28 1. Topological Spaces

1.5.2. Quotient Space Topology. & # & X ¢ % % - i equivalence relation ~ {&, % i
¥ 44 * P oequivalence relation #- X e A 5 ,Tkiﬁé’a— fi% relation 2 T EAP M i 3
Ml PAPREFFOCZARIRF- BAd, ShicPoEiaordirami &, 237
5 B A1 * Bt equivalence relation 4 #ffs, &AW L. 2B & A TF“,T.%’** X/~ %7
X/~fe X AR R2 i &, 20 P2 B3 %7l 5. § X 4 topological space P¥,
AP B Y yefe T& X/~ 7 topology, T quotient space topology.

3§ 5w BE- T equivalence relation. # & X F erelation, F @ & 10T = BLF,

AIFEet relation & equivalence relation

Reflexive: %73 xe€ X, ¥ F x~x.
Symmetric: & x,ye X B X x~y, B y~x.

Transitive: & x,y,z€e X B x~y 2 y~z, Bl x~2z.

3 1 - 1 equivalence relation ~ 2. &, AP T UMK X hAF AR, AN L F
x~y, RIExyREFH. HEL xeX, APRT3 82 x g~ Filchdkirxal &
*olx] kAT, T x]={yeX|y~x} &BEEHE x 1 equivalence class. Tk equivalence

relation 4 F, 24 i frig equivalence class 3 ™ e

(1) xe[x], YxeX.
(2) [ n ] :{ (= b), if x~

0, otherwise.

Ry EET, ST equivalence classes #-f £ X A E A - BRI AT R L. T EE
ﬁvﬂiﬁ%iﬁ{& E3AARR, etRDA B2 VAL S X - B partition. FiE K, Aok Bk &
X t 4 -  partition A 2, AP T L AL - B R SR L A, ST
&y e relation » € £ -  equivalence relation. # % 2 %7 - ® f & X I 0 partition ¥ e

g &7 X} - B equivalence relation.

AP L H equivalence class [x] P AR F ARG AR, B F I - BATHAE, P Xk
Zor. i&{i}:i%ﬁ}%%?x~y# ERN[x]=D A x£E#YEFRT xry s E R
] # [y]. 2% P obis st A RS AL S ta it A B A kT EHE L (RlxeX)
X/~ %%. i3

AR, F DR E X/~ chaF % equivalence class [x] & . @ EAZ A
WA FTA X e [x] 7

T

X Fm i X/~ P, @ [x] A d X it R 8
Example 1.5.5. ¥ g X 5 R ¥ ehPF % & [0,1], @& & # &1 equivalence relation 3
X~y x—-yeZ.

. i&,{;& %t equivalence relation 22 7, ¥ 0 <x <1 P¥, equivalence class [x] = {x} &5 -
Bk, @ 0]=[1]={0,1}33B~%. » *T*“i;w O<x<l1PFXxeX/~vaihKEX
gk, 3B 0=TeX/~ il X 101 g R S B AP L X/~
ca_—_'Fl: VY {v— [IF3 I}ﬂ (CiI'Cle)-
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YR X AR Fenp 352 HA (0,1 x[0,1] ={(xy) |0<x<1,0<y<1). =& X
_ &1 equivalence relation %
(xy)~(,y)ex=x,y-y €Z.
% 0<x<1p, F0<y<l, 235 (xy) 7 equivalence class [(x,y)] = {(x,y)}, T3 - B
~%; ( 0) 7 equivalence class [(x,0)] = {(x,0), (x, 1)}, 7 = B ~%. #7140 X/~ ‘T‘;;Jggu e
BeX R SE (00)]0<x< 1), (n1)|0<x< 1) 1 Apstena B (x,0), (x, 1) “Bp7 & -

fg\!:'. ’J'Li’l,[ X/"’:ijfg\&"u ""TI P—rﬁ‘}“‘l—g’@é‘%\j\ MT'fz"’\‘IFE_—x'};M—X/ “f A {__ II}E\"]*T
(cylinder).

Question 1.35. ¥ g X 5 R? Fehp 2252 220 [0,1] x[0,1] = {(x,y) |0 < x < 1,0 <

y <1}, @& X } & equivalence relation 3
(xy)~(,y)e (x=xandy=y)or (x+x'=1and|y-y|=1).

¥ 0<x<1,0<y<1,#8B7T equivalence class [(x,y)]. * equivalence class [(x,0)] 5 @7
B X/~ Z 33 0 Mobius band v 7

s

7

#_Example 1.5.5 2 Question 1.35, 2P 5 I X fr X/~ &2 272 pehf &, F 7 &
WG X/~ € X ehsubset. R X/~ - Bic X 5 B hiTend £, F X A topological
space PF, N p AR A X/~ ¢ T A - B X 4p R <0 topology.

% X #_topological space * T 5 H topology, % % X } &1— i equivalence relation
~ §F - BERpARDOIEMX ED X/~ T g XX/~ THRG gx) =X, VxeX &
- S5 quotient map 2 & nature map. P F E TR X/~ tendp R E g &
continuous. # i & (¥, X/~ ndptE4%35, 4 7 H open set %> EARE SR g A
continuous (#]4- X/~ i # 33 ¢ indiscrete topology, )I*u— TEHE g A contlnuous) TS
AAPE Y I X/~ iR F g 4 continuous ipHE ¢ &g 0 topology. TR A& 3 i
e, A AR e Rt X/~ Fehsubset S # #F g7 H(S) € X 1 open set, Fpt A ¢

TRT =S CX/~1q(S)eTh §#7, % T L X/~ @ topology, i topology
i¢ 1% g %_continuous ﬁx&gmtopology ¢{r] T b §'CX/~, i @@ g1 (S')
X i open set, “Tridrdk § 4 pdt ST gk, g 'T* .7 £ &_continuous 7. Flpt A xl"“ LAl

T /&% X/~ i topology.

54, A X &7 X/~ REP T /S X F htopology, § Ak A X i 0.
i ¢ X)=XeT & ¢g'(0)=0e7, & XeT 4+ 0ecT. ¥ topology e (1) =
ZOZWEE (2), A Y g indexset [, P ¥ ER iel, ¥ F S €T, g S)eT. &

I * 7 5 X ¢ topology {8
sy =g sneT
i€l €S
T Ui Si €T Bts, £ 8S1,S0€T, %57 ¢ (S1),q (S2) € T. #ri L x4|* T 4 X b
topology ¥
g (S1nS2)=q(S1)Ng ' (S2) €T,
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T”pﬂS]_ﬁSQET "’l’f“};ﬁ’( ) N ;\;,’FH«); DRI S-S

Definition 1.5.6. % X #_topological space * 7 5 £ topology, % & X } eh— i
equivalence relation ~. ¥4 g X/~ } & {¥ quotient map ¢ : X — X/~ % continuous # 5 e
topology 7 = {S C X/~ | ¢ *(S) € T}. #* topology #- % quotient space topology, ™ X/~
F1* quotient space topology 77} = ¢ topological space, i % X & quotient ~ 2 T 5

quotient space.

Question 1.36. % X,Y 22257 3 &, L2 dicf: X > Y.

v

(1) &3k X 4 topological space * 7 % H topology. # K Y F##® f: X Y i
continuous # 3 7 topology & @7
(2) & Y A_topological space ¥ T’ 5 # topology. #F X + ## f: X >Y 5

continuous # 33 £ topology % ™7
Example 1.5.7. ¥ g X % R ? 0B % & [0,1], <& H # 7 equivalence relation 3
xX~yoe x—-yeZ.

#- X % R e standard topology £ subspace. # 3 ¥ 43 5§ quotient space X/~ 7 open
set. £ SCX/~2 0¢S, P qgl(S)=(xeX|xTeS}cXx\{0, 1}7*K (0,1) ix B B
FFhF B L. LY Lemma 1.4.2 &0 ¢ 1(S) #_open 22 E ¢ 1(S) EREF (0,1)
P BRRFOHE 2 R, s, S A L, = xeX/~r<x<s), 4
PO<r<s<li@Heanfimbad, 238 - AR, S S‘I.*L%LS CX/~x® 0€S.
B0, Cqgi(S) =xeX|XeS) FrE giS) & X E open, &7 g 1(S)
% 0 4o 1 ¢ open neighborhood. % subspace topology % %, &4 7 ¢ }(S) % &
0,7) o (1], 2% 0 <rns<1H L BLPEAREF. FL i, S Ld
Cry={xeX/~|0<x<rors<x<l}iztheanfE & [, ohadi & (0<

Mo #3 2, X/~ i& B quotient space topology 1 basis ¥ i d [,Cry B¢ O<r<s<l
B ST S Aok AP X/~ —F': = ¥ — B circle, iz¥ basis 1~ %, i&{é_ﬁ I
ERARERF (2% AF 0=1 &v4m), 4o Bl 47T

N

-

Question 1.37. :#4 % Example 1.5.5 ¢ 7 quotient space “cylinder” = Question 1.35 *¢

£ quotient space “ Mobius band”, v * &1 basis ¥ g% 5 @,



1.5. Product Space Topology and Quotient Space Topology 31

% X 4_topological space ¥ ~ % X } ¢ equivalence relation, 4 J& quotient space X/~.
4r% 3 — 1 topological space Y % — Sk h: (X/~) — Y &_continuous, # i X p A+ & I
BfX>V, Beai f(x) =h(x),VxeX (7 f=hogq). SficfFa B 74,
d 3 g M E h ¢ i continuous, ¥ Proposition 1.3.4 v f : X —» Y 7* 5 continuous. ¥ ¢}
b x o~ X, PR T X =X ik f AR, F f(x) =hE) =h(X) = f(X). T- BF M
quotient space & & P B E R, F i k- A ¥

Proposition 1.5.8. 3% X #_topological spaces * ~ 5 X } & equivalence relation, %
J& quotient space X/~. % Y % topological space ® S #c f : X - Y &_ continuous % &_
f)=f(X),VYx~x, Rl ddikh: (X/~)>Y 5 continuous * % %_f=hog.

Proof. # £ X P& 45 F Snich: (X/~) > Y B & f=hog, £ 3P h &_ continuous
F.odNEBR f=hog, ¥ E R XeX/~, AP pARFF X)) =h(qgx) = f(x). *BiEH
TERDN T i €7 KR, i P v E well-defined. ~ ﬁ‘}uf}'\;ﬁ,, ERNX/~ P E
B *\'F’K’”H’* XxHP xeX@ZHEoPNAT, B EET AR ﬂ}ﬂ‘ﬁ iF
YeEXP X #Ex L X/~7¢ ¥=X PEE f()#fX) TEFd h#FHEHLE T=0
Bé—%ﬂw Pt h(X) = f(x) fr h(X) = f(¥), SH- %5, 2 ¢ & ﬁvﬁtiiﬁﬂ‘%ﬁ ]
b f b Y A A PAeR X=X, T x~ X, B f(x) = f(X) ’T} P, PRS-

FenfiRa A, TR e R R AN D h R Sk

BT ORANPEP b (X/~) > Y 5 continuous. ¥ E & Y 7 open set U, # & 3 p
W1 (U) % X/~ ¥ &_open. i quotient space topology «h% %, &% & h ' (U) £F & X/~
# open, ¥ FHeh g7 (hI(U)) LF & X ¢ open. @ g (hTH(U)) = (heg)(U) =
N U), %4 f &_continuous =gk, ¥4 ¢ L (h1(U)) £_X 1 open set, F* 5 h=1(U)
4_X/~ ehropen set. ¥ h:(X/~) — Y &_continuous. o

H

Proposition 1.5.8 ¥ 12 * T 5 &1 commutative diagram % % 7% .

X
f
AN

K m et A P aig X, Y 5 topological spaces, ~ 5 X * 7 equivalence relation

"E X/~ 53 quotient space. ¥ & H={h|h:(X/~) > Y, h is continuous} 11 %
={f|f:X—>Y fis continuous and f(x) = f(x'), Yx ~ x'}
Plhshog i - B HIIF r— BHEMG %53 F0EBHEMGL- $-
Bl AE MW e H X h# W, RAF e TeX/~ W hE#NE Y. 4 gl
8

=
hoq(x)# h og(x). m Proposition 1.5.8 £ 3754 iz B~ P = [ﬂt" A g T e
R
5
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Corollary 1.5.9. 3% X,Y % topological space, ~ 5 X } i equivalence relation 11 %
X/~ 5 # quotient space. £ H={h|h:(X/~)— Y, his continuous} /Z %
F=A{f|f:X-Y, fis continuous and f(x) = f(x’), Vx ~ x}
Plhi>hog 1 - B H P F - B-¥-2p ol k.
Question 1.38. 3k Z,X % topological space, ~ 3 X _} 7 equivalence relation ™ 2 X/~
% H quotient space. BArdid#ic g:Z — X 5 continuous, P gog:Z — X/~ 5 continuous;
e B K i k¥eg? 4 %ﬁ{éﬁ.—?&ﬁ: h:Z— X/~ &_continuous, €. % - T g:Z—> X 4
continuous % ¥_h = qog? (Hint: ¥ g Example 1.5.7 ch X 1 %2 ~ ¥ g Z=X/~2 h
% identity eF35.)
Excecise 1.18. T & 5 B quotient space & *ﬁ,ﬁ‘-
(1) % Example 1.5.7 ¥ § =[0,1/2) £.X = [0,1] &— & open set, F#HP ¢(S) 7
% X/~ ¢ open set?
(2) ¥ X &_topological space ¥ ~ % X } 1 equivalence relation, 4 Jg quotient space
X/~. 7###. P The quotient map ¢ : X —» X/~ A& 5 open map.
(3) 3% U A topological space X - i open set, 3#3P A % % & V % quotient
space X/~ 1 open set V i% & ¢ 1(V) = U.
(4) #41* Example 1.5.7 3P 4v % B H_ topological space X - * basis, ¥ J&
B=(VCX/~|qg (V)eB). Bl B %< A X/~ ¢h— & basis.
Excecise 1.19. B#& X,Y i topological space, ~ 5 X } ¢ equivalence relation 2 2 X/~
% H quotient space. F#EM E f: X > Y 5 open map & & f(x) = f(xX), Vx~x, Bl 5 &
e h: (X/~) > Y 5 openmap # 1 f=hog.
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