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6.3. Change of Basis

Aig- &7, A0 A4 % change of basis %4, 7 f23] - B linear operator # 7 ordered
basis 14 # & AL Rk (2. S BEEA A FTES A P00 18 BOR AR & (L PR AE.

A 4rig - B linear transformation, ',f,'ﬁ 3 * 74 e e ordered bases #7 {¥ £ matrix
representation § 7 . 3k B,B" 5 V e & ordered bases, @ y,¥Y & W 1% % ordered
basis. %>% linear transformation T :V — W, H % & "3z % ordered bases #7 matrix
representations [T ] e [T ]ﬁ’ 2 B eF AAMGRR? g ANPY g identity map id: V = V.
IR BE AR F identlty map, & # matrix representation A & ¢ &_identity matrix. ¥ F },
F A EE S o S RE - 2 ordered basis f = {vi,...,v,}, BId 2t id(v;) = v, 7 &
matrix representation &_identity matrix. 2 F T & F L # * B - & ordered basis, @
Wi E g p' ={v|,...,v,} i&- 2 ordered basis, identity map ¥ &> B,B’ 1 matrix
representation [1d]g/ # i-th column B2 2% 7 {v id(v;) = v; 7 FEATE B Ry, B A
{vl,...,v,} % ordered basis &4 7 & [vi]g. 1y B o 13' iR, [1d]B # 4_identity
matrix. T E veV, Flv #3t f ardi ik kT2 5 [v ][3, i matrix representation %
& (Proposition 4.3.14) ¥ &

[id]f} [v]p = [id(v)]p = [V]p-

- )Th’g»?’u’ B [id]g/ TRV P A F T B Ao g A B A, 2
AN AF [id]g/ % change-of-basis matriz.

£ ;1% id:V —V &_isomorphism, #712 ¢ Theorem 4.3.19 (3), #% if* ¥ [id]g/ % invertible

lg

(id]f) ™" = i~} = [id]}; (6.1)
5 TIJL—&L;L;M— B e 4 om g4k 2 1t B4R & 7 ih change-of-basis matrix 7 inverse
,T&{ B endi 4 or ik = ¥ B ehdi 4 4 57 e change-of-basis matrix.

Aipw PR AR 48, B T:V - W i linear transformation ¥ [3 B iV s e
ordered bases, @ v,y & W ¢ ‘2 ordered basis. # & #F 3¢ [T ]13 e [T }B/ 2 [ enhf k.
W idy V=V, T:VoWoeidy W —>W 2 &= idyoToidy:V—-W 5 T: VW, #f
r2d Theorem 4.3.19 (2) #

idw ] (775 lidv ], = (71},

Q%{“T;ﬁ 17 change-of basis formula, 2% i #-2_ % F4cif 4o .

Theorem 6.3.1 (Change-of-basis Formula). 3k T:V —W i linear tmnsformatz’on x

B,B’ 5 V a2 ordered bases, m y,Y & W ehd % ordered basis, |13 ? invertible matrix
PQ ## [T ]g, = Q([T]E)P, He P L P and kTS B oahd k4 T eh change-of-

basis matriz [idv]g,, Qi #yad o i S Y R & T e change-of-basis matriz
lidw]} .
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Example 6.3.2. 7 Example 4.3.13 # 2 i* ¥ 5§ linear transformation 7T : PZ(R) — P3(R),
2P Tpx)=x+1px—1),Vpkx) e L(R). ¥ #2xFLm P(R) 93 % ordered bases
e= (1), B=(pi(x),p2(x),p3(x)) £+

zmn:gfﬁm Pl =241, pal)= 5 (2 4)

% P3(R) #1% %2 ordered bases € (x3,x2,x, 1), B’ = (q1(x),q2(x),q3(x),q4(x)) £ ¢

—x>43x% —2x =22 —x42 X2+ 2x X —x
g0 = T () = T gy = T g =T

A Example 4.3.13 ¥ 2 i {8 5]

1 0 O 0 0 0
e | -1 1 0 g | 100
Te=1_1 o 1| Ts=]0 2 0
1 -1 1 0 0 3
1/2 -1 1/2
F [p1(x)]e = |—1/2], [P2(X)]le=| 0 |, [p3(x)]e= |1/2| & % & B F| € 1 change-of-basis
0 1 0
12 -1 1/2
matrix 3 [idpmlg=| —1/2 0 1/2 |. ¥ %% 2 =c1q1(x) +c2q2(x) +c393(x) +caga (),
0 1 0
A% qi(—1) =1,q2(—1) =q3(—1) = qa(—1) =0, #x=—1 & » 558 ¢; = —1, o IL
—1
T =0c=1a=8 "% = (1) SRR R x ] B R T
8
-1 1 -1 1
) . . N S T
A i® ¢ 1) B’ &7 change-of-basis matrix 3 [1dP3(R)]E, = L1 11 Ay T
8 4 2 1
—1/6 12 —1/2 1/6
, y . o / 12 -1 12 0
i‘j—r ! = / ¢ _nf £ —
BT B’ 1l € ¢ change-of-basis matrix [idp)] 1512 0~ i
0 1 0 0
P~ inverse # [idp,r ] Bfs APy
-1 1 -1 1 1 0 O 1 |l
. Ll o 0 0 0 1 -1 1 0 2 3 '
lidpy )8 [T1E fidpy @5 = - 2o I|=mp
1 1 1 1 1 0 1 0 0
8 4 2 1 1 -1 1

wAE - T, AP B h- 48 linear transformation ¥ H &2 S L AP kD
vector space. ik 9 linear transformation #' i # %] fL2. % linear operator. B > linear
operator # il ¥ ¥3t T &K 2 B € E F - & ordered basis. ¢ FF{|* Theorem
6.3.1, AP iE T 2 %



164 6. Eigenvalues and Eigenvectors

v

Corollary 6.3.3. Bx T:V —V % linear transformation ® B,B’ 5 V &% %2 ordered
bases. | & invertible matriz P @& %8 [T ]g: =p! ([T]E)P, Ho P L# B adiikoor gk

= B endiik & T b change-of-basis matriz [idv]g,.

Proof. % ji Theorem 6.3.1 #¢ W=V, y=B 12 y=p' =) 25 Q=lidy]) o

3 (6.1), er:([ldV]g,)— =P FgA O

¥ E - B nxnmatrix A AP A vV 0 & & - B dimension i n 7 vector space V

_+ & linear operator T :V — V, 3 V &% — ‘% ordered basis #7 matrix representation.

# P % nxn invertible matrix, PJ3% i f B = P AP v A 5 similar. ZvRF NP L TR

B i T:V —V & - B matrix representation ¥ 3% P V % [ ¢ ordered basis @ @ .

3 PF— i linear operator, % i% B~43 4% cr— ‘2 ordered basis, # i ¥ 12 {7 F] { 4% ¢ matrix

representation ™ I ** { % % 7 f2i& B linear transformation. F B i B AR, F 4183k 3
$afprApge- HEES. APLg- BYE DS

—

Ox+ 12y
Example 6.3.4. % Jg linear operator T :R* — R* @& 5 T( [ [12x+ 16y]' * 1

, 1{ |0 e 9 12 P 30 -4, ..
AR AR 8:([0},[1])3&1}’91«9 [T]gzzls{lz 16]""' moE B:([4],{3})1@:@_

ordered basis ¥ d T([i]): B], T( [_34}): [O @ [T]; = [ 10 ] Ay b od

B
B
2
[ToT]g = <m£><m§> = [ (1) 8 } B [

i
T

#8® ToT =T. £9 + €_B &/ ordered basis % 7 (2 % "T’T}{;M‘RZ L B
m . T L P= i = ] i
10 B g =p (| 2 12
F 0] 715 = (TR =P (55 | 1, 16 P

o 10 9 12, L
Al e ES .
7! [ 0 0 } v 55 { 12 16 ] = similar

11 April, 2019



