%t 2 745 3] orthogonal
basis. A LT F & F LASNER, Fl: FRELANPL- B- BEHSLE, 111G T
5o 847 2308 # % . Theorem 4.3.9 ¢hscit £ #H 3| V & subspace W 1 & % § Z
AP A 2 ¥4 3] W e orthogonal basis, » ¥ %4 i B process, @ # W 1 orthogonal basis
# = = V & orthogonal basis. =8 %15 % WAV, 453 wy,...,w, 5 W &1 orthogonal

basis & P F MBF T R Ve €V L v €W, 21241 * Gram-Schmidt process 18 F|
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Wpil = Vpi1 —Projy (vey) € WE &4 - € T2 & F|1F 3| V - ‘& orthogonal basis 5 1t .

) pL oI e iR T 5 %+
» P E LT 2B

Corollary 4.3.11. B3*) V % inner product space, W 5 V ¢ subspace. % dim(V)=m
2 dim(W)=n, Bl% &V - 2 orthogonal basis Vi,...,Vy,...,Vpm, B % vi,... v, £ W i1

orthogonal basis.

Example 4.3.12. ¥ & R* ¢ 11 dot product #73% = ¢ inner product space. £

1 3 1

1 1 1
V1: 1 7V2: _1 7V3: 3 )

1 1 3

A& £ W = Span(vy,va,v3) e— ‘& orthogonal basis, I #-2_ # + & R* #— % orthogonal

basis. 544 wy=v, 7

3 1 2
Wo =V _<V2,W1> 1 _i 1 N 0
PR w2
1 1 0
s 1%
1 1 2 0
Wi =V _<V37W1>W _<v3aw2>w . 1 _§ 1 _;4 0 B —1
PR w Y T w2 T3] 41| s 2 |0
3 1 0 1
d 3 dim(V) =3 & dim(RY) =4, AP FE LB - B £ R o obasis. 4 g
0
V4= 8 , AT U A v W (2242 Gram-Schmidt process, & va € W, ¢ {7 3|
1
v4 — Projy (v4) = 0. ?ﬁifﬁﬁ&-ﬂ #-Bei) @
0 1 0 -1
Wiy <V4,W1>W (V4, W) <V4,W3>W _ o] 11 bj-rf _1j1
TP w2 w2 ™= Jo| Tal1| 2|0 | T3]
1 1 1 1

P W, Wo, W3, Wy ﬁ"»%’\ R* - % orthogonal basis, # ¢ wi,wy, w3 & W ¢ orthogonal
basis.

3 E - B ow, AP E % HER ||w, ¥ 5]- % orthonormal basis

1 1 0 —1

11 1 |o 1] 1
ul_i 1 7u2_ﬁ -1 )u3_ﬁ 0 7u4_§ 1
1 0 1 1

#T kAP g A B G M oorthogonal basis w1 * . d *+ 4| * orthonormal basis § +* #2
(83 %5}1{--& RO ), AT #%* orthonormal basis FJZ. g A F W A inner
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product space V 5 subspace, # 7 soif WL 4 &V & subspace. (% p & st i ¢ BE
o dim(Wh) 4o dim(W) enbf 5. 4 2 41 % Corollary 4.3.11 35 3] wuy,...,u,,...,u, £
V ¢h—- ‘e orthonormal basis, # * wuy,...,u, = W & orthonormal basis, #\ i* i&’v“ T
A veEWL B v=ciuj+- ey +CppiUngg + ey 2 ¢ ¢ = (v,u;) (Proposition
436 2% W=V enlFa)). 4 2 veWh AP d (vu)=0,Vi=1,....n (F1 5 TL u, €W).
F P B vV =cCppiUppg + o+ CpWly € Span(Uypq, .. Wy). K 22 F V=CppqWpi o+ Cplly €
Span(W,q1,...,0y), 9 2% i# jF (w,u;) =0, =% i=1,...,n ¥

(v,u;) = Z cj(uj,u;) =
j=n+1
Flptd uy,...,u, = W e basis 1% Lemma 4.3.3 8 veW™h, & Fp A pgEm s W=
Span(Uy1,...,0,). * F1 5 Wyiq,...,0, = linearly independent, & u,yq,...,0, = Wt e

- % basis (¥ % + » &_orthonormal basis).

Proposition 4.3.13. #3*k V 5 inner product space, W 5 V 1 subspace * 3% dim(V) =m,
dim(W)=n. ¥ vi,...,Vy,...,Vyy % V = 2 orthogonal basis * 2 ¢ vy,....,v, & W

orthogonal basis, B Vui1,...,Vm & W e orthogonal basis. %], 3 [al
dim(W+) = dim(V) — dim(W).

Question 4.8. & Example 4.3.12 ¢ , 45 5] Wt - 2 basis.

LAl L ¢ A e - BB g P, § L35k £ 4 2. orthogonal
complement § # ¢+ F F kAR * ¥ # .y W A inner product space V
subspace, § % § j (W ) =W ehiF2,8 47 - g&mp WHlt=w, fpzxp
WO Wht a WhHECW. mm W (WhE s L E e mE (WL & A
503 fe W &3 e ;_b“rs\' gL T E weW, AP REp we (WHE ®&mp
(W,v) =0, VveW! &7, %RaEid veWt Rz &Y Eiedtt W ¥ e BEB
WEW, A A B (wv)=0,VveWr 13 (WHECW, %7 Fv £7 - :Ni. %
FHAV LREVAFET LB IF 6. d N RABAET T HE BV R, Skt
#3k. ¥ & V % finite dimensional inner product space, (W1)- C W e gz, 5 E
SRR AL e WO (W Ry B E AR SR (BRI 4 aR e
Ar R d) MALF U, AP T LARAE. wE- TEAPGF W LW
subspace, ¥ v dim(W') = dim(W), BI7 @ W =W. st sAA P e 50 W C (WhHL, 7 & 5%
M dim(W) = dim((W)%), 7 @3 (WH)* =W

Corollary 4.3.14. B3k V % finite dimensional inner product space £ W 5 'V &0 subspace.
pl (WHE=w.

Pmmzﬁﬁaggﬁwwuwﬂigwuﬁ.nﬁigmgmm()_dm«WHH,$?ﬁ%§
(WH)L =Ww. #% @ ¢ Proposition 4.3.13, 2% i &= dim((W+)1) = dim(V) — dim(W+), £ ¢
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dim(W+) = dim(V) —dim(W), #
dim((W)*4) = dim(V) — (dim(V) — dim(W)) = dim(W).
]
ERLRY Y g s B - BERORBRL- BRATI A (F T 1) R
%%3{5@@1(éiaj)&$ﬁ$&ﬁﬁ#.E%ﬁﬁ%ﬂﬁﬁ%NHMHmwmt
space {$ ¢11 orthogonal projection » & e, 5 10T ik FT
Proposition 4.3.15. 33X V i inner product space £ W 5 V & subspace. % W ="Projy (v)

% v & W e orthogonal projection, I3 2 & weW = w#w, ¥3 [v—w| > |v—w]|.
Proof. ¥ 5 v—W =v—w+w—w. F] w="Proj, (v), kst v—weW,. x FIW % vector
space, A5 w—w eW. @ #

[v—W[?= (V=W v—W)=(V—wW+W—W v—wWF+WwW—W) = (V—w,v—wW) + (W—w w—w).

2 v wiP = v wlP =W x T w AW ARG wow] >0, @ v—w >

Iv—wl|?, ¥ [[v—w] > [[v—wl. .
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