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T Y AP S RN Ax=b k& T LRI B R ASRE > S fe
7 o 9} elementary row operation + ¥ 14 g & ZAEE k3 WE o fFAY g nxn il
L L (L EREEY S L, B8 5 0)e F* i-th row fv j-th row 2 4
type 1 elementary row operation #- I, #&#& = s£* E; » ¥ {#

1

E = " : (2.16)

1

F % @ * type 2 elementary row operation #- I, =9 i-th row 3k F 2% F #ic r 3% = 4
KE_ E2 s ¥ %E':

Ey = r . (2.17)

1
& {8 % % * type 3 elementary row operation #- I, & i-th row 3k + § #& r v 7| I,, 7 j-th

row #TiE e L Ey 0 ¥ {F

Ey= . (2.18)

1

TR EL AP AL L elementary matriz o @ 3V A S HE| Ey E3 & type 1, type 2 74 %
type 3 i1 elementary matrix o
Afpirg el A 2%V - L E VAR E E dhrow HAERE A eniEF o X%

A=la;;] % mxnmatrix - § L% identity matrix I, ¥ A Hi¥* o d 3 [, ithrow 3

[0 cee 1 e 0]

~

l

T i-thentry % 1> 2 entry ¥ % 0 #1712 & Proposition 2.2.6 » I,,A &1 i-th row 3

[() e 1 - o}A:013+...+1ia+...+0ma:ia’
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(ij‘u{ﬁé’»— 1%+ Aeithrow: a#% 03k A &HE row £ 4edzk » & i A & i-th row)
#3200 R, ke Az €8 A DE - B row ek o [LA=A° LE
JAI 2 E 3# 1, chithrow :x i jthentry 5 1 2 entry 5 0° @ i-th row 12 ¢t ehH
# row # % o J_t & g 24 EA 0 i-th row § #_A 0 j-th row > » ;’Ik{;’m EA ¢ 4% A
e i-th row 3% 2 A ¢ j-th row » @ 2 8 & row % # FEHE o

¥ * i-th row {r j-th row % # ¢ type 1 elementary row operation #- [, i = 41
E > PI41* =0 it eiilix > EA 0 i-th row #_A 9 j-th row ; @ EA 9 j-th row &_A ¢ i-th
row > @ H # & row F'37r B o3 2 ' EA ,T*qjl-%-A FI* i-th row fr j-th row % #iztkh
type 1 elementary row operation % & #7{% craErL o

F %k ehE % I, e i-th row %k F 22F F &) r 9717 &0 type 2 elementary matrix 2 E > B
%% % 5 4 EA 0 i-th row ,T‘u{#f»—A rj-throw 3+ ro @ Héhrow # % o 4 )’I*u{’éb
EA ié‘{:l&— A e j-th row 3k * 252 % #ic r &1 90 type 2 elementary row operation % $ #1
@ it o

B8 F ¥ I, 9 ithrow £+ F # r 43| I, o0 j-th row #71 #1 type 3 elementary
matrix & E - B| %] E 7 j-th row 7 i-th entry 5 r> j-th entry 3 1 #d Proposition
2.2.6 > EA m]throwfnjﬁ—riﬁ F A &0 i-th row fbﬂ“c A & j-throw » @ H # &1 row
AR T 2 T EA #K%A 1 i-th row 3kt F #icr 4 3| A e j-th row T4 7 type 3
elementary row operation % # #7118 chiErL o

JE & A AP e ¥ - B om x nmatrix #—  elementary row operation » ¥ F *
:T‘&:{#%hﬁb B 2 B3k AR e elementary matrix o (2.16), (2.17), (2.18) Ij‘k{ elementary
matrix 1= f8355% -

3 A P4 - B mxn matrix A 0 i£{7 % =X ¢9 elementary row operations » ,T}u—fx'-\i’%—A = iF
F gk AR e elementary matrix o 3 ;rmpu*v =x elementary row operations ) i‘u{
= P ,T}u T H#EA 282 %k} % - =X elementary row operatlon 141 & ¢0 elementary matrix
E; o ##t 18 ehietd Ey(ElA) i&{ﬂ%—A Wiz ™ = elementary row operations #7 ¥ 4B o &
d B RE e R AP T UM-EEA) By (BREN)A FR > - BaEL ARiT
- if 8 7 elementary row operations ° i}u—f}'j%-A ikt -BEL A B %“i%%{fg~
i# B elementary row operations #7¥ J& e elementary matrices (3 o # & L F 0 pdt
elementary matrices 3k f— A2V (&€ & - F] i elementary matrices 2- fF 3k 2 2 — T
Tl (i) ERNARAANEEZRFA - TV L)

Question 2.8. #5170 | FF e elementary matrices B Ap 3k 73 ¥ 14 2 # 0,

Example 2.3.1. ¥ g Example 1.1.1 #9235 - A ¥ 3 x4 matrix * B % A 0% -  row

fr¥ = B row 2 HEHTE o T R L % - B row fr¥ - B row #4771 elementary
010 0 of 1 2 3 4 21 -1 3

matrix Ey =11 0 Of - v# EilA=1(1 0 O |2 1 -1 3| =11 2 3 4| =B-
0 0 1 00 1114 0 1 2 4 0 1 2
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Bt C Hd Bend = B row 3kt 24718 > oA g en% = B row 3k 2
1 00
#7417 e11 elementary matrix E; = [0 2 0| o ¥ {F
0 0 1
1 0 02 1 -1 3 21 -1 3
EB=10 2 0|1 2 3 4(=1{2 4 6 8| =C.
00 1|14 0 1 2 4 0 1 2
Bie DEBCHS=ZBrow Ft —34P%- B row> " rTHURPTBEEL DT
1 0 -3
Z % row k1 =3 4P % - B row #7{F ¢ elementary matrix E3= |0 1 0 | - ¥ {#
0 0 1
1 0 =-3](2 1 -1 3 -10 1 -4 -3
EsxC=10 1 O 2 4 6 8|=|2 4 6 8| =D- i
0 0 1 4 0 1 2 4 0 1 2

oo AT e MR- BB L elementary row operation F AR G gt B L Bk H o
J& & elementary matrix m—p‘ o BREA PR EL R T G §lerao fg;f;é_—g i h
T A FAEATEDGAEANES o bldew g FE- BELEI - B elementary row
operation # % = ¥ — BAEL{S > NPT UL * 4 type £ elementary row operation #-
Hgdew p ke o 2B EF * elementary matrices e & & l—g PV LG T e

(1) % E, #_# I, e i-th row fr j-th row 3 # < type 1 elementary matrix o #% i
#- Ey ¢ i-th row = j-th row £ 3 #X%II%? #& 4% v identity matrix I, o #7143
E\Ey =1y

(2) & Ey A% I, 1 i-th row 3k *F 22F 7 #K r ¢ type 2 elementary matrix o 3% i #-
E, eni-throw 3k + r— ,Tk.v i w L, o #TE L EL A #- L, ehi-throw &} 1
1 type 2 elementary matrix » AP § ElE, =1, c B2V @ EE) =1,

(3) & E3 %1, eni-throw 3k + 7 #icr 4o 1) j-th row #7 {8 (4B i type 3 elementary
matrix o 2 ¥ F3 i i-th row k + —r £ 4c 3| j-th row Tm A w [, o #TILE 4

4 & ¥ 1, ehi-throw 3k} —r &0 type 3 elementary matrix » 2§ E{E3 =1,
32w (8 E3E, =1,

Aipieg § - B mxm EL A FVHFEL BR{E BA=AB=1, R LA ES

invertible matric (¥ 4L ) ® B 5 A & inverse (& ABEW ) o JE_F d PfE AP G UT

Y —Lf_ .
7 23

“~ “p ¢

Proposition 2.3.2. &3& E - B elementary matriz > B] E 5 invertible ¥ E 7 inverse

A e E 40l type 9 elementary matriz o

F 23 “73) 7 elementary row operations § X+ € 7 elementary column operations °

v e A © F_%- row operation ¥ row @ Tz i ¥ column s T o A M- B aErL
7 j-th column fr j-th column 3% » i&- B & T2 F 5 type 1 ¢ elementary column

operation o # #-4E'L i1 i-th column ' ehfic’y k F 22 F F B r 0 PIFE type 2 5 elementary
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column operation ¢ I ** type 3 &7 elementary column operation ir.*‘u{# 5% ¢ i-th column

A AR R R 4R o AT

0 A L m kR o B column operations 7
A RF U mom FEH S N e

H kit 2 g %

k2 ris4edH jth column » d 3% column operations
MR P R A g B A i g

L& fe row operations H_ip ¥ &

#- identity matrix [,, # elementary column operation & ¢ # 3|

< € &% & 3% 7|0 elementary matrix (i&+ #_elementary matrix iZ § % 4 row = column

R F]) o Bl4od#- I, 7 i-th column fv j-th column 7 3% #7{F é4E “i,?r:{ﬂi— I, #i-th row

A reh

r €1 type 2 elementary matrix o 2 & ;1§ T # I, 0

4 j-th row 3 #% ¢ type 1 elementary matrix o @ #- I, 7 j-th column 3 F 2t
s, ;*Ik;{déi—l &7 i-th row 3k *
i-th column % } F #& r 4 ¥| j-column #7{F chsEre 2 §_#- [, ¢ j-th row 3k F ¥ r 4 7|
m §_# I, e j-th row 3k} F #ic r 4c | i-th row #71¥
UL AR AP R ,T%ﬁ‘é TfEEY RF] e

% X - B elementary matrix F PF ¥ ¥ & ¥| elementary row operation = ¥ ¥ & ¥
elementary column operation > 78 & 4o % A v2 ? WX 7 > B k2 EL G Lo
wom AP L o§ - B elementary matrix E )k - BAEL A 2B pF > A aniaeL FA
¢ 23 A W E “7# 5 0 elementary row operation o @ % # E 3 4B B int. i > BT
B BE i € #4 B i E “7¥ & 0 elementary column operation o % 7 % if 4= & » s i

A AT g

j-th row #71¥ cr elementary matrix ;

e e type 3 elementary matrix o i&—

Theorem 2.3.3.
#1181 elementary matriz > B
S LA o

* E &% 1,
EA ,T*ug E 4 A (T H R elementary row operation #1¥

BRX A Z - B mxn matriz - e elementary row operation

T ¥ 1, # elementary column operation #7718 ¢ elementary matriz > B AE’

)Tk:g ¥ A (T4p R e elementary column operation #1718 ehiEtL o

Example 2.3.4. ¥ R

1 00 10 0 O 1 0 10 1 2 3
Ei=|00 1|, b= 0 10|, B5=01 0],a=]-1 -2 -3
010 0 0 1 0 0 1 11 22 33

E, ¥ 5 # L 9 2-nd row v 3-rd row 2 3 5 » ¥ 4R 5 #- I3 1 2-nd column fr 3-rd column

Q;}fgogg_} ,tk.fyaﬂ)g

1 0 0 1 2 3 ] (1 2 3 ]
EA=10 0 1 -1 -2 -3 | = 11 22 33
010 11 22 33 | -1 -2 -3
1 2 1 0 0] [ 1 3 2
AE; =] -1 =2 Ooo01|=}-1 -3 =2
1102 33 |lo1 o] |11 33 2
E) AL G # L ih l-st row 312 105 » # AR5 # I3 ¢ 1-st column 3k 1 10 - 7 + i3

10 0 O 1 2 3 10 20 30

E)A = 0 1 0 -1 -2 -3 -1 -2 -3,
0 0 1 11 22 33 11 22 33
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1 2 3 10 0 O 10 2 3
AE, = | -1 -2 -3 0O 1 0|=|-10 =2 -3
11 22 33 0 01 110 22 33

E; VAL E % I3 79 3-rd row 3k ™ 10 4c 3| 1-st row ; » ¥ 4L 5 # I3 &7 1-st column 3k ™2 10

4e 3] 3-rd column o ¥ F + i

1 0 10 1 2 3 111 222 333
EixA=|10 1 O -1 -2 3 |=(-1 -2 -3,
0 0 1 11 22 33 11 22 33
1 2 3 1 0 10 1 2 13
AEs=| -1 -2 -3 01 0 |=]-1 -2 —13]. ¢
11 22 33 0 0 1 11 22 143

BARAANPLRP - T F AT - B mxnmatrix> Fli AF om B row> Tk L
e elementary matrix (¥ & 3| elementary row operation) & & - B m [ ' o fpffen s
Fls A 3 n B column > #7123k f+ i# ¢ elementary matrix (¥ & | elementary column
operation) & f &~ B nFE= Lo

FREAP T E - BAELSd - i@ 8 o0 elementary row operations ¢ H Z i F| % # 3k
FoR— BAEE o § AR P F L 4od i BT ¥R 0 elementary matrices 3k - 42T E 5 (2
THRAEF IR R e BT AP kg - B “clever” 07 & > ¥ 1 A i elementary
row operation FF { 2 7 BE BRI e s T koo T B R ,T}WE'\ % & ¥ - B mxn matrix
A . elementary row operations » 2 * £ % T - # augmented matrix [A|l,] ° ~ ,T.%{— i
mx (n+m) 3R &L > 2 28 n B columns (T n B columns) 2 ELA; A L Em B
- = 1 elementary row operation » 3k H
¥} & ¢0 elementary matrix 5 Ep 0 R A g d 5 E1A - ILE ¥ [A|L,] #4p 0 elementary
row operation i35 0“7 R % € A_E|[A|L,] o XA L PFERAA GRS € RN EIA> @ L,

e384 5 e % i elementary row operation > #7140 L, 1538 A € E_El, o Flpt 3 i
E\[A|L,] = [E\A|E1L,] = [E1A|E,].

i ih{;:u DE A AL #F # 90 elementary row operation 0 #7 {8 e B B H
it ﬁ‘k: F ¥ A )t elementary row operation #7{# (i @ 4 iﬁiﬁ»{tb elementary row
operation #7¥tJ& 17 elementary matrix o # % § 2 P AT - B elementary row operation °
B3k 4 elementary row operation #74 & £ elementary matrix 3 E, ° PJ#* elementary row
operation ¥ [EJA|E|] % {$ 978 el f §_E»[E\A|E]| = [E2(E1A)|ERE)] » et~ 2
F AR EL (AL 7 - @ B 9 elementary row operations & o #7{8 gL [A'|E]
EiHA fJ-.*-L{A & d ig- 1@ B i elementary row operations 1F%* {478 endErE @ 4 if
| = 4p

1 E ;?L{LE%._" elementary row operations #7¥t & ¢ elementary matrices i B & 4 I

Forr@enid ko FP EA=A o A G T chi%

Lemma 2.3.5. BE®X A 5 mxn matriz> % # A 5d - i@ 8 0 elementary row operations
iR A PG h- B mxmmatrirE @18 EA=A"> 3¢ E 25— @8 elementary row

operations ¥ f e elementary matriz ¢ + @ =& B AP R DR FF o FF L E ¥ augmented
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matriz [A|l,] &4 F ¥ elementary row operations 1€ % {4 > #71% ch qugmented matrix TTJL
T A|E]» ® EA=A -

Example 2.3.6. #-ErL

2 -4 4 —6
A=]1 -2 1 -1
4 -8 4 —4

it % reduced echelon form o % & 35 3| elementary matrices ek §f E # ¥ EA Z

reduced echelon form -

B A BT augmented matrix

2 4 4 —6]1 0 O
ABl=]1 -2 1 —1]0 1 0
4 8 4 —4]0 0 1
F#-¢ augmented matrix £ 1-st v 2-nd row 2 # 0 #
1 -2 1 —-1/]0 1 0
2 4 4 —-6]1 0 O
4 —8 4 —4(0 0 1

£ F AP % augmented matrix 0 1-st row %k + —2 4c 3] 2-nd row + - ¥

(1 -2 1 —1]0 1 0
0 0 2 —4|1 -2 0
4 -8 4 —4|0 0 1

7% 18 #- augmented matrix # 1-st row 3k + —4 4¢ ¥] 3-rd row ¥

1 =21 -1/0 1 O
0 0 2 4|1 -2 0
|0 0 0 0|0 —4 1

#4 #- augmented matrix 1 2-nd row k + 1/2 &

1 =21 -1]0 1 0
0 0 1 =25 —1 0].
L0 0 0 0|0 —4 1

B {4 #- augmented matrix 7 2-nd row 3+ —1 4c F| 1-st row ¥ reduced echelon form

1 20 1 |- 2 0

0 0 1 —2/% -10

0O 0 0 0|0 —41
£ 5 18 9718 éh augmented matrix & [A'|E] > AP & 2 F A 1 reduced echelon form A’ i}u
HEA-EF 1 NPy

-3 2 0][2 -4 4 -6 1 -2 0 1
EA=| § -1 0 1 21 -1 |=[0 0 1 =2
0 —4 1]]4 -8 4 —4 00 0 0

¥ b I E AR 5 &7 B elementary row operations #7¥ & £ elementary matrices 0
F 4 - F1i A i 3x4 matrix > #7120 % -  elementary row operation #7¥t & 7 elementary
matrix E| fjkr?\;if»— 3 x 3 ¢ identity matrix I3 7 1-st = 2-nd row 2 4% ; @ % = B elementary

matrix B, 5 # L 0 1-st row 3k} —2 4c ¥ 2-nd row } o % = B elementary matrix Ez %
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s

#- I i1 1-st row 3k + —4 4c 7] 3-rd row }F o £ T kg0 elementary matrix Ey 3 ¥ L 0
2-nd row F+ 1/2; @ & {6 - B elementary matrix Es % #- I3 0 2-nd row 3k F —1 4¢3

I-st row + o 4 AR 1Ay

010 1 00 1 00
Ei=|100|,Eb=|-210]|,E5=| 0 1 0|,
0 0 1 0 0 1 —4 0 1
1 00 1 -1 0
Es=|0 1 0 ,E5{0 1 0
0 0 1 0 0 1
#-i&7 B elementary matrices d + @ % &5 4pg o F2F ®
-1 20
EsEsEsE;Ey=| 3 -1 0 | =E.
0 —4 1

Question 2.9. X A 5 mXn matriz. F & ;28% A TR column operations *7¥
e elementary matrices Pk f 0 B R EBL e Hoe ?
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Exercise 2.9. F| %~ & F#cm, % Jg*T37 mx3 matrices.

(1) 32453 - B 3x3 matrix Ey & FHZ X A€ M,x3, 3 AE; 9 1-st column i}u‘{
A 1 1-st column, @ AE; 7 2-nd column 5 5 A 7 3-rd column ¥ AE; ¢ 3-rd
column # % A ¢ 2-nd column.

(2) #4533 - B 3x3 matrix E; & FHEZF A€ M,.3, ¥ 3 AE; 9 1-st column ﬁk{
A 1 1-st column, m AE; &7 2-nd column » ¥_A ¢ 2-nd column ¥ AE, ¢ 3-rd
column ¥ % A ¢ 3-rd column 4 %,

(3) #4531 - B 3x3 matrix E3 # FHEZ R A€ M,.3, ¥ 3 AE3 e l-st column i}u{
A & 1-st column 2 A & 3-rd column, @ AE; #7 2-nd column 4 2 A & 2-rd

column ® AE; 1 3-rd column & % A 7 3-rd column.
Exercise 2.10. H% - & Fd#cn> 24 F g n > Lo

(1) #3 P elementary matrix 7 transpose 7* % elementary matrix ( 7 ' h k¥ &
e elementary row operation # % {4 # #7¥} & 79 elementary row operation i ® ) °
TP VRE type 7 elementary matrix &_symmetric ( $#4) ©
(2) &% symmetric elementary matrices ® ¥R 4p 3k {8 7 5 symmetric ? I ] * F i¥
Exercise 2.7 #% % 3P 54 symmetric elementary matrices ¥R §_ commutative

(FE7 2H)-

Exercise 2.11. £

(S

0
1
1
1

N - O =
—_—— O O
S oo~
S o = O
S = O O
- o O O
eNeNele)

0
£ A" 4 A ¢hreduced echelon form.
(1) 3#$55- BELE #F EA=A > £8P FHE LM 242l Ax=b ¥ §{r
A'x=Db" 5 equivalent > B| b v b’ eff % -
(2) #=41* % A" % elementary column operations 17 3% » 35 3|48 E' # ¥ EAE' =
M o



