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Chapter 5
» % Ring e

EAFY ANPRAL ring DITEEFHBAAMF AP £45-LELF L Dring

i)+

5.1. Ring @3k & T &

Ring &4 4" Group £, </ 3 EL. - RAFLUT T4, oo 2
THZEFE HY A L @Y T APRE £ - B abelian group, A - 9iE L W&
RHP RS E S A R B BB E T AN, SRR AL S
7% & A S (distributive laws) Kk H-v P id g A - A2

3w

Definition 5.1.1. - B # & RP 4% F + fr. 2 f@FH 2 B & T HF R
- B ring:
(R1): #Z & a,beR%F a+beR.
(R2): #Zz & a,b,ceRYTF (a+b)+c=a+ (b+c).
(R3): 2R? 3h- “EZT2L 2 0B EHEILTacRTF a+0=0+a=a.
(R4): #% R -~k a 6 R¥ % Ht- % b atb=bta=0.
(R5): #Z2&a,beR%F a+b=b+a.
(R6): #EZ & a,beR%F a-beR.
R7): #EZ LD a, byceR%F (a-b)-c=a-(b-c).
(R8): #izd ha,b,ce R%7F a-(b+c)=ab+ac? (b+c)-a=b-a+c-a.

(R1) 3] (R5) %3728 R et (4) EE T - B abelian group. *7* & group
- BAADEAPRTLEREY VR OALRYE- FE a+0=04+a=a
e % (Proposition 1.2.1), M2 %% a€ R ¥ # &fi- b e RB L a+b=b+a=0
(Proposition 1.2.2). @& ¥ ff 2V ¥t p el —q. BE L RN - TERH 0T -

89



90 5. 4% % Ring &

A FA g FEL T 50, —a> £ETF 5 q PeiE 2 inverse, I i G
—ﬁ;’i.‘_ﬁ%ﬁ IR &
FOpEF A - & group FMEE B T {8 E AR5

Lemma 5.1.2. BX R #- B ring, 7:
(1) =z L P aeR, —(—a) =a.
(2) % a, be RA 5 - BrE- hce RB L a+c=h.

Proof. 3 %% Theorem 1.2.3 2 Corollary 1.2.5. O

EERB —(—a)=a PREFTELT —q Bt 2 T Hinverse » a, TG R
EED RN,

(R6) v (R7) 3P R*® % () EBREL AL DL £ A e@APT AL R
F iz 0 identity % F . 2 3 FE - B ring ¥R 2 H identity T s, TR
wkiz2T R7* - T g A - B group ®f1* fr Proposition 1.2.1 1p ¢ e 24 i
7 At identity SrE- L Y APEF 1 k& Fie- BRI D identity (LR
FAZD 1 B - A RA g I RS FEL 1) ok - B oring R # 3§20
identity & f, 7% A3t ﬂ“ﬁﬁg Fulwmpa i R A - B ring with 1.

F(R6)fr (R7) » X & K a-b=b-a. 4v% - B ring R * ¥*73 “a,be R

TR a-b=0b-a, AFL §HFBREPAH R A~ B commutative ring (L& F
E_ abelian ring & B & 4L). et FOA#H S P AP g L 33T commutative
ring with 1 & - f& ring.

B ( T"kpp ring fte i fo gk E SR, » LF G UK ring #3 F R
R mk’iﬁ;ﬁ, AP AT - F g - 2 (RR) THE hring hIEF . SRR LE
A ring # - A commutative ring, 714 $3A i e A AR E £ f

5.2. 4 Ring PE_& T D F

mig@? AP AL - B E R ring PHETER (FEELRF)RTVAEF DRI,
F R - B ring, # 4vi2 o identity P ¥ SR BY L AF 0 KA 5. B

F- B A2 w{gf@ﬁﬂ?l&fﬁoxi@i&?}éﬁﬁk FREDO G F IR U DR
Ay S 0*%317?.‘3"315’#*55@&‘_?“5?’%rf‘ a+0=0% a+r=a=2=0
*h, T 1 Lemma ~ RJEs (R E

Lemma 5.2.1. ¥ R - B ring ¥ 0 £_# 4% 0 identity, I EZR Hac R ¥

2

i
a-0=0-a=0.

Proof. =~ #JE¥ MEZ D 0 A fctei2 3 B @ g0 > frkiZ 5 M, T2 B R
% ® Lemma — A e 5 M.
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d 4 0 Ltei? e identity, %9 (R3) 0 0+0=0. & d (RS) @
a-0=a-(0+0)=a-0+a-0.
“md (R3) & a-0+0=a-0,~ ﬁ{isz‘fo:a-O Y5 a-0+x=a-0
1%, 7 4l* Lemma 5.1.2 (2) ¥ 7~ a -0 = 0.
FEA* 0+0)-a=0-a ¥ # 0-a=0. O
Remark 5.2.2. 7 O 35 ¢ I *
a-0=a-(a—a)=a-a—a-a=0 (5.1)

- BES kR Lemma5 A8 5 ER A RS RPEFL A RY T
P r—J T L EORFE AR R RDO0=a—a BFEBF 0=0a+ (—a).
Fpt 5 (5.1),}%;4&,&;%\

a-0=a-(a+(—a))=a-a+a-(—a).

Ao oa-ata-(—a) §F3 087 —F{O,T*uz\'r a-(—a) Bi%ZE_a-a 42 inverse,
S A _a-(— ) —(a-a). &— BLF|P A0 5 k3 IF“SfZ f‘—"iﬁiﬁ:ﬁ*{% (X Lemma

5.2.3). T i * 5t #FP Lemma 5.2.1.
FAAPRED g (—a)=—(a-a) ¥E? T - B Lemma % 37N P HF L35,
Lemma 5.2.3. # R - B ring, FIFEZ L 7 a, bc R ¥ 3
a-(=b)=(—a)-b=—(a-b).

Proof. § £ 4 ¥ a-(—b) & a k1 b4 iE inverse, —a-b & a F*ri# inverse
Ftrbm —(a-b) A a-bPHeiE inverse. *THUREM a-(-b)=—(a-b) A FFE &
#P (a-(=b)+(a-b)=0. K@ fl* (R8) fv Lemma 5.2.1 4~

(a-(=b)+(a-b)=a-((=b)+b)=a-0=0,

w@E, PEFE (—a)-b=—(a-b). O

- ehring R?P —a3 - TV UHS (—1)-a. LEPRFELLF - TER
AT 13- B RYLFPFTAAERY (—1)-a U R AS FEA0K
R - B ring with 1, #]41* Lemma 5.2.3 * Frmf ¥ #

(-)-a=1-(-a)=—-a 2 a-(-1)=—(a-1)=-—
F1* Lemma 5.2.3 AP ¥ 2 ED T & R ESE
Corollary 5.2.4. % R A~ B ring * a,bec R R

(—a)-(=b) = a-b.



92 5. 4% % Ring &

Proof. 4 —b g+ 4 - ~%, &JI* Lemma5.23 ¥ # (—a)-(—b) = —(a-(-D)).
Am E* - X Lemma 523 7 a-(=b)=—(a-b). &L= E23F

(—a)- (=b) = =(=(a-b)).
¢ 41* Lemma 5.1.2 (1) = —(—(a-b)) =a-b, %= #F & (—a) - (-b) =a-b. O

d Lemma 5.2.3 fv Corollary 5.2.4 2 o [ — | e0if B fot - S E oid
ARk, e Ak Y a4 (—b) BF a—b.

X Fdr R F F] ring RAPFAFE R B 2 h Y P& £ 4 - B abelian
group? ¥ F ok § A & f4c2 B - B group ® %2 G identity 1, Bliz § 5k 8
R #4227 # - & abelian group. 22 Flz HEZ XD abe R, T8 (a+b)-(1+1)
A g T AR E

(a+b)-A+1)=a-14+1)+b-(1+1)=(a+a)+ (b+D),
(a+b)-1+1)=(a+b)-1+(a+b)-1=(a+b)+ (a+b).
#ijﬁié”rba+a+b+b:a+b+a+b, #“7H a+b=b+a.

BEAPREAIRDE F on A BEEFERF DT -BAPEYREY na
KEZ7F n B gt T®2ZE. b4 2a=a+a,3a=a+a+a,.. %. *iFF
F2&F 208 2-a,na B> n-a LFL 288Hednp - TEER
P g froq AR AR kih, RAYRER O F op foom, AP - SR E S
(na) - (mb) = (nm)(a-b) § ¥e8? TEXF FIF T¥na B~ n B a 104, mb
B om B bApAe, B I A F (RR) AT hnm B a-b 1.

5.3. Zero Divisor fr Unit

A i - B oring PeniE R v R R 0 X0, P E A 469 ring 4 "ﬁ Y
i3

HFRABAEN DA FMENEENQ VYA Hdring P F RN B AE
23 3% 0 inverse, “F12F Fi% inverse (AR AW AT hip- @ A

CRE LR ELUE S

Definition 5.3.1. £ R & - B ring. 4c% a#0E R* - B~ %2 & R* % &
b#A0#®F a-b=02 b-a=0, FIF a L R - B zero-divisor.

TR AT &M S E R 9 gzero-divisor.

Example 5.3.2. 18 5 * RFri%7 &

7./67 = {0,1,2,3,4,5}

i - B abelian group. @+ b B~ E £ B o+ b “ﬁ; M6 nsR#c, Blde 245 =1. 4p
ety ¥ h Z/6Z ¢ - BRE. a-b ﬁfﬁﬁ‘&{a-b CRRNUREL £ SR
2.5=4 * pF i AbipEaoifokia2 T Z/6Z & - B ring. ¢ 04
ZJ6Z 70 (*vi% identity). F15 2402 3#0, 2 2.3=0. wd TH 243
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H_7/6Z P zero-divisor. * F|1 4-3 =0, #r™ 4 + &_zero-divisor. ¥ AP v i
B Ifeb k2 ERDOAFHRT £E30, TR P T fob 37873 £ Z/6Z

zero-divisor.

% a 24— B zero-divisor F¥, {37 *fh‘_'fﬁ?i g Tj&{f"&? o a-r=a-y A
r#£y (&L ra=y-atiaxAy). blidch Z/6Z ¢ XPAREFR2.1=2-4=2.
g EReHROEF 2 EFL % a & zero-divisor, B b#£ 0w L a-b=0 (&
b-a=0). Rl

a-(b+c)=a-b+a-c=0+a-c=a-c
(2 (b+c)-a=b-a+c-a=0+c-a=c-a),
THEd W DA£0, W btcH#e
% a * 4_zero-divisor FF, } m #TIF 4F ']‘3‘5‘3,7&7» i
Lemma 5.3.3. % a € R * & ring R ® 7 zero-divisor ¥, % a-b =a-c &
b-a=c-a, Bl b=rc.
Proof. B4ra-b=a-¢c, T a-b—a-c=0. ¢ Lemma5.2.3 % —(a-¢) =a-(—c) &
0O=a-b—a-c=a-b+a-(—c)=a-(b—c).

7*fl;zerodlwsor '—]’L*’b—c#o Ala-(b—c)#0. #&d 3 h—c=0,
AR b=c FPEFHEPE b-a=c-a, ﬂ]b:c. O

‘4‘%3*

Moo § R AT ring R MEFEIR 0 £0 a-b=a-c RAFTILE TS
wb=c A RE B ring ¥ R F zero-divisor. *T1 - B LG zero-divisor
ring EEFEFRLET - B LS
Definition 5.3.4. 4v% R # - B ring * R ¥ iXF zero-divisor, PIf£ R - B
domain. 4% R % - B commutative ring with 1 * ¥ - # domain, F|f-2 & - B

integral domain.

B 7 973, = 0 ring ijﬁ{&l}é 4] ¢ integral domain.

F RAE- B ringwithl, Pl R¥ 3 i 5 &% 7 %2 inverse » & R 7 .
L O e
Definition 5.3.5. % R - B ring with 1, 4% ¢ € R * % & bec R # {7
a-b=b-a=1, Mf a & R - B unit.

F R TR b+ AR 0 unit. J1* Proposition 1.2.2 - ke P A
METER b R AME- T o - B ounit FAPE R §F o &

7 H 3K 2 7 inverse.

el

N

Example 5.3.6. % Z/67Z i&® ring ¥ 1 £ Z/6Z 1 (ki hidentity). F1 5.5 =1,
7 1405 A unit. £ & 2% 0,2,3,4 387 4 unit.



94 5. 4% % Ring &

Unit 3 1 {43 e 57
Lemma 5.3.7. % R - B ring with1 ® ae€ R ¥ - B unit, R

(1) a 872 €50, 2 § &R ? - B zero-divisor.

2) #ZXhbeR * i a-x=bfry-a=b & R ¥ F§7F - Sijz,
Proof. (1) # a=0, Al¥4 Lemma 52.1 v F}t R ¥ EfrchnF A0 0, g7
FRbI-~2F 0k T a-b=1. 2 fr a A unit 7 F, T a#£0.

4% q .- B zero divisor, # T 3 cA0 R T a-c=02 c-a=0. BEFAE
a-c=0,d B& g & unit *a ' €R, &F

O=a'-(a-c)=c
e c£0 4 f, ¥ a * A zero-divisor. FIZF #E c.aq =0 TR,

Q)HEL beR § BRaE mit valeR &4 v=a'! beR7F
a-x=a-(a"l-b)=0.
ﬁxeR*J%iam—b*f{F’ua x=a- -z, R ()IV'CL?"ELZGI“OdIVISOI‘
£ 4t Lemmab33wr=o. FI 7 g2 =bh R*® Fhare- qfi 12
y-a=0b it R 7+ jrE— fE O

AP d - T - B ring ¥ 7 unit ¥ ¥ 7 4 zero-divisor, 7 #F - B~ F * A
zero-divisor I 7 % 75 T € &_unit. Hl4e i Z ¥ 2 * & zero-divisor, £V » * H_7Z
£ unit.

d Lemma 5.3.7 v R 7 0 8 ¥ 7% € - B unit. %Ir%“fl ((RAR I I i
F A unit A Dring 4 EEBT - B S5

Definition 5.3.8. % R %~ # ring with 1 £ R # 220 ¢~ % 388 unit, A R
A - B division ring. % R #_- ® commutative ring * ¥ - & division ring, P
R E- B field

FH Q ¥ e ring - B2 2 field.

A& EA: ok R I - B division ring, Fld 3t R ¢ 2L 0 ~ 3 ’F’K{
unit #1458 &_zero-divisor. Fl#t & B2 0 ~ & 4p %jﬁ"? 0. » i’*»{ R ® 2t
0enmd T & GkiF2 T LHF . L4t 28 A F 3G FiE 90 inverse, T
NRP QARG E A AL T E - B group. A2 E R - B field
PRV ZEQ A F A enE & k22 T £ - B abelian group.

5.4. Subring

&A1 7 group FFAV P E S IF 313 subgroup. B ik ¥ - B ring AP s FFIF U 0

subring.



5.4. Subring 95

B AN subring - B2 N PEE.

Definition 5.4.1. % R - B ring, SC R * JI* Rentej2 iz S HiFH G~
- B ring, PIF S & R - B subring.

B S R E (RD)
subgroup - i &
th, § o4k hd g (RB) oA

pES

3 (R8) E’”f”‘l’*%’r S 17 =% % R - i subring, 7 i {r

FEAERY CEFETHAY (R2) o (R7) &2 % &

A pF (R )* ARPEHLEITHMUAPE R

(R1), (R3), (R4) fr (R5). » A RN PR &8 S bhid 2 T LT 5 R4viE2
T &9 subgroup 1 % S 3k 1"‘{?5TWJI‘L? TR FR A T 2 S %

Lemma 5.4.2. % R #- ® ring, SCR. &w {*E L Faqbec S %F a—-be S
2 oa-beS, M S E R D subring.

Proof. ¥ Lemma 1.3.4 v, ¥ E & a,bc S %F a—-be S, #7 S tieiz 2
T H_ R subgroup. £} a-be S A AIFFS A §E R - B
subring. 0

Example 5.4.3. £ 7 ¥ g Z/67 3 VS& subring? ¢ *% subring ftvid 2 T - %
A_subgroup. TN & Xf 7 /67 4z Frsubgroup FR45 MK, £ 5 AT
3k iz iTF}“T}u? ML F] ZJ6Z twAeiE 2T H — B order 6 =2 x 3 abehan group,

Lagrange f= Cauchy 32 (Theorem 2.2.2 & Theorem 3.3.2) &+ 2 5 order 3 fr
order 2 7 subgroups (¥ §  i&¥ M d Z/6Z et 2 T A~ B cyclic group E 4%
0. ,T}u{ {0,2,4} §= {0,3} i&" B subgroups. %% % ﬁﬁ? varig e s BBk
@‘F ki # e, 2Tl s ¥R EZ/67 0 subrings.

%3t subgroup FFA i iE: B G 4 - B group, H # # subgroup, Bl H 7
identity TI&{G 7 identity. #7/4 % R 4 - ® ring ¥, & S 5 # subring, Bl S
0 JT*‘&R (0. ®F Rfe S R iE P - A group, & R )i 3 % 0 identity
1,S A% €73 1. % S 3 1Sm1‘ff'Rm1# A& Ap . Bl4ea g Example
543 ¢ Z/6Z 01 £ 1. @ & {0,2,4} i& ® subring ¥

0.1=0, 2.1=73,

#1004 2 {0,2,4) i @swmgml ALERRG fow o #iE- B ring FF K

i% 1 identity ms‘ri 1dent1ty - jpE A, T A Z/6Z ¢ rE- 01, A 4 i{O 2,4} ¢
V- ] VO 2/626*7»#{1%' (v AEF] 3 fr 5 it

<~ RJEs FIR 4 A ZJ)6Z - B zero-divisor, & & {0,2,4} ¥ %“’{“ 3
unit. &% A+ Xfr Lemma 5.3.7 (1) o R, Fl 2 &4 &% P ring 2 T . B2
- 1 ring ¥ 77 & A ¥ i & ring ¥ fo & subring ¥ €3 B2 A7 kiR IR
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5.5. — £ Noncommutative Ring

g 31 ¥ commutative ring %]+ . & & ¢ AR 8 - & poncommutative
ring. ¢ 3+ FAH N g? B 72 2 noncommutative ring, * & g & & w hF &
FAEHI APEEF - GO LR G BEDTRL - AV R
FHEEFHED A& o) 7 e iFEr 7 f28 % noncommutative ring X B A& T :
FH B ¢

5.5.1. Matrix ring My(R). ¥ R #_ - ® commutative ring with 1. ¥ g & &
My(R) #%7F et R D2 x 2L L hi & » i&{?ﬁa My(R) * =5 3R &

(¢ a)

TN E P g bc,de RFlA: R A~ B oring AT 0 My(R) P ook
/é” fT’JET\E"L‘— Jlrklﬂ—:'uim‘ét/ ‘f\:"%/z‘7 (M
a b d v\ _ (a+d b4V

(Ca)+(0a)-(0e i)

a b\ (d V\_(ad+bd ab+b-d

c d d d ) \cd+d-d cbV+d-d )’
Fl% R A - B ring with 1, 3 S8 R 11 F ede iz frk iz @ 7 My(R) & 5 — 1 ring,
" (8 8> i <c1> 2) A5 My(R) 0 fe 1. #1235 My(R) %~ # ring
with 1. # & ¥ # R & commutative, Ma(R) » # § i_ commutative ring. i&¥ 4
MTF e

—JF%:'!:

3
(00 Lo (1O0) 00\ _ (00
“\l10 -~ \loo 1o0/)"\o o)
IR Vi P - B ring R 4_commutative FF, AP FFEMH IR Ga,beE R

(-
“F a-b=b-a *EFERFP R E noncommutative FF, ¥ & I - E a,be R
R a.btb-a ™)

J S I AU 1

FEE G eyt 3 AP ey < (1] 8 > fr ( 0 8 ) #_Ms(R) 7 zero-divisor. & P
fie B )+ AL P L F IR A - B noncommutative ring * 3 Fa#F A q-b=0 2
b-a#0 R %,

FTRAP RS I My(R) ¢ #7F 0 zero-divisor fr unit. B ABE T 8+

<ZZ>,(dC ab>:<ad0bca-d0b'c>' (5:2)
BARAPTFE R A commutative 3 F (5.2) 1 € ¥, * 7RI H a-d—b-c &
BiErrgsd v E < @ Z ) 7 determinant. L F - BL A € My(R) i *
det(A) # & 2 determinant. 4 * R & - B ring, “T$E & 5 A€ My(R), 3
#8717 det(A) € R. Determinant 12 T igiF £ & it T

det(A - B) = det(A) - det(B), YA, B e My(R). (5.3)
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FI& My(R) ® F V™ zero-divisor *2? & ¥ it £ F] determinant = 0 s~ 4%. X
ff&,i«%A:(Z 3)7&(8 8) fEdet(A):OE?,r}%?(_dc _ab>7é<8 8)
d 3+ (5.2) v A - B zero-divisor.

B3y B gero-divisor 2?7 EF § det(A) £ R 7 zero-divisor FF, A » §
#_My(R) 1 zero-divisor. =& Fladrk A= ( CCL Z ) # ( 8 8 ) 2 det(A) =«
A_R - B zero-divisor. kX B#0ER®Y - *F B L a-F=0.F U THHET i

_(fa b\ (B O0\_(ap b-BY\_(00

vo=(0a)(05)-(05a8)-(00)

Flet fie B TP A 2 Mo(R) 59— # zero-divisor.
2)a-B,b-B,c-BAfrd-B* 2% 0: FINPL g

(Y)Y (80

S
P
ad

d 23 (5.2) 4r

(00 (0 ) =( )= (00,

201 i B A # A My(R) - B zero-divisor.

. b
7&}%\“& = a
b (c d

a v 00 . i . .
:(Cl d/>7é<00)(*%{’ﬁia’,b’,c’frd/7£s0);%&
d

B
b . ,
A-B:<8 8). LG C:(_c " >,E'JE* 3 (52)

a 0 a b a-ad a-b
(C'A)'B:(O a>.<c’ d’):(oz-c’ oz-d’)'

¥l o * E_zero-divisor £ d, ¥, frd * 25 0, T a-d,a-V,a- I

a-d * 2% ())J,Th{;;b (C.A).B#<8 8)‘3’fr

> 2 det(A) = a * & R P gero-divisor FF* § £ R¥i?

(C'A)-BZC-(A-B):<8 8)
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3 ) B#(S 8)%&3%1:(8 8) Sl A BHH A My(R) - B

zero-divisor. F]pt 2% i 17 F .

Proposition 5.5.1. # R ® commutative ring £ A € My(R), Bl A £ Ms(R)

¥
72—
- & zero-divisor % £ &% det(A) =0 & det(A) & R - B zero-divisor.

d Proposition 5.5.1 #* 7 5 i My(Z) fr Ma(Q) * determinant = 0 FP4E'L ¢
#_zero-divisor, @ determinant #* & 0 f4E “iiﬁl € &_zero-divisor.
% R & commutative ring with 1 FF My(R) € F YR unit ¥ 7 345 0T o
%

it

Proposition 5.5.2. & R & - B commutative ring with 1 £ A € Ms(R), Pl A &_
My(R) e0— & unit % * &% det(A) £ R - B unit.

Proof. B3k A & My(R) - B unit, B % & B € My(R) % &

10
wpepa-(10)

FI* &+ (5.3) #
det(A) - det(B) = det(B) - det(A) = 1.
K@ det(A),det(B) € R, w1 det(A) . R - # unit.

);1735‘14:(2 Z) 2 det(A) = a £ R - B unit, B3 &

a~l-d a7l (-b)
B_<a_1-(—c) al.a )
FlaleR, A4 Be My(R). f1* 343 (5.2), 7

10
ipepas(10)

Flt A A My(R) - 1 unit. O

d Proposition 5.5.2 v My(Z) ® 1&F determinant £ +1 4B o € &_unit,
@ & My(Q) * #TF determinant # €0 4B 3% € & unit.

5.5.2. The Hamilton quaternions. * %3 Tig4f#ic C 72 ¥ B = o+ 0bi, #
PabeRA IERIE LI =1 AP Figelr L C Y e, S A
F a+bi,d +bieC, R
(a+0bi) + (a/ +bi)=(a+d)+ (b+b)i
e
(a4 bi)- (' + Vi) = ad + ab'i+ bd'i+ bb'i? = (ad’ — bb') + (ab + ba))i.
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PSR et ez frkiz 2 T C #- 1 commutative ring with 1, # ¢ 04 0i -
140i » 5 Cea0qe 1. fI* + 7R E DS

(a + bi) - (a — bi) = (a® + b%) 4 04, (5.4)

Ay b @R E a+b17é0+01(‘7"a7$0 b #£0), 7

(a + bi) - ( =1+ 0i.

b .
a2+62 Tz +b21)
#pAGE C ¥ 7 #00 0 lieg® Lounit, 714 C - B fleld.

f1* fod R £l & C 8 e 2 Hamilton 3138 7 T 7] dhifc:

H = {a + bi+ cj + dk|a,b,c,d € R},

AP ijk#R, 2PH H 5 the Hamilton quaternions. 3% 7 12 2 H 4e 2 4o

T F a+bitcj+dk,d +Vi+dj+dkeH, R

(a+bi+cj+dk)+ (d +bi+dj+dk)=(a+ad)+(b+b)i+(c+)j+

ETHEHAREAPFATRLjIrkFahfi2eT,

(d+ d')k.

HELDatbitcejt+dkad +VVi+dj+dkeH, AP HEpks - 35— 7 * L pe

FREBE A G R kTGS E S R

(a+bi+cj+dk)-(a +Vi+dj+dk)=a+pi+j+ 0k,

St
A

= ad — bV —cd —dd
abl +bd' + cd + dc
= ac —bd + cd + dv

>, 2 X 9
I

= ad +bd —cb +dd

PR At i k22T H - B ring with 1, 27 04 0i + 0j + 0k v
1+0i+0j+0k # % EH 0 1. 23 H * £ & commutative ring, i&¥ ™ d

(0+ 1i+ 0j + Ok) - (0 + 0i + 1j + 0k) = 0 + 0i + 0j + 1k

(0+0i+ 1j+ 0k) - (0 + 1i + 0j + 0k) = 0 4 0i + 0j — 1k

FOLARBEIRTED M NS (5.4) HEL RS

(a+bi+cj+dk)-(a—bi—cj—dk)=(a®+b*+c*+d*) +0i+0j+0k. (5.5)
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FI* 8 (55) AT g F a+bi+cj+dk#0+0i+0j+0k (7 a,b,c,d ?
250,45 A=a?+02+2+d% R
(a+bi+cj+dk)-(%—%i—%j—%k) =1+ 0i + 0j + Ok.
¥ iﬁ{?ﬁﬁ_ H*® % %30 ﬁ”ﬁi‘%"‘{unit, #1127 H ¥ - B noncommutative division
ring.
ok 2 R L G, BiZe @ {1 £1,4), £k} TT&*ELL?“ A 4.7 &4 5o
quaternion group Qg. ¥ F } $EZ X 1 group IRFNF L AF I S FaEAE N - B

ring, &tk e ring 2 P H 5 group ring.



Chapter 6

2 Ring &5

- R APRAL - B 8- Hring 9%, ¢ 3 ideals, quotient ring ' %

= # isomorphism theorems.

6.1. Ideals = Quotient Rings

A BB Y group FFAriE — B group 7 subgroup * F - &4 W 0 subgroup i
group IR® R PF 4F W) 43 * i*u{ normal subgroup. F ##&— B ring ¥ 7 subring
A2 F - A Y 0 subring, P A2 & ideal.

AP % - T normal subgroup 2- #14 vt — 46 subgroup ¥ * Rt E L) *
v # 3| - B AT group L & quotient group. ~ JI“' AR G D subgroup H,
MHE-G* H KA f’*’éiz-ﬂ-"tx‘?mm% - BEFTHIAE . P RDE EFTIA
FR-LAPRZIR- BEFEET S5 - B group, “,ﬁ%?EH #_G - % normal
subgroup. R, F R ¥ - B ring * S & R ¢ subring, ¢ ** R f4viF 2 T &
- i abelian group, m S #4cjx 2 T & R - # subgroup, I * abelian group
£ subgroup % 4_ normal subgroup, #  § &3 R/S i&- B 4cix 2 T 0 quotient
group. & F RBFHZ R/S ¢ 4 F FiF LE%?\IT‘*»? i B3 - BATDring 0. & &
X R/S ¥ - Bfr RenFFAM R FENT AP T UG 24 &0 F R EJE.

FALL TR R/S P A AL P RS @B R/S? - BAEEWT Y g
k&7, 8¢ ge R a AR Ry TIrabffcnritg+d- Bri. ’fm

& gﬂf\—" a Fﬁz»ﬁ“’” BT IRAEAP I 2Nk E R afrad FREE YRR

a—a €8 MmtF abcR/S, FIS etz TER mnormadsubgroup, d oG
FAP A AR R

E i

Q|
+
(=l
Il
IS
+
o~

AL B kg A Sk SEE

101
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PR LHEZ TR EF N FPEFLN g A R/SY A FET AE- 4 e
AR T EdeERE dAad L a=d (F& a—a’ES’?I-Ll?). Flgh AP R R AL
ok a=a F b=V §* § - NP B S A IE AN A = £F S
EI‘}D’}S FFE%.

S &G EHReDEEF R/S iz €5 KA 5“7Jvi}‘«ui§"rr €ER M
258 €SAPF r=rFtsE =07+ Flrr'=(r+s)- (' +5) FT o
Fe(r+s)-(r+s) &S g T Ak o AP R

|
Q
S
N
Q\
=
&
(N

(r+s)-(r'+s)—r- v =r-d+s-7"+s5-5 €8 (6.1)
d % S H - B subring, § AF s-5 €8, Fl A F (6.1) FRIERFEF D
" ERZ% 5,5€S T FPE
r-s+s-res (6.2)
BB s =0% ¢ =0HFRNEF (62), AP rEERNERFEIL S reR
2 seSYRPE
r-seS & s-relf.
FIL AR ARG T 2 R A
Definition 6.1.1. % [ & R - # subring £ R EHEZX T recR%2 acl ¥ 7
r-a€l 2 a-rel,
PIFE T 5 R - B ideal.
B2 22— B ring ¢ ideal % f ¥ - B ring, ,T»‘fliirl’?' subring iR A2 L B
ring £7¥73 #% % f1* Lemma 5.4.2 #* 5 12T H %7 ideal 7 &,
Lemma 6.1.2. £ RE- B ring, ICR. % I # &1 T3 8 B [ & R ¢ ideal:
(1) 975 habel ¥F a—bel.
(2) Wz xHhael,reR%F r-acl? a-rel.
Proof. # a,be I, Pl R be R, wifi® (2) 27N PTG habel ¥ 7

a-bel. %&iE#E (1), #1* Lemma 5.4.2 &+ [ & R - & subring. Fl¢* £ o i
(2) ® I &R 5 ideal. O

=

e w FIA P Y G ideal (HE & P e % [ 4R i ® ring e ideal, # 7 B *
R ehring S F R £ ¥ - B ring. AN P R fdeiF 2 T & abelian group
2 T £ 2 normal subgroup, * I # R & #f R MF i~ F ik £ -
BATHAF dopt - kig- BAKS DR L R/I - lwc/z, M belian
group. & * [ & ideal eh{ % R/I F iz iy, » 'T} WE aAY alk
et ordchg & D RSB RSP F IR L PP R

a+b=a+b £ a-b=a-b.
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PUT SRR R st 4 - 2T 2 1 ring.

BRI N o group B, R/ & + 2 T .- # abelian group, * %5’—\

# R/I# & (R1) Pl (RS) it 5 %% ring ¢his . A 2 &£ % (R6), (R7) i~ (RS)
I

(R6): babGR/Iﬁ]d%"a becR#&a-bc /I.JJ:‘T%{T;QE.BGR/[.
(R7): AP EEP (@ b)-c=a-(b-c). %A

=

et (a-b)-c=a-(b-c) T E 2,
(R8): Favm i@l d g (b+c)=a-b+a-c 5§ R¥HF

a-(b+c)=a-b+a-c

(b+c)-a=b-a+c-

al

AP H R/I AR - B quotient ring.

6.2. Subring fr Ideal 74 ~ |25

wo— &7 AP F L5 0 normal subgroup fr group B 248 § ¢ ideal fr ring

B k. #T0— & & group ¥ F M normal subgroup M, foring ¥ 4 7 AR ET
B ideal ePIE . 7 BRI Y HAJEH & group AP FRAY . FEY LA oring ¢
Frgroup ¥ E E* 4 KA T e AR BT & B o

AP & Lemma 2.6.3 ¢ #%&i: § H, H % G 9 subgroup, H - H' i&—- B % &
A& &G i subgroup, ' 2~ H = H' * § — # & G 7 normal subgroup. # ring
g g: - kE S, T AR 0 subring, 78 A

S+T={s+t|seSteT}

)\4_

% H_R hsubring. B FESH+T ¢ EES & s+t o'+, BxM (s+1)-(s+1)
FA-FF BB ShaFhet - BT hrFigfha)sn, » #{;’ué ST
FA Resubring P, S+ T - 2 Z 2P 2% S, TH? 2-E R
1dealF¢,S+T1~*~%/Zi~T5§

Lemma 6.2.1. £ R &- B ring, S, T &_ R 7 subring.
(1) # S & R P ideal, P| S+ T &_ R 7 subring.
(2) # S fo T % & R 1 ideal, P S+ T &R  ideal.



104 6. ¥ % Ring hd

Proof. (1) f1* #vix eh group 7, v E a=s+t, b=+t € S+T £ 7¢
s, €S2 tteT, R

a—-b=(s+t)—(+t)=(s—8)+(t—-t)eS+T.

a-b=(s+t)- (s +t)=s-+s-t'+t-s+t-t.
d 3 Sfe T &R e subring, /& s-s € S 2 t-¢ e T. * %] § & R 9 ideal
PtV eER ws-tPeS < t-delS Fltdr o s.sd st/ +t-5 e S i
(s+t)- (s +¢)eS+T. #d Lemma 5.4.2 v S+ T &_R 7 subring.
(2) #F ST T A R hideal, RIFZRH re R secS %2 teT }FY¥7
r-s,s-reS=2r-t,t-reT. FH*

r-(s+t)=r-s+r-teS+T

lg

(s+t)-r=s-r+t-reS+T.

#=d Lemma 6.1.2 7= S + 7T #_ R 1 ideal. O

AP A3t group PFE 3EE S B subgroup 7% § & R & subgroup, @ & B

normal subgroup 7% # + #_normal subgroup. & ring IR L F R 02453,

Lemma 6.2.2. £ R - B ring, S, T #_ R 7 subring.

(1) SNT &_ R 7 subring.
(2) # S f= T % & R 1 ideal, B SNT &R 7 ideal.

Proof. (1) f1* 4tz eh group LHF N P HE a,be SNT Ml a—be SNT. ¥*
FlaeS 2 beS&fIr §hf2HFHErag.besS PRE g-beT. w&ir
a-beSNT. F1#* 4 Lemma 5.4.2 & SNT &_ R ¢ subring.

(2)% STT %% RPideal P, HEZL P reR acSNT, 4 ae s, i
Fr-acS *FlaeTl, *Tr.acT. FIFE r.aecSNT. PEEF a-reSNT.
#=d Lemma 6.1.2 ¥ SNT #_ R 7 ideal. O

AXRE ST T FEF - B2 RAideal, Al SNT % A:F A R 0 subring. 7
@?-»7» LEE R eideal 7! ¥ ¢ & group FFA P Arig B B subgroup (4 -
Z_&_subgroup, F ®@4c-% S fr T #_ R P subring, SUT » # — Z_&_ R 7 subring.

FRring ¥ FRE, A% ST A R Fsubring 78A Y g {s-t|se S,teT} &
WehE & €72 ¢+ L Rehsubring™? FF % 5,5 €S, 6,/ €T, Bl (s-t)-(s'-t)
PAEFT UGS B e St eT etk ("f#*R #_ commutative).

* @ R 4 commutative, s-t+s -t/ 4 FALEFT G X M HP g
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e . Tk g {s-t]scSteT)ehf g L2 T4z HP HE R
ﬂW@%ENTiEQ

i ti|si € S,t; €T, for some n € N}.

||M:

—é’t;\‘ﬁgﬁz"”‘mﬁgﬁcws T. 8 K3, & -8 ST HrF e fag L
SH G P AE R T 0 AE e

Lemma 6.2.3. £ R &~ B ring, S fv T $"5_ R " ideal, Rl S-T 4 R 7 ideal.
Proof. ¥ a=si-ti+ - +sy ty fob=sy )+ +s, 1, LT ¥ EE D3
<% Bl

a—b=s1-ti+- -+ 8y tp+ (=8) L+ +(=s,) t,
PERAGRNSER G Y A g TP Addfe. ka—beS-T.

Yo E S reR,

r-a=r- ZsZ t Zr-si)-ti.
=1

d %5, €8 §SHERideal, T r-s5; €8, FB r.a PEF BTG RIENS
PAagR T Adade swr.aeST. FR2& q.reS-T. #d Lemma 6.1.2

ST &R 9 ideal. O

e 5335 5 M oideal o subring (£ £ - S KR subring F1H i % g
AT RERFS A blde— B subrlng it 7 F R A ring ¥ 9 unit (Z £ Q 7 subring,
2 1e€Z), L ideal kWi E 2 F i 24 7|

Lemma 6.2.4. X R - B ringwith1, £ I % R - B ideal. & I ¥ 5 =
wuel _R - B unit, Pl I=R. 2§ R ¥- B division ring F¥, R 7 ideal
;*I%‘u,?’ﬁ {0} * R AP

Proof. #I I #_ R #fideal, T p X3 I C R REP re R, Flu & R F- B
unit, ¥ Lemma 5.3.7 3 &' e RB X v u=r. AXd wel, d ideal L
r u=rel Flp*&x RCI, #«{# R=1.

¥ R 4- ® division ring, & %_&,

L R Y0~ F A unit. &
I ‘«LR“‘—'EZa{O}mldeal Yo Rt

0 ch~ 3 s % 6 i % o

DU
O

WA R, AP EH R e {0} £ R 7 trivial ideals, *f ¢~ ™ ? £ ideal J’T‘uﬁ-;
nontrivial proper ideal. Lemma 6.2.4 4 77 3% - i division ring ¥ X 3 nontrivial
proper ideal (# ¥ % X3 ¥ &t F proper subring).

RS AP wA - T & Remark 2.4.2 » 2 § 4% 3| subgroup f= normal subgroup

AT 2B RAEOE R, PR OE subring fr ideal AL &L E LT FIE
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BX RE- Bring® TCSCR.

(1) 4v% ¢ &+ § H_R D subring ¥ T #_S 0 subring, 78 & T &_ R ¢ subring.
(2) 4% = = S E_ R Hrsubring ¥ T & R ¢hideal , 78A T » ¢ &S ¢ ideal.
(3) 4r% @ #v S _R subring @ T &S ideal, 78A T # - LA R ideal.
(4) 4% ¢ 7 § & R ideal 2 T & S ideal, 78 A T 7 — T A R 9 ideal.

6.3. Ring Homomorphism f- Correspondence 3L

A 4% group homomorphism k45 % # B group 2 & <0 %, I 0 ring 2=
% 3 #r3} 9 ring homomorphism, @ correspondence “iﬂ—’_i* LA P AeP A ring

homomorphism * 45 & # @ ring & ideal R %,

Definition 6.3.1. 5 R, R #_rings @ ¢: R — R ZJ&_ R P 53| R v dic, 4
S om R HE abeR ¥

¢la+b)=¢(a) + () * ¢a-b)=d(a)-¢(b),
AIFL S8 ¢ - B ring homomorphism.

BALDE: FlS a,be R, "THMEE a+ba-bAERY heEfegiz; a
Bla), 6(b) € R, 11 pla) +6(8), bla)-6(8) Tt R # ek it feskit . 3 5 35 -
B#_R ¥| R ¢ ring homomorphism, #_*rj* {7 group homomorphism £ 4v } %%
Rz auE R - ARG MY group homomorphism St BT 1 E R EF &
ring homomorphism . ** % . d Lemma 2.5.2 % ¢(0) =0 (£ ¢ ¢ 4w 0 A
R0, ¥ - B 0ER 90)° ¢(—a)=—¢(a). FI 11 EFE ¢(a—0b) PFd 3

¢(a—1b) = ¢(a+ (b)) = ¢(a) + ¢(=b) = é(a) + (=0(b)),
A E D
¢(a —b) = ¢(a) — ¢(b).
% group homomorphism ® #4457 & B £ & 7 f & image f- kernel, i ring

homomorphism i@ B & & MARER AP L wiE- T v POk,

Definition 6.3.2. ¥ ¢: R — R’ - # group homomorphism, B
im(¢) = {¢(a) € R'|a € R}

s ¢ T image.

ker(¢) = {a € R[¢(a) = 0},
s ¢ kernel.

A& kernel ¥ 9 0 & R 4vi &0 identity. % group homomorphism *
image f= kernel 4 %] £ & & 577 subgroup fr & ¥ 77 normal subgroup. * RJ& #

59 % ring homomorphism v i &2 Few |
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¥ Bl

Lemma 6.3.3. ¥ ¢ : R — R & - ® ring homomorphism, R im(¢) & R’
subring, ™ ker(¢) #_ R < ideal.

Proof. #* P {]* Lemma 2.5.4 E &% im(¢) = ker(¢) » W E R fr R 4z 2 T
£ subgroup. #TI AR & %R R 2.

* ¢a),¢(b) € im(¢), £ * a,be R, M ¢(a) ¢(b) = ¢p(a-b). * Fla-beR, =
o(a) - p(b) € im(¢). F1* d Lemma 5.4.2 5 im(¢p) A

3% ker(¢) 2L R ideal, A P F L E: HE LD re R fra€ker(d) ¥ 7
r-a€ker(¢) 2 a-reker(g). B @(r-a) =¢(r)¢la) = ¢(r)-0, §1* Lemma
521 v ¢(r-a) =0 ¥ r-a € ker(¢). FIZE a-r € ker(¢). F1* ¢ Lemma 6.1.2
s ker(¢p) . R 7 ideal. O

R’ 7 subring.

% Lemma 2.5.6 ¥ % i 4vig ¥ 14 * kernel % 2|%7— # group homomorphism #_

F & - ¥ -, R ring homomorphism 4r % 2. &_group homomorphism *77* &

1 Lemma § 2R = = .

Lemma 6.3.4. ¢ &v ¢ : R — R' - B ring homomorphism, Bl ¢ &~ B monomor-
phism (77— $t-) #2 *&EF ker(¢) = {0}.

B% f%#7 ring homomorphism, 7 % # i %X 3 ring homomorphism =7 correspon-
dence 3L, ¥ AE— T group homomorphism * 7 correspondence T IL 45 it 1 & B
group £ subgroup fr normal subgroup ! * group homomorphism *7# 3| ¥ &
B ™. ¥ ring homomorphism % 7+ F #F ik %,

B

Theorem 6.3.5 (Correspondence Theorem). % ¢ : R — R’ #.— & onto 7 ring

homomorphism. % S’ #_ R’ 0 subring ¥ %

S={a€R|¢(a) € R'},
Al S R e— B subring ¥ S Dker(¢). ¥ ?hF 4

¢(S) = {¢(a)|a € 5},
Al ¢(S)=5".
ok x BK S AR 9 ideal. R R TN S 4 € AR P ideal

Proof. 7 £ 4% S & R eisubring. % a,be S, A FEEF a—beS ¥ a-beS.
d XA abeS AT dla) €S 2 o) €S, i dla)—d(b) €S T dla)-db) € S,
*x F] ¢ &_ring homomorphism, ¥ ¢(a —b) = ¢(a) — ¢(b) £ ¢(a-b) = ¢(a) - 4(b).
F pla—b) € S 2 qb(a-b) ey, ~ Fi*u{?f» a—beS ¥ a-besl. ¥ SERD
subring. (‘L & & BIA FEP B ¥ 3] ¢ A ring homomorphism, ¥ # % & onto.)
F acker(d), Pl ¢(a) =0. F1 0€ 5 = aecS. #“T ker(¢p) C S. (33"~ a73F

P+ 2 F onto.)
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WA o(S) =9 7 LEF ¢(S9)CS EFAF b L& ETF] ¢(9) h~
A Pa) T, R e S d L& aeS, AT ¢(a)65’. T P(S)
ME RS PRI REMERLS S NG RS Y - R - AH
s bR beS ARAF AR acR A ¢( )= b A PR
T onto FEF . Fli ¢ A onto =HER bES’CR’ #EHIacR R
é(a) =b. TR qﬁ(a)*bES’ - B a -~ )I" LTI b= ¢(a) € 4(S), ~
AR ST C ¢(S). ¥ B S = ¢(9).

BREAPERPE S AR 9ideal, Bl S » . R ideal. #E X 7 r € R,
a€STF o(r-a)=ao(r) -¢la). 4% ¢(r)e R 2 ¢(a) € 8" 2 S &R ideal,
g qb(r)-gb( yes.#&r-ael, F2®F q-resl. 114 S E Rideal. O

&

R N

FARAERLILY R ¢(S) =8 F " I ¢ Lonto *F, HELFTEZF onto
FEK .

Remark 6.3.6. Correspondence Theorem % 373 3.8 ¢ : R — R’ - # onto 7

ring homomorphism, B| & R’ ¥ Zif - B subring S'#¥ & R ¥ 5 3|- % subring
S#E pS9)=5,m2 ker(¢p) CS. EF & R*? # & ¢(5) =5 % ker(¢p) C S

subring - 1, B R ¥ 3 ¥V - B subrmg T #& ¢(T)=295 2 ker(¢) C
P15 aeT, 7l ¢(a )€¢( )=S’ md B p(9) =9 T S ¢ %Fh

2 bR W G(0) = dla). # R oa) - M@—Odb@¢w—®=&*%k
?\.ﬁ»a—beker(qﬁ) B ker(p) CS ¥ beSwaes, 4 ﬁiﬁﬁTCS. * etk
3 FE T E SCT. #r T=8. #elzEi: % R ¢ Z- subring ', &« R ¥ ¥
“F B -7 O subring S b & ¢(S) =S5 £ ker(¢) C S.

Correspondence Theorem # % * A% [ 8 R - B ideal, @ ¢ 4_R ¥
R/I £ ring homomorphism # » #Z & 7 a € R, T& ¢(a) =a.

Corollary 6.3.7. %X R - B ring £ I % R 09— B ideal. PI¥EE R/I 7
7 subring ' ¥8F & R ¥ 3 T subring S & 1CS ¥ S/I=5"

% S Z R/I 0 ideal P5, Bl S » € &R 0 ideal.
Proof. ¢ #_ring homomorphism &_%]

dla—b)=a—b=a—b=g(a) - 4(b)

lg

pla-b)=a-b=7a-b=d(a)- ¢(b).
L#P ¢ #onto 0, FF ¥ F ye R/I
“iEacR¥* ¢ W ¢la)=a=y. #& ¢ % onto.
ker(¢) H B ? £ q € ker(¢) Bl ¢p(a) =0, £ d ¢ PETE ¢(a) = a. &+
) d

a=0,Facl. FZF acl, B ¢(a)=a=0, & a € ker(¢). *

xﬁ
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% Correspondence Theorem ® i #4835 £ 7 #7124]* Theorem 6.3.5 v
EP R/I ¥ - B subring (& idealS’), & R ¥ %% )13} I~ ® subring (& ideal)
SHE I=ker(¢) CS 2 $(S)=S5/T=5. 0

2

i 3 % %+ # Corollary 6.3.7 = Correspondence Theorem. v % %3V R/
? & subring (& ideal) 38 &K S/T iefE50, £ 7 S 4 R P subring (2 ideal) *
I1CS.

6.4. = i# Ring Isomorphism %%

fr group — #&, ring * 7 = ® isomorphism TIL. d ¥ A5 IR 0 group isomor-
phism T ¥ * iz = ¥ isomorphism FJT X ¥ U E 4 AP R EHFLRZ
L AR

Definition 6.4.1. 4r% & & rings R fv R’ B i= ¥ 135 |- B ring homomorphism
#_isomorphism (¥ 1-1 ® onto), FI# P4 R fr R’ &5 B ring £ isomorphic, 3%
“i:R~R.

Theorem 6.4.2 (First Isomorphism Theorem). % ¢ : R — R’ #— # ring homo-

morphism, B

R/ ker(¢) ~ im(9).

Proof. 7 /A& ¢ Lemma 6.3.3 ** im(¢) £~ % ring ¥ ker(¢) & R ¢ ideal, *7
" R/ker(¢) » - W ring. §* =% - B group isomorphism ZIZAp ke e j& A
" & R/ker(¢) i&— ® quotient ring fr im(¢) & ¥ ring 2 F’“:}& I - Bk R
P 3% B S B & ring homomorphism, # {6 £ % # U 4_1-1 £ onto.
ApEE gl g Wi T ik
Y R/ ker(¢) — im(¢); aw ¢(a), Va € R/ ker(¢).

g AEP o - BHF 3B (well defined function): 4% a,be R & # @ fr
b & R/ker(¢) ® AR . AP ERP ¢(a) = ¢(b). BER a£b, *ED a=0b
g fr b ker(qb) e ideal A BT AR WL afr b BEEEAT
a—b € ker(¢). ,TJ' HH pla—0b)=0. £ fI* ¢ & ring homomorphism K
A g(a) — d(b) = dla—b) = 0. T B(a) = $(b). #rrL AP L B well
defined function.

#7T k# ¢ 4~ B ring homomorphism: ¥ = & 7 @, b€ R/ker(¢), & 7
b(@+b) =v(a+b) =¢la+b) X @ b)=1v(a-b)=d¢a-b).
¥ - % & %15 ¢ 4_ring homomorphism, #f 14

$la+0b) =dla) +o(b) =v(@ + () £ ¢a-b)=¢(a) ¢(b) =1(@) (b).
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LU N ApwE
Y@+b) =v@+y0) X w@ b) =@ (b).

APEISRFER £ 1-1 2 onto. THFFLET (F AR S - B MR,
F] % 2 7 & Theorem 2.6.1 ¢ &8 ¢ & ddc i 4ei2 5 4 group homomorphism
¢ &8 1-1 ¥ onto.

B APERET o - B G/ker(¢) Il im(¢) 7 isomorphism. 7
G/ ker(¢) ~ im(¢). O

B R Aek TILP 0 ¢ A onto. TRAE NP AT im(¢) = R FI AP G 00T sl

y

Corollary 6.4.3. & ¢: R — R - 1 onto 7 ring homomorphism, R
R/ker(¢) ~ R'.

HE i kg f ring 9% = @ isomorphism TIL. U A EHRGA 7 A
L ® - T group fFiN: B F - group G, ¥ H 4_G subgroup ! N A_G 07
normal subgroup Al HNN & H #normal subgroup, £ H/(HNN)~ (H-N)/N.
W A group # * ring, subgroup # = subring, normal subgroup # = ideal,
Bofs Wl 0 #gke i b,

Theorem 6.4.4 (Second Isomorphism Theorem). & R % - # ring, S . R 7
subring = I E_ R 7 ideal, Bl SNIT &S 7 ideal, ©

S/(SNT) =~ (S+1I)/I.

Proof. 5 £ & % d Lemma 6.2.1 ¥ S+ & R ¢ subring, * I C S+ 1 F*
o ] E S+1 ideal (%% 6.2 & chbets). #td (S+1)/I /% #- B ring.
4o le & group i, AP B ¥ first isomorphism 3T R FER gL € IT . AL
H-BESF (S+D/I S, TR ¢: S — (S+I)/I, {3 arsec S
M3 ¢(s)=5.
R & #E ¢ &~ B ring homomorphism. ¥ F F HEZ L7 5,5 €S, A3

b(s+5)=5F =5+ = ¢(s) +6(s) T o(s-5) =55 =55 = §(s)- $(s).

f1* Theorem 2.6.4 F3EM 2P E ¢: S — (S+1)/I £ onto. Fl*+ 1 #

ZE =%,

First Isomorphism Theorem (Corollary 6.4.3) % ¥
S/ker(¢p) ~ (S+1)/1.

—0=s¢€el. 9 ker(¢) 7+ %
NI. F2% acSNI, M%ael

n
T
I
A
F_k
~
hrS
S
)
A
“g;‘\'
5
=
=
N h
95) c/a
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# pla) =a=0.#w SNICker(¢). ¢ 2 ker(¢p) =SNI. F 2 d Lemma
6.3.3 v SNI &_S ideal # 4 First Isomorphism Theorem #v

S/(SNT)=~(S+I)/I

0

B fs 2P k{5 % = B isomorphism ¥IZ. F 1k 0, # Theorem 2.6.5 ¥ 7 group

# = ring # normal subgroup # = ideal, ¥ § ™ T 2. % = isomorphism % IZ:

Theorem 6.4.5 (Third Isomorphism Theorem). ¥ ¢ : R — R’ & - # onto 1

ring homomorphism. B3X J & R - B ideal. %

J={ae€R|¢p(a) € J}.
Pl J &R <0 ideal
R/J~R/J.

Proof. & P2 ¢: R— R'/J', &% & ¢(a) = ¢(a), Va € R.

d ¢ &_ring homomorphism -

Pla+b) = ¢(a+b) = ¢(a) + ¢(b) = ¢(a) + ¢(b) = ¥(a) + ¢ (b)

=]

P(a-b) = ¢(a-b) = ¢(a) - ¢(b) = ¢(a) - §(b) = ¢(a) - P(b).
= ¢y & - BH_R I R'/J' 9 ring homomorphism.
4om AP F % Theorem 2.6.5 738 &+ ¢ : R — R//J #_ - & onto 7 ring

homomorphism, #* 7 £ =t * First Isomorphism Theorem #v

R/ker(v)) ~ R'/J'.

HBE_ker(v) 2?7 % a € ker(¢v) ¥ ¢(a) = ¢(a) =0, ~ i‘u{;ﬁa da) f= 0 &
J s T AR T gla) —0=¢(a) € J. d JHEERI TR T ac .
# o ker(y) CJ. ¥ hE acJ, Bl ¢la) € J & R/J ® y(a) = ¢(a) =0. F1&
a € ker(v)), ® J C ker(y)). # ?u{?h ker(¢) = J £ ¢ Lemma 6.3.3 v J £_R 1
ideal (# § 2% & Theorem 6.3.5 ¢ 4v J #_ R 5 ideal). O

B {8 2 7 41 * Correspondence Theorem * § Third Isomorphism Theorem £
- BHERRR, £ T E Rideal, ¢: R — R/I 2. &F ¢(a) =a i&# onto 7
ring homomorphism. ® & R/I ? 7 ideal J' d @ Corollary 6.3.7 4v&_d R ¢
% - ideal J 1% ¢ 73] 4 ,T*u{;f‘u J' =¢(J)=J/I. #d Theorem 6.4.5 2% i 3

Mg I (3 0 4L B 5 Third Isomorphism Theorem.)
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Theorem 6.4.6 (Third Isomorphism Theorem). & R - % ring, [ #_ R -
ideal. Bl R/I # ehiZ = ideal $84_J/I &f82;34, £¢ I CJ 2 J & R 1 ideal.
R

(R/I)/(J/I)~R/J.

Proof. - R/I ¢ ideal $84_ J/I &487)5% ¢ & Corollary 6.3.7 # ¥ . @
(R/D)/(J/T) = R[J

¥ d Theorem 6.4.5 & %% 7. 7"&9‘ R =R/I,J=J/I %k ¢:R— R/I,
#E pla)=a. 7 H J={acR|¢(a)eJ'}. ¥4 R/J=R)J F#. O

6.5. & Commutative Ring with 1 ¢ #7k1 Ideals

EAR AR T B ) ﬁ‘ﬁ‘i“ﬂ?"ﬂk&— enring ¢, F]M TR % % - 0 ring AR A
o

i
iz & ¢ AP Y g commutative ring Wlth 1 e, 3P RE 3 A ring
¥ p

rinciple ideal, prime ideal ¥ maximal ideal.

s 2
= =
= g

5.1. Principle ideals. % group ® # i* /1 £ cyclic subgroup, v ¥ 1 &3

% — B~ % b ] 9 subgroup. & ring ¥ # 4 3 “73} 7 principle ideal,

BX R H- T commutative ring with 1. & 7 f# R ¢ ¢ ideal & 3 At
FEAET R ZR- 2FL JfﬂldealalF 5 g4 A H hideal. E S
a€R, P& 7 aihb] ideal I Bz R A AR F? gL [ 1% ¢ 7 a¥TAZ
e4e ;% 60 cyclic group,  {0,a, —a,2a,—2a,...,na,—na,...}. L E T & FiFEHE
2 % 2.2 anﬁ{(1+1)-a( G2 1eRs@I$ra;€). 42 141eR, Apw
AE aceR®E 2a=q-a FPEFEE AT FHp, 45

F.
+¢

EANEN

(G 1IeREBBER) 3 BeERBEna=Fa ¥- >%d Lemma6.1.2,
oY SEE /g‘ﬁiﬁi'ﬁﬁﬂreR r-afra-riEfardk. Ko roa=a-r (FH
R #_commutative ring & B K ), Fle* [ ¢ 2 P& & 7975 hr.q @A
F.dckd T Dy RO F TR DR EE R - B ideal, 7RA TV B ,’*\i*u{
® % a hbo] ideal 7.

Lemma 6.5.1. &%k R &- B commutative ring with 1, £ a € R. 4 A =
{r-alreR}, ] AZ R~ B ideal. $F 1, AZ R ¢ 7 a2 | T ideal

Proof. j¥m & i P e o0 5 [ . R*® ¢ 3 a2 %) eideal, ] ACI. 7
pE R EE A AR 9 ideal, PlAv [ = A

2 4]* Lemma 6.1.2 X3P A &R ihideal. B~ A? A ~F rafor’-q, &
Porr'eR AW rea—r"sa=(r—1r)aXr—reR Tra—1r-acA ¥HEE
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RY-=*%r2 A -~2% 7 aq, 2% YeR 9% (va)r=r-(r-a)=(rr)-a
2rr'eR T (r-a)-r=r-(r-a)€ A Fl* A E R ideal

i"‘#fﬂfr“g%Lemmafsm P A (a) REFLLAPAY L - B
%u () 1 ﬁ._,’fr'—— ‘ﬁ/{@ J#r’%{u()/“/’i.

Definition 6.5.2. BX R & - # commutative ring with 1, * a € R. R/

(a):{r-a\TER}

#-# the principle ideal generated by a in R. ¥ I % R - 1 ideal £ & R ¥ %
b- A& ai® = (a) I T L RS- B principle ideal.

Example 6.5.3. &= 7Z ¢ | B n e Z, B|¥7F n G #or= k& 8- B principle
ideal, ¥ (n) ={z-n|z € Z}.

—JF% E‘J & 7 % #TF £ ideal $% 4L principle ideal, # i i& ¥ - & 7 ring
I -~ % principle ideal, ¥ 7 27 2 24 [ e~ % E - 7 ()
e b+ AP (n) = (-n)), FFLAPF T SR

Lemma 6.5.4. 3% R 4 - B commutative ring with 1. 4% a,be R * % &—
unitu € R % L a=u-b, ? (a) = (b).

Proof. 4 " a =u-b, L& T ac (b). * 4 (b) £~ B ideal ¥ (a) &7
7 a b | ideal, % ¥ (a) C(b). F 2, Flu L R Funit, & 2 veRBL
veou=1.TM"d b= (v-u)-b=v-a f\-‘be (a). £ 1% (b) 7 % b 0 ideal
#(b) C (a). #=EF (a) = (b). O

M A % - B principle ideal 0§ # & * . AP A& lemma 6.2.4 ¢ Arig: ¥ R
# - B division ring ¥, R * ¥ 7 {0} v R &3 B ideals. § R & - B field ¥
(R~ ,T.k:z?‘— # division ring), R & X~ IT‘*I-/)Z’ﬁ nontrivial proper ideal. % R 4
commutative ring with 1 F¥, i& & - B et AP Her R £F 5 - B field 2 2

Proposition 6.5.5. % R - & commutative ring with 1, Pl R & — B field & *

FEE R X3 nontrivial proper ideal.

Proof. &4 7 ¢ &v§ R & - % field ¥, R i3 nontrivial proper ideal. » 2, 4v
% R X7 nontrivial proper ideal, #* P B#F R 4 - B field. ¢ * R © BX A
commutative ring with 1, % &P 2 REM R # 2L 0 A F 04 unit. TP
a€ERZY a#0. *1T 4 & (a) &— B principle ideal. F1% a#0 2 a€ (a), &4
(a) #{0}. #EizEX R ¥ %7 {0} fr R © *HixG # ¥ Srideal, F1& # (a) = R.
BRH 1eR, T1€(a) &d (o) PTEITFErcREE 1=r-a » i*u‘«‘?\?fu a
A~ 1 unit. O
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B fs AP 523 & Proposition 3.1.3 ¥ A i — # cyclic group ® £ subgroup
#84_cyclic group. # i ¥t principle ideal, LETT‘UW - 3;%“) — ;j-h{;ﬁ,fg I, I 384
R #ideal £ ' C I. 4% ¢ &v [ #_principle ideal, i& ¥ % %3 I’ ¢ &_ principle
ideal.

6.5.2. Prime ideals. &= Z * - B #cp 7 - BELE&RDEF, TF pla-b R pla
& plb. A&, pla 7 a Lp PR, FI* principle ideal (7 2 &4 T a € (p).
AT e FHEDE BT AT S F a-be (p), Blac (p) & be (p). F
AP R R AT e AT & 9 ideal A,

Definition 6.5.6. 4 R 4 - # commutative ring with 1 & P #_R - 72 &3t
Reideal. % P # & "HEZ RYA3B~%2 afvb¥ a-beP, PMlacP &
be Py, 7VAERNPH P E R - B prime ideal.

AR N BERED RS, APLFEHYE g P2 bg P, R
a-bg P i&fmid KEP P H - B prime ideal. b]4cst P orig & B # FApk 3 &
o s B, FIUL S L F A AT B BT 0 ideal, T (2) AL Z ¢0- B prime
ideal. % 227 j&& & HE T RPN P oo 20 F#cA 2 9 principle ideal ¥ &
% #ch prime ideal.

#TRAP KRG - BHE R Y Pideal P AFE 5 - B prime ideal 4 2 iE

Theorem 6.5.7. % R % - ® commutative ring with 1 £ P &_ R - B ideal,
Al P #_ R - B prime ideal ¥ = *6% R/P &% quotient ring £~ B integral

domain.

Proof. 7 £ - 7 : %X R 4 commutative ring with 1, ¥ & R 7 ideal I,
H

R/I & quotient ring » € % — B commutative ring with 1 (£ 3/ ¢ identity &_
1). F* &% R/P #_ - & integral domain, #* " ¥ £ 3P R/P ¢ X5 zero divisor
T

MBEX PA- B prlme ideal. ¥ & R/P 2L 0 jri’z;u—%—‘}‘;m—a B A g HY

a€ER®agP. 3% @7 A R/P ¥ i zero divisor, % * £_ . E L R/P t' 20
FAEDEATREa-b=0. KA b£0, A7 bgP. EE a b3 B P
P &_prime ideal (X, AP E q- gp,#fﬁ{g@

a-b=a-b#0.

* R/P #_ - i integral domain.

F 2., % R/P %~  integral domain, ¥ 22 q bc R/P # & a#0 X b#0,
TEF a-b£0 #HeEd: ok agP ! bgP, Fla-bgP v P A~
prime ideal. (I

1% R/(0) ~ R #f* Lemma 6.5.7 2§ " T & B § 4B %
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Corollary 6.5.8. % R & - B commutative ring with 1, Pl R & - B integral
domain # 2 *&% (0) 4 R 7 prime ideal.

6.5.3. Maximal ideals. & Z ¥ F#¥ - BE R DPEFTLE 0 1 ek 22t
€ H H s FHch G e, S g i AR Y Y75 P ideal ¥ & principle ideal.
700 jdeal SPELEE K 7 i2 A or — B F#¥TA) 2 0 principle ideal 3 § ¢ 33 H @
11 nontrivial proper ideal. FJ#* 2 P15 T ¥ - B4R F AL F PR ideal.

Definition 6.5.9. % R - % ring ¥ M E_R © - i nontrivial proper ideal, 4=
* M * ¢ ¢ z* R ¢ His dinontrivial proper ideal, B2 FH M - B mazimal
1deal.

D

1R, WA “maximal” & B F BT aEF P P FRT ) maximal 4 7
L3 RE T A TAFATUINF ARG S, (AP R A R AR ERT
A& F oL F 7 & well-ordered, » ;T‘u{’ﬁ PE R LT E 7 R ) F
% M E_R -  maximal ideal £ I &R ¢7— & nontrivial proper ideal, i& ¥
2 TCM, s R E384c% MCI, B I=M KiE®5E % 5y  20F 03
o R7 3 3 F - B maximal ideal. # ¥ 7 - B[+ ¥ UBFEBRE.

Example 6.5.10. % j& Z ¢ (6) i&— B ideal. 2* P {xF 2 g% (6) C (2) X 7
2€(2) & 2¢(6), T4 (6) C(2). £ 4t (2) & Z - B nontrivial proper
ideal, #c#v (6) # 4_Z 7 maximal ideal. # ¥ (2) & Z ¢ maximal ideal. F] 3 4r

* (2) * A maximal ideal Bl ix ¥ & 43 - B Z ¥ 0 nontrivial proper ideal I
,%i( )C I #e - F#aclitag (2) (247 a - BHE) T3

- FanFa=2n+1 %937 APEKX [ Aideal £ 21, T 2.-nel.
L4t agel, FI*#E 1l=a—-2-nel ¢ Lemma624 i [ =7, ief- i
% I & nontrivial proper ideal 484 7, # ¥ (2) 4 Z 9 maximal ideal. % &d **
3¢( ), Afpdr (3) & ideal 73 & 3% (2). HIFEL D neN, (3") 7 §

# % (2). #70 maximal ideal § ** #TF 7 nontrivial proper ideal 3% * & ek
ZIALFE, ¥ - e APV U m RN 2ENAZP ER- B grgy;wr
A 2 &0 principle ideal ‘F"kmammal ideal, #714 Z *® ¢ maximal ideal I % ¥ - i
(B9 5 &28 %8).

T KA R * 312 Theorem 6.5.7 77 /% 1 * quotient ring * 2% - & ideal

H_F 3 maximal ideal.

Theorem 6.5.11. & R - # commutative ring with 1 £ M E_R - B ideal,
Pl M &R - B mazimal ideal 2 &% R/M i&® quotient ring £ — B field.

Proof. 7 %4 Bk ¥ & R/M ¥ - B commutative ring with 1, 714 R/M &_
- B field 49 % > % & R/M ¥ # &% 0 & 54 unit.
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WX M £ R 9 maximal ideal. @B~ R/M ? - ~% a#0,# ™% a€R
Y ag M. 9 Lemma 6.2.1

M+ (a) ={m+r-a|lmeM,re R}

L Reh- B ideal. 4 M C M+ (a) £ agM, 214 M#M+(a), ™ M+ (a)
- B M *ideal. &9 M & maximal ideal SPERX 24 M+ (a) 2 £ R
€7 nontrivial proper ideal. # #3% M + (a) = R. 11* 1€ R=M + (a), 3
hhmeM,reRBE l=m+r-a W1 APEE A R/M h~ %, 5
MR B R/M Y =0 A

l=m+7-a=r7-a.

5120 @ £ R/M unit, #ie R/M £ % field.

F2 % R/M & - B field, * P 8% M % R - B maximal ideal. £ =t 52 3}
A2 L EFEP EZR R ¥ 9 nontrivial proper ideal 3% X T C M, & L& EM 3
Foae MCI PR Y FEZE: BR M7 imammal ideal, ™% - 1 nontrivial
proper ideal I % & M CI. 4 MCIJ it M#Iﬁ“n’#’i acl i a&M,*’ i*b{
" R/M Y a#0. & R/M E - B field, HEhreRiE

rra=71-a=1.
B2 AP 1—r.ace M, ~ )I*ﬂ-\pful—m+r aB?® meM d* qgel® IAE
- B ideal, #* P r.qael. Fl*d me M CI#® 1l=m+r-acl. Lemma 6.2.4

=

232 1el 27 I =R, 4o I & nontrivial proper ideal 48 % §, #&=* M £

maximal ideal. O

Remark 6.5.12. 34 ¥ 12 4| * Correspondence TIZ {% -7z ¥ Theorem 6.5.11.
¥ - T Corollary 6.3.7 % ¥ 1" R/M # hideal 8 & d 4>t R fo M ¥ &1 ideal
Ay, FltF M A maximal ideal, % 7+ % R e M B #73 dideal ¥ 7 R v
M. ##%% R/M * %3 R/M 4 M/M = (0) &% % ideal 2} nontrivial
proper ideal, #7144 Proposition 6.5.5 v R/M & - # field. ¥ — > & 4% R/M
{— i field, ¥ tkd Proposition 6.5.5 3 4 R/M i F nontrivial proper ideal.

ptd A Remark 6.3.6 ¢ #& I vt 13 (s - 14) 0 Correspondence TIZ 4w
‘}l’ﬁ H s rideal 3 R M 2 B #&i® M ¥ maximal ideal.

Aipsrg - B field ¢ 220 & Jﬁ"{unit, Rm Lemma 5.3.7 & 7 - B
unit # 7 € &_zero divisor, #T P& - B field ¥ F + - B integral domain.
WE R/M £ - B field, ] R/M % - % integral domain. *7/2 ¢ Theorem 6.5.7
e Theorem 6.5.11 # #1477 2_ & % .

Corollary 6.5.13. % R ¥ - # commutative ring with 1, Pl R ® ¢ mazimal ideal

A prime ideal.
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2R Corollary 6.5.13 ¥ B & £ % - ¥, Gldvd Z ¥ AP0 2/(0) ~Z, & Z
A integral domain 47 % &_field, #714 #v (0) & Z 9 prime ideal & 7 £_ maximal

ideal.






Chapter 7

- & ¥ % ¢ Rings

o FAPMRA L - LF R Sring. B4 AL 5 ring F9 4 integral domain, # ¥ it
Fag- £ A 5 ring FFAAP L 73T - RFTRFFH DN F

7.1. The Ring of Integers

g AL RERE D ing Z. HF ) 3 ﬁ"lﬁ‘;;{‘n? F 3t o B ficdp
MR AT A4 oh, STriBX kR 8 C # 2l ey 0 fE, 2 r“:ﬁxfﬁﬁ ]
-7, & iR dmdn MR AEPTF R R

Fid B AL )@g"%fﬁ{ﬁﬁ:ﬁﬂéﬁgﬁiﬁ Euclid’s Algorithm, 3 #t3 &
ﬁ:cmg}ﬂ\r%?‘r WA D vHED keh HF FAP AT R S ST a[a;q‘;ﬂlﬁq»ﬁ&,k“
3SR B BER

Theorem 7.1.1 (Euclid’s Algorithm). % % - & F#icn, #E LD meZ, ¥ 7
hyreZ, 87 0<r<n, %X m=h-n+r.

Proof. i TIL P f L5 BT, 4ot LTy ;}ﬁ}bf ¢ “%”E%ﬁ&' K
Fl o AP A b ring ML SR LY SR OPEg
FEYRW={m—tn|tcZ} - k& Ao t7Erfl 54
RS TR ER SIS £ A U i i £
d E R TEhAhecZBE r=m—h-n APHBILEGP ':"f”)}j*l{*g?%—pq 0<r<n.
B, 4 G >0 (M0 AN FHRNER). F e
=1

r’ >0, Flt A
m=h-n+r=h-n+n+r)=(h+1)-n+7r,

APEED Y =m—(h+1)-neW. & 0<r <r, &fr LW ¢ & | d2bf Fik
AR mEES T O
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&1 & Theorem 7.1.1 & 2\ 7 % FEHc L ¥ PR 9 well-ordering principle,
FlULBE R R HE 2@ A EEREY I - HDring. # ﬁ%{;ﬁ, - 460 ring 7
- F #73) 0 Euclid’s Algorithm. #-% 2 i ¢ 5 ¥ - & #5K 5 integral domain ~
3 #73) 7 Euclid’s Algorithm. i&# 7 integral domain % i € % v - & & L5

Euclidean domain.

BT RAPRKRFF Theorem T.1.1 S 4 § 5 <o |
Theorem 7.1.2. & Z ® #7F 7 ideal $% 5 principle ideal.

Proof. ¥ - T &&: F I - B Z chideal, AP B AT © 3

F’_‘-
|
o

T

IS

3

g

I=(a)={h-a|heZ},

TF e REATFNE L F e w—F f A Ry Bk
Bedy Mg Bt ? §ORAS A do) il |
Z * 0 trivial ideal Z f= {0}, & ®d 1 {r 0 2 = #7128 & principle ideal. 7]
ViR &4 /K Z ¥ nontrivial proper ideal J]'fu?. Bk [ #_7 h— B nontrivial
proper ideal, ¢ ** T £ {0}, =3 b#0, 2 bel ¢ [ & ideal, b~ & I
CF ARG [P u Al e A acl LY Aol Kl AP R g

I:(a).

ﬁﬁiili
F
na

ﬁiaefﬁu%ﬁ%ﬁh62*¢hﬂefﬁ%() - et A g
TE% IC (o), # Tiﬁ mfamm%%{amr&rwkmezgﬁ
%om A g ehi g,:h_ ,T;Ki m ﬁz "oq g AREEH AT ) 1% Theorem

711, PG R hreZ, O<r<a«%’ir—m h-a. 4% melZ® h-acl,
) # I’«kldeal‘ﬁ“r—m—h'ael eedr g J7¢ bl e &% r=0,
T m = hae /T}{FI“IC() O

A F LG, £ A TG hring T €0 ideal 38 € &L principle ideal. 4o% - 1
integral domain ¥ £ ideal 3% principle ideal, i& ¥ ## %] <7 integral domain #* * f
2_ % principle ideal domain. /2 & ™+ Z &_principle ideal domain (Theorem 7.1.2)
B Ed Z & Euclidean domain (Theorem 7.1.1) i& B 2 F 42 ¥ &) &k o3,

o SR RS AR e i) ar R U Rl o Fliicfok < 2 Flik
T - B EA.

Definition 7.1.3. £ a,b € Z.
(1) #deZ 2 3trheZ®@F a=h-d P dE ad- B divisor, 75
d|a.
(2) F ceZ, ® cla® c|b, RIF c & a,b 7 common divisor.
(3) & d€Z E_a,b &= 7 common divisor, Rl d = a,b 7 greatest common

divisor.
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— R AN 3R ek i Ap Uik R B #c e greatest common divisor F 1, &
AL P A Theorem 7.1.2 45 ¥ greatest common divisor ¥ & 3| # & & & 5

Proposition 7.1.4. ¥ % a,beZ, M5t deN % & (d) = (a)+ (b) £ d * a,b

£ greatest common divisor

Proof. ¥ Lemma 6.2.1 3% i &v

(a)+(b):{r-a+s'b|r,s€Z}
#_Z - % ideal. @ Theorem 7.1.2 *r# & de€ Z # # (d) = (a) + (b). &
AAPTUE R A 28 FEF 1 47 ¢ unit & Lemma 6.5.4 & 373
(@) = (=d).

BEFAPREP B deN A q,b 9 greatest common divisor. B & F X A&
# d %_a,b 7 common divisor. A @ F] ae( )Q (a)—l—(b) = (d) HTGRhre’Z
#®a=r-d » i’*-«fr'\?u dla. B2, 4 be (d) 7 d|b. &+ d & a,b 7 common
divisor.

785 A A d € % a,b P common divisor ¥ & 727 d 3 d e (d) = (a) + (b),
AP FemncZ i@ d=m-a+n-b RXa % c i a,b common divisor,
Feclal el *FhrsecZ@F a=r-c® b=s-c. Fl#

d:m.(r.c)+n.(3.c):(m.r-’-n.s).c.
- ;T*U’EL;’» cld. #rmdv d %73 a,b 9 common divisor ? & = i3, O

Proposition 7.1.4 # ¥ £ $% 2% 4o i@ 45 ¥| greatest common divisor, ¥ § + &#

pd Ay # 1 greatest common divisor 7% £ & (2 FT

Corollary 7.1.5. £ a,b€Z & d % a,b 7 greatest common divisor, Bl d * & 1
T & .H—_?}’r

(1) FEmneZ %L d=m-a+n-b.

(2) B cla 2 c|b, Bl c|d.

BT RAPLGY RS RS B RS DAF [T S R - BT p
A FHr g 1 fed e JI* SREFAPFT FIE pla-b Pl plad plbieh
R, I = 7 g £ BT kn - B&LT 5 Tk 7@ - &9 ring &
AT - R AP 2 L F kT

Definition 7.1.6. % & Z ® sh~% p.
1) PHEZ B dpHdeZ %F d==+1 8 d==+p, RIFE p E- B
irreducible element.

(2) FHELB L pla-bFHa,beZ ¥F pla & p|b, PIF p £- B prime

element.
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PR ATARILT -, 2T - BEIRAFAP AEERY &9 AT
I F AAR R, 4 Fldopt B EcP S i e - f2 & F ¥ (prime).

Proposition 71.7. &= Z ® % p - B drreducible element, Pl p .- B prime

element. ¥ 2., % p #_— B prime element, Bl p £~ B irreducible element.

Proof. 7 £ &% p & irreducible A p & prime. ~ fj*ui;fwf;»?l{ ¢ v op A
irreducible. 2~ pla-b NP EEF: pla & plb. RA pla-bi T ErecZit
®a-b=r-p 4% pla 7"3}33‘?%;5'? AP RFD TN R R pla DR
LAY g p a7 greatest common divisor £ 2 & d. 4 3T d|p w&d p A
irreducible HERXK v d =128 d=p. Ad d 27 E3 p, BRI d A pa
common divisor 4 p=d|a: ¥*fr pta 3 . Flt 4 d=1, 4 Corollary 7.1.5
ER:S anZ/?ﬁil—npquai\ﬁéz%f\be—»
b=m-b)-p+m-(a-b)=(n-b)-p+m-(r-p)=(n-b+m-r)-p,

114 p|b.

IESNE \-"p #_ - & prime element % i & M p &_irreducible. » %*l{?ﬁﬂg
F d|p, Bl d N d=4p A dlpETF B RrcZ A p= dr*ﬁﬂi’?ﬁ
pld-r. #&+d p & prime m'F)»éi APEE pldE plr. § pldFE,d RABK dlp
Td=4p F plrF AT scZ B r=5-p. wd p=d-r=d-(s-p) #
d-s=1. FldscZ w#wd-s=1%77 d==%1. O

Bls A kg Flch ANy LR ek A fRIR. d N Flicfe | Flahs
ERE RN S A S ¥ SR
Theorem 7.1.8. BE&X a €N * a>1, M3 & py,...,p, B¢ p; 240 R 5 prime,
R
a:p?l---pf"", n; e NVie {1,...,r}.
dodk o q TR fES T AN g =" g B P g B AR R D prime, R
r=sSEBFHERETE p=q,ni=my, Vie{l,...,r}.

~

Proof. iz* & - B & Alehj B 5 A& Phg @ AP ARAR KET AL
greg - 4

PARARgE Al BE kRGA I“*Jj}iig ARECE A 2 E SRR
F 'S5 B (¥ r14a k) prime (HF . Aok o 2 P LB prime, Bl a =p; (7 r =1,
np =1), # % &t 4% o 7 & prime ¥ ? d Proposition 7.1.7 ¥ ¢ # &_
irreducible, f’kp’u Fra,bi ENE ey A1, by A1 B a=a; -b. &7 j\%&{
T oa, b A7 {prlme GLhe% H P 5 - B 72 & prime, 2 lF“ﬁ* WL fETEE D
@3 prime » 1k, T BEAE- TLE BT RF)ZEF LA fREE DBAR KA F AR E
f3® M # g B = - & prime OFFF . i*eﬁﬁ“%ﬁ_pg FROAG A REF - AR
7%*{””/5, F, A PRL LR 2 REP . F a=2 FFd 3 2 4 prime,
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A I A BEFBREATF A 2 fra— 1 PE T A
4% q #_prime, 78 7F i p R 2 4o% g 7 & prime, Bld Proposition 7.1.7
a=ai- b e al,bleNf l<ai<a? 1<b<a. \?‘C’f']?ﬁffﬁp‘ff;»ﬁ:"f' al ’f‘—"bl
TEBAF LS B oprime HRAF, T ERE 0 T LB FF TS B prime R A
AR RS I I DL A Sl e A
a=pitopt =g g,

2P pr,...,pr EB SR Dprime, £ oqp,...,qs » AP 3 AR Fprime. d 3T py A
prime, ¥&d pyla=¢" ¢l T ERE B je{l,...,s} B Lp|q. FFH- TE
BAPETEBEX p|q. 3% ¢ {prime d Proposition 7.1.7 ¥ ¢; &_irreducible.
¥R, @ Ddivisor Bt A+l & +q. wd pr|gg vpr=q. RET R

a ni—1 mi—1 m

— =D T =q st

D1
43 a/pr <a, & AI* rE- PLEERZBEXAPE =52 pr=q,...,pr =g ™
2 onp=my, Ng =My, ..., Ny = My, 78R 2 O

Yo% - 1 integral domain F fr Z - $R* @ ~ % §8F rvE— B = - & jrreducible
element 3k ff P AP ALY integral domain = — # unique factorization

domain.
7.2. Ring of Polynomials over a Field

?\Fﬂzrgg EEE AR RS 2 SCSNELT S SRS NS

BRI G A - R field D F NS Hen hiE- § ¢ AP REREA
polynomlal ring. = Rg FRAP R/ F e b - § ¢ Fiagn- 2GR FE D

L F A - B field A4 gd 75 chiidicn F o g

f(:n):ao—{—al:z:—l—---jtan,l:n”_l+anx”, a; € FVi=0,....n
“A % B & Flz]., AP Rp R Flz] ¢ hAd AN T ik foki: ¥
f(@) =ao+ a1z +apa™ v g(x) = bo + brx + -+ + bpa™ L Fla] * 5 > F%
L fx)+gl@)=cotaz+-+ea", B¢ 55 ie{l,....r},ci=a;+b 2
r=max{m,n}. ¥ AP f(x) g(x)=do+dix+ - +dpinx™™, B¢ FH1
Fie{l,...,m+n},
di=ao-b;+ay-bj—1+---+aj_1-b1+a;- by

AR F j>nEFAPL ;=02 F k>mBEAPL b =0. —ﬂ?iﬁ*{*\
[ S I 3 s ERRRE N OE R ¢ 4\:}:’%,7‘}&,5’.\:35-}15 = 7 chia BoAp Se ;AP %}T}bg\é
BAERIEE &8 F I,

gd - oy APT ET Flz] - B commutative ring with 1, 4234 i

frﬁﬂ%iﬁﬁﬁ"i AT . AR BN - T Fla] % ring e E identity 0 L0 3 F
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i, 4 Jj*k B GEFA_O (BRSO F 0) HIAN @ %fwzmldentltqu‘
1 BVEs?as, - T*{#?@:IE Rl (RN 1A F 1) His o et AL
0. 3 ¥ 2P H Flz] = the ring of polynomials in x over F.

% AP ALT - BATS ring FF, B A g B e 8T 67 zero divisor fv unit F vRL?
AL d 3 AP R 9 polynomial ring Fo— B AF W[ AFF ch1 B K FTA ,T*u{“r

7 7 degree.

Definition 7.2.1. # f(z) =ay+az+- -+ ap2a" € Flz] £ a, #0, PRI f(x) &
degree = n & & deg(f(x)) =n.

ARBROIANAP SN I A, 28 THFLZ 0 FANTH 5
P u 0 nfhd, AT 0 FIE AR R R T 0 degree 5 0. i ¥ A TF“)*I.%Z 70
1 degree (7 PF L&k deg(0) = —o0). & T KA Kk F degree L

Lemma 7.2.2. % f(z) {v g(z) $8 4 Flz] # 0220 58 3% R
deg(f(x) - g(x)) = deg(f(2)) + deg(g())-

Proof. # deg(f(z)) =n t deg(g(x)) =m ~ yA f(2) =ao+ a1z + - +ana”
2 g(z) =bo+brx+--F+bpz™ E® a, #0 2 b, #0. A& f(x)-g(x) = cpa”,
e ckzzi+jzkai-bj. FPARNPEP Y E>n+m P e =0 % i<nZ® j<m,
ﬂ'Ji+j<n—|—m B g k>n+mPEF i+j=k B i>nd j>m ~
i&g\éﬁaai 08 b =0 %% k>n+mPF =0 "% k=n+mP, ¥
Bi+j=k P FavE3 F i=n j=mM q#£A02 b £0. FHFER
Cnim = Ap by 9 % F &—- B field, 1% F X3 zero divisor, #& ¢ a, #0 ¢
bn 0 7 # cpum #0. ¥ PR deg(f(2)-g(x)) =n+m. O

d Lemma 7.2.2, & 75 F ¥ v Fx] 0 zero divisor f= unit 7 8L .

Proposition 7.2.3. 4 F #- B field.
(1) Flz] ® iZF zero divisor, ¥ 353 Flz] - ® integral domain.
(2) Flz] ® & unit ﬁfu%@r*p 2L 0 Y i

Proof. (1) 5 f(x),g(x)
Ald Lemma 7.2.2 v deg(
BEF 0. &= f(z) - g(

(2) & f(z) E_F[z] ¥ & B unit, R 2ETF Eg(x) € Flz]) @ F f(z)-g(z) =1.
Fli 1 A4 #sANHE degree » 0, ¥xd Lemma 7.2.2 4 deg(f(z) - g(z)) =
deg( () +deg(g(a) = 0. * deg(f(2)) > 0 2 deg(g(x)) > 0, &7 deg(f(x)) = 0
oW f(o) AW EIIES . X 072 F i A unit, = ® f(z) £- B0 D ik
F2 % f(z)=c i~ B0 5% & ~ J‘j‘ﬁggceFﬁ’ c#0. 7l F - & field,

EFx] %2 % 0. % deg(f(z)) =n 2 deg(g(z)) =m,
F(2) - g(@) =n+m. #oER, f(z)glx) #amt™ F
)* & 0 5. EEE Fla] L3 zero

T divisor.
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B F PP I e Binverse el 54 g(x) =cl € Flz], Bl f(x) - g(x) = 1. &
 f(x) =c¢ #- B unit. O

#T KA Kk F polynomial ring R TIL

Theorem 7.2.4 (Euclid’s Algorithm) * F - B field, % 23 polynomials f(x),
g(z) € Flz], £ ¢ g(z) #0, Rl & h(z), r(z) € Flz] & L f(z) = h(z) g(z)+7(2),
2 r(2) =0 & deg(r(x)) < deg(g()).

Proof. 7 £ &L E, AR p(z) d 7 20, 0= iXF degree, T
% it F R deg(r(x)) < deg(g(x)), Mo fe b op(z)=0 @B Atk
24 * fo Theorem 7.1.1 40 02 P 3 g W = {f(z) —l(x) - g(x) | l(x) € Flx]}
T-BHEE IE 0eW, + )’Ih{?’uﬁc & h(z) € Flz] @ 8 f(z) — h(x) - g(xz) =0,
wEE r(r)=0. 4% 0¢gW, B4 r(z) e W LW 7 degree #-| 77 polynomial.
BR deg(r(z)) =m 2 deg(g(x))=n, P E* F ZZ2EP m<n 4% m>n,
Bk r(x) hE B = o™ B DGREE a, W g(z) BB " IE REE b d
beEF X b#£0, ¥ g s(x) =r(x)— ((a-b=1)a™ ") g(x) &B 33855, d 2 p(z) f¢
cg(z) BF = ™ DGREE 5 a, 7w deg(s(z)) < m = deg(r(x)).
yeW &% & l(z) € Flz] @ % r(x) = f(z) —l(x) - g(z). =
)-9(2)=((ab )™ ")-g(x) = f(z)=(Uz)+(ab™)a™")-g(z) € W.
AW ¢ - B r(z) degree ‘I 7 polynomial, * fr r(z) £ W
R AR A =E om < n~» ﬁ‘%{ﬁuﬁ & h(r) € Flz] #® #
r(z) = f(x) — h(z) - g(x) 2 deg(r(m)) < deg(g(x). = HEES L, O

((a-b-amn)
Fohd BR (o
s(z) = f(z)—l(z

R ()
¥ degree |

Remark 7.2.5. 42 % 3% - 7 % Theorem 7.2.4 ¢hzEM #» A% )5 F 4 -
# field s F (7 g(x) 5B = T #c b D inverse b1 F &). #7141 Theorem 7.2.4
A e R 3| hEE - D ring 0 polynomials F . FF b & Z[x] ? )’I-*'uiljf A 50
IR 4y B f(r) =22, g(z) =22 A I'F“,Tf'uii?*%ié I e $ 3858 h(x) @
® f(z) = h(z) g(z) =0 & L deg(f(z) — h(z) - g(x)) < deg(g(z)).

iR B ok o T I (Theorem 7.1.1) ##® Z ¢ ¢ ideal ¥ &_ principle
ideal (Theorem 7.1.2). I ke f] * 43¢ TI2 (Theorem 7.2.4), & P # 711 T ez 3L,

Theorem 7.2.6. % F 24— ® field, R| Flz] * 7 ideal $% 2 principle ideal.

Proof. 3 Fz] é— B ideal, [. 32 # L & [ * 53— ~ 4% g(z) # 7 (g(g;)) =1
£ g(x) .1 ¢ degree # ] 7 polynomial, # 1 # ¥ # ¥ (g(z)) =

A ga) eI FTUE R (g(x) CI. F 2, RFP [ C (g > AR E
P flx) e I & 453 h(z) € Flo] @ ¥ f(z) = h(z ) cg(z). I Theorem 7.24
A 3 A h(x),r(z) € Flzg] @ 7 f(z) = h(z) glx)+r(z) 29 r(@) =0
deg(r(z)) < deg(g(z)). & g(z), f(z) € I, = r(z) = f(z) — h(z) g(x) € I. 4=
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* r(z) #£0, %7 r(z) .17 - B g(x) degree & | e polynomial, &fc% 4
g(z) PEPApF F. i r(z) =0, ¥ f(z) =h(z) g(z) € (g(x)) O

2T kR Fla] 25 S A R B BN 2 A S ok 2 AR T -

BT,
Definition 7.2.7. 4 f(z),g(x) € F[z].

(1) % d(z) € Flz] £ % & h(z) € Flz] @ # f(z) = h(z) - d(z), PIFE d(x) £
f(x) = B divisor, 38 d(x)| f(x).

(2) # Uz) € Fla], 2 U2)|[f(z) * Uz)|g(x), RIF Uz) & f(x),g(x) =
common divisor.

(3) # d(z) € Flz] & f(x),g(x) 7 common divisor * degree # ~ 7 polyno-

mial, PIF d(z) & f(x),g(z) e greatest common divisor.

£ ;2 & 1242 greatest common divisor I 7 *&— . F 73 € ¥ greatest common

divisor #*TF common divisor * degree # = ¥ & & = {2 # 5 1 P polynomial, ¥

Bt ¥ & 2T greatest common divisor T*JEL— 3.

— AR A ey i AR it S B % 38 ;% ¢ greatest common divisor F !
K feipAg AP -1 * Theorem 7.2.6 35 I greatest common divisor I {8 3| H# A& 4

Proposition 7.2.8. % % f(z),g(z) € Flz], Pl % & d(z) € Flz] & & (d(z)) =
(f(@) + (9(x)) £ d(z) 5 f(x),g(x) & greatest common divisor

Proof. ¢ Theorem 7.1.2 #v#% . d(z) € Flz] # # (d(z)) = (f(z)) + (9(x)). #&=F
PEFEP B dx) € Flz] £ f(x),g(x) e greatest common divisor. 7 % % X £ &
d(z) & f(z), g(x) ¥ common divisor. #d F f(z) € (f(z)) C (f(2))+ (9(x)) =
(d(z)), #& ¥ & h(z) € Flz] @ # f(z) = h(z)-d(z). ~ ﬁ*»{;ﬁa d(z)| f(z). B3,
? g(z) € (d(z)) ¥ # d(z)|g(x). %+ d(z) & f(z),g(z) e common divisor.
R H B d(x) € &

( , i 3 e om(x),n(z) € Flz) @ # d(z) =
m(z)- f(z)+n(x)-g(x). #aF I(z) & f(x),g(z) 7 common divisor, T I(z) | f(z)
£ 1) | gla), T & (@), s(z) € Fle] # @ f(z) = r(2) @) 2 g(a) = s(z) - (z).

d(x) = m(z) - (r(z) - 1(z)) + n(z) - (s(x) - U(z)) = (m() - r(2) + n(z) - s(z)) - U(z).
- IT%{F’D l(z)|d(x). T 4e d(z) 2%7F f(z),g(x) 7 common divisor ¥ degree
- SN2 O

Proposition 7.2.8 # ¥ £ 37 [ 4c i@ 45 T| greatest common divisor, ¥ § + &#

pe AL A oreatest common divisor % £ & (2 F
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AN

Corollary 7.2.9. f(x),g9(x) € Flz] £ d(z) & f(x),g(z) 7 greatest common
divisor, B d(z) # & M T A 45

(1) # & m(z),n(z) € Flz] % & d(m) =m(z) - f(x) +n(z) - g(x).
(2) ®BK U(z) [ f(x) £ U(x)[g(z), AT U(x)[d(z).

- h- Boring ¥ A F LR AP I R unit ) F R, BlAch Z ¢ s
fRIAP R A 1 e —1 7] "1&1“’}?@ i Flz] ¢ 0 units £97F 220 0% 8 5
7 3% (Proposition 7.2.3), #7123V e 3 4 g v 5 I 0 divisor. Flpt AP LT
¥ A% %38 5% (irreducible element) 7 & .

Definition 7.2.10. ¥ jg Flz] * 57~ % p(z).

(1) #2438 L dw) | pl) @ d(z) € Fla), ¥ d@) = ¢ & d(z) = ¢ p(o),
2P 0£ceF, Pl p(x) - B irreducible element.

(2) #HELB L pa)| f(z)- glx) 9 f(x),g9(x) € Fla] & F pla)|f(z) &
p(z) | g(x), PIFE p(z) £- B prime element.

st

ii k- B irreducible element % 7 T % ¥ 12 B = 3 B degree ' T | 7
polynomial 73k ##. %% X irreducible v prime &7 A TR ELF - heh, 2 BT -
B EImE AP A Flo] ? &9 82 & 7 polynomial E_4p e e,

Proposition 7.2.11. & F[z] * % p(z) - B irreducible element, ?] p(z) &

B prime element. ¥ 2., % p(x) E— & prime element, P| p(z) - B irreducible

element.

Proof. 7 £ &% p(z) 4 irreducible B p(x) {prime - i‘u{?ﬁa&?}i ¢ Fv p(x)
A irreducible. =%~ p( )!f(l‘)'g(iv) AR pa)| f(z) & pla)]g(z). A
p(x)| f(z)-g(z) %7 & &r(x) € Fla] @ # f(z)- ( ) =r(= )P(x) ek p(a) | f(z)
7R B e 18 5| lrwga-im, AR T R p(x) f f(x) PR, BREAPL R
p(x), f(z) 7 greatest common divisor 4 2 % d(z). 4 ** d(x )|p( ) #&=d p(x) &
irreducible FPEX T d(z) =c & d(z) =c-p(z), E? 0#£ce F. A d(:c) E
3 cop(z), FRIY d(z) Ep(x), f(x) 7 common divisor * p(z ) d(z)| f(x)
(A& c & Flz] e unit). & 9c pla) f f(z) 3 5. F & d(z )— ¢, 4 Corollary
7.2.9 7% & n(z),m(z) € Flz] % L c=n(z) plx) + m(x) - f(z). E543 @k

cloglx) #

g(xz) = ¢ H(n(x)-9(x)  p(x) +cH(m(z) - (f(2) - g(x)))
= ¢ (n(z) - g(z) +m(z)-r(z)) - pla),
“r14p(e) [g(@).

3 L, —Z:" ¢ 4 p(z) £~ B prime element #* i & E P p(x) & irreducible. ~

RAEP F d(2) |p(e), B d(x) = ¢ & d(x) = ¢ p(x). %5 d(z)|ple) =7 & b



128 7. — 4 ¥ L& Rings

r(z) € Flz] & & p(z) = r(x) - d(z), » f]"*u{;fu p(x)|r(z)-d(z). %4 p(z) £ prime
R, AR p(x) |d(x) & p(z)|r(z). & plz)|d(x) B, %7 % & s(z) € Flao] 1
® d(z) = s(z) - p(z). ¥ BRABX p(z) =r(z)- dz)  dz) = (s(z)  r(2)) - d).
- )’I‘u{ﬁu d(z)-(s(x) r(x)— * Flx] m’ﬁ zero divisor (Proposition 7.2.3)
% d(z) #0, & s(z) -r(r) =1, ¥ s(x) % unit. ﬂ*umpfu s(x) B B ¥ #5550
¢, 7 i® d(z) = s(x) p(x) =c-plx). % plx)|r(z) F, 27 % & s(z) € Flz] i &
r(z) = s(z) - p(z). &4 plz) =d) r(z)=d)-(s(z) p(z)) # d(z)- s(z) =1
%7 d(x) & Flz] &0 unit, T d(z) = c. O

5 ;% BRIZF K, AMFER L 05 ER PR LRI Flo] 1. % R
Li7s € Rl Fla) © € 1 ‘frZ;[rgquvrer——A}ﬁ $39 WG B LA fRREA A

g#a unit m;ﬂ K 5@,£,T;K,,\ﬁ:\,laa ST R L A D . A Flo]
P # d(z) L f(x) @ divisor, T & M)eﬂ]%@ﬂ):a@wuxm%g
iF[l‘]ﬂZi—%&Oﬁj#ﬁtCﬂé\—rﬁ []mumt E‘;;J—i\‘.frsj‘—r.c—l.h(x)eF[.%].

Ftd f(z) = (c-d(x))- (¢t h(z)) B3I c-d(z) » & f(x) o divisor. *T 4 ¥ 7
F0£ceF, KA fRREEA PR d(z) o c-d(z) 7+ A f(z) - 9 divisor.
APFTE-BP2RER- B F D c-dx) XF f(x) D divisor. — &Y ff 2
PYREE c % c.d(r) 5B FIE GEE 1, FlF 0T DKL

Definition 7.2.12. ¥ f(z) € Flx] £ f(x) &8 =<7 ks 1P f(z) = - B
monic polynomial.
T — @ Lemma 4 2% 3£ P~ monic polynomial 4% .

Lemma 7.2.13. #3X p(x),q(z) € F[z] $85_monic irreducible element = p(z) | q(z),

Rl p(z) = q(@).

Proof. 4 ** ¢(x) &_irreducible, q(x) 7 divisor ¥ it 2% # ¢ & c-q(x) THAT)

. wd p(x) A ALY B (F]EK A irreducible) ¥ op(x)|q(z) TF R ce F ik &

p(x) =c-q(z). » & > p(z),q(z) ¥4 monic polynomial, ¥ * b § = 7 % e
RE_ 1. #%® c=1, F px) =q(z). O

aA PR Flo] v - &R LA AR

Theorem 7.2.14. B& f(x) € Flz] £ deg(f(z)) > 1, Al3 & c € F "%
p1(x), ..., pr(x), B¢ FE pi(x) £A8 R D monic irreducible elements, % &

fl@)=c-pi(x)™ - -p(x)", n; e NVie{l,...,r}.

bk f(a) T A RE T AR () = dqy@)™ gy, B dEF
(x) AR & 9 monic irreducible elements, Bl ¢ =d, r = s & 58 % #H %
FE¥# pi(z) =q(x), ni=m, Vie {1,...,r}.
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Proof. # i 4| * fr Theorem 7.1.8 #f i1 117 ;2 K ZE P . Theorem 7.1.8 * 3|7 #c &
Fropiz, oABE R A P ah? S H, 7 B AP degree iE B A KoK
Fla] 07 % & P #, #7137 104 degree # induction.

FahFEhl (f L f(@) T B TR R § deg(f(a) = 1 B
4% fz)=ax+b, B¥ 0#acF,*TAPF R fo) B a-(z+b-al).
AR x4+ b-a”! 27 LB S B degree /] ¥t 1 £ polynomial 3k, #2
r+b-a"! ¥~ ® monic irreducible element. *T/1 fizfin T i A & 2 B F
B EHTF degree /1 ¥t 1 v n — 1 & &7 polynomials 7 &l E = = e, MY g
deg(f(x)) = n Hi%. 4v% f(z) L irreducible ¥ # &8 5% 2¥c i o, 7"A a7 f(2)
% X %~ B monic irreducible element, *71 f(z) =a-(a"'- f(z)), 7 &t p K=
2. 4% f(x) * A irreducible, R4 f(z) = g(z) - h(z) & ¢ g(z),h(x) € Flz] &
1 <deg(g(z)) <n % 1<deg(h(z)) <n. w=fl* §F{ BX v

g(z) =cr-pi(z)™ - pu(x)™ F7 h(z) = c2 - pr(z)™ - po(2)™",
# 7 pi(z), pj(x) ¥4 monic irreducible elements, *f 4 #-4p I £7 monic irreducible
elements & & ## f(x) » 7 G AR LeHA) 50

#T RprE- M B deg(f(z)) =1, 9 3 f(x) =ax+b, Bri- fp a2
FF BRI T degree 177 1 fvn—1 & ¢ polynomials 38+ =, R4 g
deg(f(z)) = n PfFi. BX

N

f@)=c pi(@)" - pr(2)" =d-q(z)™ - gs(x)™,

29 cdeF,px) LAAME, g(z)~ L3 34E, 32 pi(x),q(x) 75 monic
irreducible element. 7 %%, ¥ > pi(x),¢;(x) A monic, “T14 ¢ fr d &%
A f(x) Bo® A D ikdc. — B polynomial hd § I iz ArE- i ¥
c=d. #%4d * p(x) L irreducible *7/ ¢ Proposition 7.2.11 &+ & % prime, #<d
o1 ()| F(2) = cqa(@)™ - go(a)™ o R B G (L) T pr(e)| (). B
- TORAENPETILEK pi(2)|q(z), &F1* pi(x) 7 qi(x) $54 monic irreducible
element ™ % Lemma 7.2.13 ¥ py(z) = qi(z). FI* N PP % f(z) b fRieh =

f(@) = c-pi(e)™ - pa(x)™ - - pr(2)"™ = - pr(x)™ - ga(2)™ - - gs(2)

BEABARERD copi(x), P TE

c-pu(@) - (pr(e)™ ™ pa(2)" - pp(2)™ = pu(x)™ 7 ga(2)™2 - gs(2)™) = 0.
d 2 copi(z) £0 2 Flz] & integral domain, #* i {#

ni—1 ng mi—1

pi(z) p2(2)" - pr(@)" = p1(2) q2(x)™ -+ qs(x)™ = 0.

Bt g(z) =pi(z)™ - pa(a)™ - pe(a)tr. @

deg(g(x)) = deg(f(x)) — deg(p1(x)) < deg(f(x)) =n
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g

g(@) = pr(@)™ " pa(2)" - pp(a)™ = pr(x)™ - go(x) ™2 - ()™

{g(l‘) N A E = L ETF PEBERNAPF r=52 pi(z) =q(x),...,pr(x) =

() M E np=my, ng=ma,...,np =m,, < FFEHE- L O

7.3. Polynomials over the Integers

>

o R A SRy T L E Y TG I T #ceh polynomials, & 4°F d R R R
% * P Ui #ceh polynomials. &— F 2 g 5 B fhdicfo 3 = % ¥ polynomials
B, BRI e R SR A BarE- A 21002 5 12 %D polynomial
ring g - A fR k] 7 F|EF T #ice polynomial ring fFE - A fR L

AL Qx| # 1 #TF 7 = %A#K polynomials #T= ehf & ¥ 4 Z[:c] Foom 7 B TR
# polynomials #7= hfk &, 6 © 4o Q[z] * - et 2 frk 2 ¥ A5 - B ring,
AP FE2 5 polynomial ring over Q. I AL FugE ) Zx] 4 A - B ring,
P42 % polynomial ring over Z.

Zlx) 20 f 1 fe Qz] H0fr 14k, 2Py ¥ & Z[z] ¢ T& degree (F & ¥
M Zlzl 5 Qlr] ehF B E). #rr Al o Lemma 7.2.3 49 g AT F
Zlz] £- ® integral domain. Z[z] f= Q[z] & % 9% F &_Q[z] ¥ “T7 ?3 0 i #
L unit, KA Z[z] ¢ 73 £13&3 B Y &S H unit. ©LF5 1% Lemma 7.2.3
ST AP Ay Z[x] ¢ Hunit B degree — A0, TR G OF A ¥ i A Zx] 0
unit, X @ FsL F“‘"“’}’ﬁﬁ’fr‘*& AP0 70 R unit 1 F A Z[z] 90 unit, » ,T‘u{
+1. FIP e AR P PR RS Ry B Z[z] ¢ A FERR K Boha 250 Y g

& Remark 7.2.5 ¢ A P& E Z[z] ¢ £i24 R RIL A0 A Q] ¢ T AT 4
CERILE R 090G ideal ¥R AL prmmple ideal (Theorem 7.2.6) ¥t Z[x ,T‘ LI & 5

FEAPET A Z2] " 3 - B (%27 % - B)ideal © # & principle ideal.

Example 7.3.1. 2 P& P & Zz] ¥ T = (2)+ () * & principle ideal. #3X
I '«kprlnmple ideal, % & f(z) € Z[z] & 7 I = (f(x)). 1 'lq* 2¢el, *PiET

2 € (f(2), * L& & h(z) € Zla] % L 2= h(z)- f(z). 11" degree § 1 7 4w
deg(f(x) —0 *q*a o f(x) - B¥ ¥k ce Z IFLé_'f"* xe[_()xr,;ﬂ
gw)eZ[]xéagx—cg(). L& ocog(r) @- B 5AN T NGE- LA PR
(W% g(x) € Z[z], #114 g(x) mx‘ﬁﬁz’&{ﬁ’rﬁi)‘ Fpd p=c-g(z) o iE- B

RN GEEZ A cBE Re pie- BIANTG pe-dEr H R,

# c|1 - ;T*u{c_:l:l ] c{umt Lemma 6.2.4 % 7724 [ = (¢) = Z[x], #
PEElel=(2)+ (z). 1I* (2) + (2) PEERFTTEE T F & n(z),m(z) € Zz]
#E1=2-n(x)+z-mx). & z-m(z) XF ¥E&E & 2.n(x) DF FIF - TE
2 R, T 2-n(z)+x-om(z) IR EE - AT i s 1w F n(z),m(x) € Zlx]
B l=2-n(@)+xz mx >7ix2, 45 5482»APHER T A principle
ideal, % # I = (2) + (z) * ¥ & & Z[z] 5 principle ideal.
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W R Z[x] ¢ Pideal 7 — A _principle ideal 78 A3t irﬂi%‘uz it & Proposition
7.2.11 07 2 7 3] Z[x] ¢ e irreducible element ij‘h{ prime element 7 . % i * i&
RFOETAEATEREHE Flap T V- E2 2V UENELR ORI e

A R-¢FEP & Zx] P 9 irreducible element f- prime element E_ip I 3 3 i 3
frngf;xfy N EN SR
SR E AR RAL SR 6 R T Z[2] fo Qz] Bt 07 R R AL Za] ¢ £ F

WA R LT f(r)=ao+arx+ -+ apa” € Zlx] & f(z) 4 fES degree
Vo] eh polynomials PR Z W, T AT BT AT Uk - B A Bk (F] L F
VD L LR L] ¢ g d - B oA fR) T oo A
BRR? X RGRE BT AL T g, a1, .., 0, GBS D FHOT ] ST
M EH g2 S

Lemma 7.3.2. # f(x) € Z[z] £- B2~ 0 9 polynomial, P f(x) ¥ *&E—- B =
f@)=c [, BE N, [(e) €Zla] £ fH(a) ikt 2 TEE L

Proof. § £#P 7 &tt: % f(2) =ap+arz+- - +anz™, 4 d = ged(ag,ay,...,a,).
d B X FEAE T a9 = d-by, a1 = d-by,. .., an, =d-by, 2 ged(bg, by, ..., b)) =1
BT f(x) B d-(bg+ bzt -+ bya™) B ATE FehA) 5N

BFEME- 12 BR fo)=c f(2), BY ceNZE f(z) € Z[z]. ¥ cF »
fr(x) e o8 Gk | e f(x) S0 Gk ag,a1,. .., an $8E R c PR K - j‘kc
ag,a1,...,a, D2 FE Aok c£d=ged(ag,ar,...,an), I fH(z) Siki? §
b djciz- B A G Fik, ““fr' f(x) 98 Glicendox 2 Fd#ch 1407 F.
“® d=c 4 ,J-;{F;,d f*(x) =d-(bg+bix+---+bya™). B % Z[z] 4 integral
domain, #* & f*(x) = by + bix + - + bya™. O

3 7 Lemma 7.3.2, & 5 1T HE &K,

Definition 7.3.3. % f(z) € Z[z] ¥ B = f(z)=c-f*(x), B¢ ceN, f*(x) € Z|x]
2 ofH(w) o EhE s 2 FlEAE 1. P ¢ & f(x) 9 content, 3= 5 c(f). F
fx) € Zlx] 2 c(f) =1, PIF f(x) £- B primitive polynomial.

BR olf) i f(z) 77 Tidesnde < 2 5l Lemma 7.3.2 #3573 P &
& f(x) € Z[x] $°7 72 B = £ content ¥ - ¥ primitive polynomial. # if* ¥ 2 #-
Lemma 7.3.2 £ 5 ] Q[z] 7 .

Proposition 7.3.4. ¥ f(z) € Q[z] £~ B2~ 0 ¢ polynomial, P| f(z) ¥ *&- &
* fl@)=c- fHx), B® c€eQ,c>02 f*(z)€ Zz] &- B primitive polynomial.

Proof. 7 £#PF 7 &lt: & f(x)=aytaz+- - +apx", 2? q,€Q. NP7
BI-2FEmEE m-fr)€Zx] (" FRE m oY g A DRH). ER
m- f(x) € Z[z] ¢ Lemma 7.3.2 c733 fiivriz &t FlHcag M2 f*(z) € Zz] £ ¢
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f*(z) & primitive polynomial, #& & m - f(z) =a- f*(x). & &
a

fa) =2 )
5 OrE e

I BAPEX f(2)=d ff(x)=d gx) 7 dd FmELL DG L
f*(x), g(x) € Z]x] ¥4 primitive polynomials. # d fv d’ » =& = a/b f= o/ /b, £
v a/’a/,abgb,EN- 5\‘?5?%’?"

(a-0) - f*(x) = (d"-b) - g(x).

ML (o) f(e), (@ 8)g(n) € 2] < Fla W beN 2 [(2),g(x)
#_ primitive polynomial, ¥ Lemma 7.3.2 & - 5 a0 =b-a' (Y d=4d) 2

ff(x) =g(z). w=HEFEE- 4. O

d Proposition 7.3.4, #* ¥ " J content PEERE I Qz], 1N HE-E
ER f(z) € Qlz] B flz)=c(f) f*(x), £ ® 0<c(f) € QA f(z) 7 content,
f*(z) € Z]x] #~ B primitive polynomial.

% f(x),9(x) € Qlx], E3E f(x)-g(x) 7 content, B F E_{*AF feehn, i
42 % B polynomial k # K #IEFEL LA L HE L DF ) APFFRAFL f(x) g(x)
1 content ¥ 14 f(z) v g(x) 7 contents E & K fr!-;%z? G, A i—é - B
B+ )T*Ui f(x) f= g(z) € contents A1 fii.

Lemma 7.3.5 (Gauss Lemma). ¥ f(z),g(z) € Z[z] 384 primitive polynomials,
Al f(z)-g(x) » - B primitive polynomial.

Proof. & f(z) =ana" + -+ a1x+ag, g(x) = bpa™ + -+ bjx + by, PR * K
BEEPE c(f)=clg)=1,c(f-g)=1. BK c(f-g)=d#1,2- F#p it ¥
pld, » ‘Tfu{p %’f“f f(z)-g(x) 7 el 2R F] o(f) =c(g) =1, &% % & a;, b,
®® pta; 2 ptbj. £ v Ao R E pta, (¢ :\I‘!rlip)[ar, EHEZL <7,
play), FARns o BBl B 7 prby, BER f(2)- glz) 2™ T
Z a; - bj.
i+j=rts

K'ITTOJ a b JJ:’F’-}if"'IE':""”’ai-ijW{i<1“ﬁ~*'l{j<s. EFRE i>rE j>s70
ﬁ“i—i—j>7’+3fj‘~"¢7‘?§‘§ﬁ€ itj=r+s 1. 40k j<rd A EPT | g
AT ERT plaicbj. PR, FE j<s* T pla b AT 2 f(z)g(x) P
s ;’?jgﬁﬁg{n/%ﬁ ap - bs M H B a; b, ‘F’K?%‘}tpiéf“,f. Ry A B pla, 2
Dby 5 plan by 4 LR f(0) - glo) 0t T R T A p B e
BAERK p VR f(x) g(x) F - SRGERAR §L R TR ofg) # 1, 4

v f(x)-g(x) + & primitive polynomial. O

% 7 Gauss Lemma ¥t - &0 f(z),g9(x) € Q[z], & i f‘—k'}i—_&ﬁﬁ%—;? v E

c(f - g).
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Proposition 7.3.6. # f(z),g(z) € Q[z] 3% 42% 0 7 polynomial, R
o(f-g) = c(f) - elg).

Proof. ¥ Lemma 7.3.4 ¥ # f(z) fc g(z) # & B = f(z) = c(f) - f*(z) fr
g(x) =c(g) - g*(x), £ ¢ f*(x) fv ¢*(x) 3% & primitive polynomials. #< ¥

f@)-g(@) = (c(f) clg) - (f*(@) 9" (@)

£ ¢ Lemma 7.3.4 # f(z) - g(z) ¥*&— B+ ¢(f-g) -h(z) 2 ¥ h(z) & primitive
polynomial. 8% Lemma 7.3.5 % %24 f*(z) - g*(x) A primitive polynomial, #<

d s - A £ (2) - g*(x) = h(x) L o(f) - elg) = o(f - ). .

BTORAPRN Zl] AR FARRA - T & Z] fr Q] ¥ SR
&. BT f(2),g9(z) € L], *"F°'\=“~f()\g()mZ[fU]%*ﬁ‘ﬁth(fﬂ)EZ[m]%
Logla) = h(z) - f(x). @20 f() | g(x) in Qz] %77 & & I(z) € Qlz] & X
g(a) = (s )-f(x). A4 7 A h(z) & K5 & Zf), B U(z) & & Qla] T
¥ (

S T RE R f(2) ] g(e) in Qe] & f(2)fg(a) in Zla] S,

Lemma 7.3.7. &KX f(z),9(x) € Z[z], & f(x) - B primitive polynomial, P
f(@) | g(x) in Z[z] &2 "% f(x) | g(z) in Q[z].

Proof. B3k f(z) | g(z )mZ[]%:r’?zi_h(x) Zlx] % & g(x) = h(z) - f(z). &
5 h(z) € Zlx] § A7 h(z) € Qla], &5 f(z) | g(x) in Qle). (L LA AP F
& f( ) & primitive 3K .)

£ F ()| gla) in Qlel, %7 ¥ & I(2) € Q] & & g(x) = I(2) - f(z). A1
fh,;né;’?_nf? [(z) € Z]z]. $1* Lemma 7.3.4 #-[(z) B = [(z ): c(l)-1*(z), &£ ¢ I*(x)
#_ primitive polynomials. ¥ ® g(z) = c(l) - (I*(z) - f(x)). f(x) = I*(x) oA
primitive polynomials, #§]* Lemma 7.3.5 &% [*(x) - f(ac) primitive polynomial.
£ f1* Lemma 7.3.4 - {5v ¢(g) = c(l). %] ¢(g9) €N, &=# ¢(l) e N, 2 =
(@) € Zfa], %9 1x) = ) - 1*(2) ¥ I(z) € Zla]. 0

e APL & RA-T AQ| ¢
w o f(x) & Qla] ¥ A fEE T flx) VB f(z) = g(z) - h(z), #
2 deg(g(z)) f= deg(h(z)) & /I * deg(f(x)). Bizx 2 7 f(x)
&= f(z) =m(z) n(x), ¢ mx),n(z) € AT
T35 1) en,

8,
—
in)
N
8,

T
D2
=
3
3
N
T
o f’:’r\'

|
=

=

@

B

E =
o

'1‘+

ﬂ'\

b2

R

f

Lemma 7.3.8. Bk f(x) € Z[z] £ f(z) = g(z) - h(z) 27 g(z),h(z) € Qlx],
Al s & m(x),n(z) € Z[z] % & f(x) = m(z) -n(z) £ deg(m(x)) = deg(g(z)) *
deg(n(z)) = deg(h(z)).
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Proof. {1 * Lemma 7.34 #v g(z) = ¢(g) - g*(z) & h(z) = c(h) - h*(z) & *
g*(x), h*(x) € Z[x] 2 $% A primitive polynomial. §1* Proposition 7.3.6

c(g) - c(h) =c(g-h) = c(f),

deg(m(z)) = deg(g”(z)) = deg(g(z)) *  deg(n(z)) = deg(h(z)) = deg(h(x)).
O

b Zz) ¥ A RS f(z) = m(z) -n(z), 27 m(z),n(x) € Zx],
2 m(x),n(x)  E_ Zlx] ¢ Funit. TRE X Fe TG 43 m(z),n(z) & Q[x]
] PE A ECRF AR T m(x),n(x) & Zz] ¢ F A unit,
#_unit 1. B4 2242 & Q[z] & irreducible & & Z[z] ¢
A2 241 & Zg] ¥ 7F A unit (2 2 & Q[z] 4 unit),
T8 2 4 2 fe Z[x] ¥ F A irreducible. &4 F ¥ Zz] ¥ ¢ irreducible element

fr Q[z] #7 irreducible element # F .

-+

T,

-

=

=
E
F_k
=

®RE— AP = &K T3] P irreducible element & - B 7 % v 7 divisor ¥ F unit
Fo A E R} unit &A A 43 Zz] P Hunit B 1 fo -1 A T
Definition 7.3.9. 4 p(z) € Z|x]
(1) # p(z) & Z[z] # 0 divisor ¥ F £1 fo £p(x), RIF p(x) & Zz] 5
irreducible element.

(2) FH#7F B X p(r)| f(z) - g(x) 0 f(2),g9(x) € Zlx] FF pla) | f(z) &
p(z) | g(x) PIFE p(x) £ Z[x] 9 prime element.

d BB XKRAPE L @I T 6 Lemma.
Lemma 7.3.10. X p(x) € Z[z] £ deg(p(z)) > 0.

(1) # p(x) - B dirreducible element, R p(x) E_- B primitive polynomial.
(2) # p(x) £- B prime element, P| p(x) £~ B primitive polynomial.

v

2 pi(a)
deg(p*(z)) = deg(p(x)) > 0 ** ¢(p) =1, # ¥ p(x) & primitive.

Proof. (1) B3 p(x) &_irreducible. F| p(x) = c(p) - p*(x), £ ¢ c(p) € N C Z[x]
€ Zlx], T c(p) #_ p(z) - B divisor. @ p(x) & irreducible %
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(2) B3 p(z) & prime. ¥ p(z

) ) = c(p) - p*(z), 7= p(x) | c(p) -p*(x)- d
p(x) & prime m'wﬁ, S p( ) IC( ) & p(x) |

*( ). d 3 deg(p(z)) >0 % ¥ iy
p(z) | c(p). = p(z) * PG B Nz) € Z[a] R F p(z) = AMa)- ()‘
wi® pH(z) = (M=) c(p)) p*(:v) 1+ Z|x { integral domain % p*(z) # 0 v
Az) - clp) =1. + %ER \z) fr c(p) & Z[z] 77 unit. & d T&H c(p) LT ik,
mE# Nx)=c(p)=1. » %‘u{?’u p(z) & primitive. O

dead B E P gk APR-EEE L Zx] ¥ 9 irreducible element fr prime
element #_ - ke, d Z[ | L #7F 7 ideal ¥ principle ideal L F, 2 i3
B * A g enD e Bl A PR Q[z] P ¢ irreducible element ek T
JedZ AT AR & L f2 & Z[z] P 7 irreducible element fr Q[x] ¥ 7 irreducible

element 2. ¥ enff %

Lemma 7.3.11. % p(x) € Z[z], deg(p(z)) > 0 2 p(x) £—- B primitive polynomial,
Al p(x) & Qx] ® 7 irreducible element % £ *&% p(x) 4 Z[x] © 7 irreducible

element.

Proof. 7 % BX p(x) & Z[m] ¥ i irreducible element. 4% p(z) & Q[x] ¢ 7
ﬂ;lrredumble element, # 7 ¥ & g(z), h(z) € Q[z] % & 0 < deg(g(z)) < deg(p(x)),
0 < deg(h(z)) < deg(p(z)) & p(x) = g(z) - h(z). f1* Lemma 7.3.8 i3 &
m(x)m(x) € Zfe) * deg(m(z)) = deg(g(x)), deg(n(x)) = des(h(z)) # T p(z) =
m(zx) n(zx). » ih{;fu m(z) & p(x) 7 divisor. & 0 < deg(m(z)) < deg(p(x)), #<
om(z) #£1 2 m(z) # £p(z). 2o p(z) £ Z[z] - B irreducible element
EApA AL &4 p(z) + A Qlx] ¥ 7 irreducible element.

F 2% p(x) % Q[z] ¢ 7 irreducible element. % p(z) = m(x) - - n(z), & *
m(x),n(x) € Zlz]. 4 p(z) & Q[z] £ irreducible FPEKX 4 m(x) frn(z) ¥ 7 - B
H_Qlx] 7 unit, T F # ,T*u'F» m(z) =d L% & 5] m(z) € Zlz] & d € Z.
d p(z) =d-n(z) 7 d & p(x) 5 Glceh Flfc, e @ & p(z) £ primitive, ¥
Fd=£1. » A5 p(x) 9 divisor ¥ v £ £1 e dp(x) L8755, & @ p(z) &
Zlz] * &_irreducible. O

d 2 Q A - B field, #T10 — & ¢ Flx] et %‘”’K” o Q] b AR
* Q[z] ¥ # irreducible f prime & - ﬁm # 3| & Z[z] ¢ 0 irreducible fr prime

5 H - e,

Proposition 7.3.12. B3X p(z) € Z[z]. & p(z) & Z[z] ® 9 irreducible element,
Al p(x) E_Z[x] ° 7 prime element. ¥ 2., & p(x) E_Z[z] ® 7 prime element, P!
p(z) & Z[z] ® 7 irreducible element.
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Proof. B £A X, % deg(p(z)) =047 p(x) e Z A~ BH# NP wh 775
irreducible fr prime #_— & ¢/ (Proposition 7.1.7), #7234 7 £ & B < deg(p(z)) >
R,

B A BK p(x) & Z[z] ¢ 9 irreducible element. ¢ Lemma 7.3.10 # 3
primitive, 7 d Lemma 7.3.11 ¥ p(z) » & Q[z] ¥ 7 irreducible element. £ o
Proposition 7.2.11 4v p(z) % Q[z] ¥ 7 prime element. ¥ f(z),g(z) € Z[z] £

p(x) | f(x)-g(x) in Z[z], ¥ Lemma 7.3.7 4= p(x )\f z)-g(z) in Qlz]. #&d p(z)

Q[z] A_prime # ()|f()JC p(z) | g(x) in Qz]. # ¢ Lemma 7.3.7 4 p(x) | f(
& p(z) | g(x) in Zx] rkv’b p(x) £ Z[z] ¥ 7 prime element.

8
~—

m

k2 ,-{s p( ) ®_Z[x] ¢ “prime element. % p(x) = m(z)-n(z) &7 m(x),n(z)

[«’E] Rld > p(z) | m(z) - n(z), ¥ # px) [ n(z) & p(x) [ m(z). # pe) [ n(z), *
% & Aw) € Zle] # @ n(a) = M) -pla). 9

d n(z) #0 ™% Zz] & integral domain, # A(z)-m(z) =1. ~ EI‘*L»{?L m(x) i

Zlz] 1 unit, ¥ m(z) = +1. B F p(z) | m(x) ¥ & n(z) = £1. FF& p(x) P
divisor 38 & £1 fv £p(x) &f7) 5", 7 p(z) £~ B irreducible element. O
RERFEN Zx) L ovea- AREFEDN T - RBEL wg &P ApPgEpE- L

JRIEF LG * B|* - B ideal ¥% AL principle ideal P27, & A% F|4e Proposition
7.3.12 ¥ # @ irreducible element %_prime PEF . 4ok G HNER d 2 f() fo
—f(z) PR L - B fEL NPT RS gEF LI BT B #ich polynomial.

Theorem 7.3.13. % f(z) € Z[z] £—- B3 5 0,1,—1 2 &3 =07 G#c 1 Fl#cn
polynomial, Bl % t pi(2),....pr(x) € Zz], £ ¥ &L pi(x) L Z[2] * 3 5 4p R 2
BB =R R BE_T B 8D drreducible elements, i &
flz)=pi(x)"---pr(x)", mn;eN,Vie{l,...,r}.
ik flr) THARE T A S f(@) = (@)™ g™, A SR gl

)
< E_Zx) ¢ A A ApR 2 By X Gl A L FHD irreducible elements, Bl r=s 2 5§
WHRBERET E pi(x) =q(x), ni=m, Vie{l,...,r}.

Proof. 7 £#F 7 &t + ﬂ}{f B35 B Z[x] ¢ irreducible elements
kA, AR ($ degree) * &%Eﬁ F\/f KM 'FN‘/‘: deg(f(z)) =0, %1 f(z) €

2 3 & unit, #xd Z L fRIEF (Theorem 7.1.8) i A fo) FRSF IR
irreducible elements 73k #. RIEK 5 |2 ¥ degree A rWpolynomlal o

% deg(f(z)) =n P, % f(x) j\f/fx—\lrredumble, Falkp RS2 W f(x) A
A_irreducible f{H iR & ¥ . S PRI R & Zr] ¥ - B polynomial &_irreducible
FA AT - T UHFA B degree Y #-| 17 polynomials R (Hdem b
Benol3 204 2) FEA RS f) B @) =) fa) B0 1) € Zla]
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#_primitive polynomial. # ** ¢(f) € N, £ - =t 1 * Theorem 7.1.8 #* ¢(f) =1 &
A7 0B 23 TS B irreducible ¥ #ic polynomials Pk . TP R FIT F G
(o) {? B3 LS B irreducible elements 7k f. & f*(z) A irreducible P
FAaMp ARX A2 @ F ff(x) * 4 irreducible F¥, Lemma 7.3.11 % 32

) & Q[z] * & irreducible, ~ ,]* A fH(x) =g(z) -h(z) B¢ g(x),h(z) € Q]
d

T 0 < deg(g(x)) < deg(F(x)) " * 0 < deg(h(x)) < deg(f()). ¥ Lemma 7.3.8
% tm(z),n(z) € Z[e] 2 deg(m(x)) = deg(g(x) "4 * deg(n(x)) = deg(h(z)) ¢

) = mle) (o). # % dogln(s) < dg( ) = 72 egln(e) <. <3
B2 Bk v om(x) fron(z) $°F B+ 5 "7 B irreducible elements 3k A, Fl
?5'%3_ [H(x) ¥ 2B 23 S B irreducible elements sH%k fi, = f(x) = (f)f*( )
B *F TS B irreducible elements %k fi .
INE - AP R FF N2 AL F deg(f(x) =0, F f(z) €N,
¥ 14 * Theorem 7.1.8 ¢vi — P {7 vl — 12, MK E— H degree /| ¥ n

polynomial ¥ = = . ¥ deg(f(z)) =n ¥, &
f@) =pi(@)™ - pr(@)" = quz)™ - qs(@)™,

HY pla) 3SR, gpla) S LA S HE, 52 (), qi(e) BT[] ¢ A
% B H_ B #icen irreducible elements. @ %t deg(f(z)) > 0, wF pi(x) ¢ % F R
polynomial # degree = ** 0, SLE {53V £ 2 5 py(z). Proposition 7.3.12 & 3754
7 pi(z) & Z[z] 2 prime element, 2 pi(z) | f(z) F+, ¢;(z) 7 - polynomial
f# pi(e) B, SERLATL LS q(2). ~ ;T*‘kpfu () | q(z). Ba ¢ (x)
A_irreducible, # divisor ¥ 3 +1 = £q;(z). * F1® & deg(pi(z)) >0 2 pi(z) fr
(o) BT A LR A, S i (2) = (@), T T e () <0
(RN

f(@) = pi(@)™ - pa(2)™ - pr(@)" = pr(2)™ - qa(2)™2 - ()™
BrPABALED p(x), T E

pi() - (pr(x)™ 1 pa(a)™2 - pr(@)™ = pr(2)™ - ga ()2 - go(2)™) = 0.

d 3 pi(x) #0 2 Z[z] & integral domain, #* * ¥

pr(@)" 7 pa (@)™ - pp ()™ = pi(x)™ T ga(2)™2 - gs(2)™ =

b g(z) = pr(z)Lopa(x)2 - pp(x). o 3T F A7 E B pi(z) & Edeg(py(x)) > 0,
=t

deg(g(z)) = deg(f(x)) — deg(p1(x)) < deg(f(z)) =n

=

g(@) = pr(@)™ " pa(x)" - pp(a)™ = pr(x)™ - go(@) ™2 - ge(2)™

L g(x) e AR wfI* FR2ZEXATF r=52 pi(z)=q),. .. p(2) =

gr(z) ™ E np=mq, ng=ma, ..., =m,, < EFEE- |2 O
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? Theorem 7.3.13 #v Z[z] ¥ 7 irreducible elements fr"‘uiﬂ"ﬂ»’“ Z ¢ -tk
E&. ¥- 23 fl* Lemma 7.3.8 % %3724 & Zz] ¢ ¢ irreducible element %
Qlz] ® # #_irreducible. FI* 3t Z[z] ¥ 7 Y& irreducible elements ¥ - # £ &
kA B ST f(x) € Zlx] & F|ETH {? & irreducible I % F % . T A4

% - FE7 T UFERE - % 90 polynomial &_ irreducible.

Proposition 7.3.14 (Eisenstein Criterion). %

fx)=a2" 4+ ap_12" 4+t ayz + ag € Z[z],
BY n>0 BERFE- FlHpeN B L
plag,plai,....plant & p*fao,

Rl f(x) & Z[z] ¢ 9 irreducible element.

Proof. @ ** ¢(f) =1 #71% f(x) & primitive polynomial. F]* & P f(z) &
irreducible in Z[x ] RGP f( ) * ¥ i B A A B degree °] T n 7 polynomials £
FAE. AP R EERE

Bk f(x) =g(@) h(z) £ 7

g(x) =ca"+ - tartc €Zx], 0<r<n

=

h(z) = dsx® + -+ dix+do € Z[z], 0<s<n.
T g(x)-h(x) ¥ EF co-do=ap. ¥ BK plag=co-do, % p|co & pldo.
KRmx —'z‘r'p2J(co-d0, ey frdg B rE Ay - Tﬁ;iﬁpﬁgxﬁ' ;hfpeiﬁ,fﬁa{CO v |
'T‘}‘L{?’LP|CO ® ptdy. MEBER g(x)-h(z) - 7 kB ey -dy+c1-dyg=ay. ¥
Bk plag AR Brodpog T @ pledy. A phdy el ple. Efk-
ETAAPET FFREEN plo. s ABRE T pleg,plen..p| e,
AP gET ple,. Y E g(x) h(x) 2" 3 Gl

co drtcr-dri+ -+ o1 di+ oo do = ay.

GEBFR-E s<r, R RELL dyy1=---=d,=0)d ¥ 0<r<nw™pla,,
Bt BRRR plcororp| e, R plodo ST pldo, &FE p| .
RAA I o g(o) - h(o) e % BEE (T f(2) 60 n HE)

cr-dg = 1.
SFErghd ple AV REI ¢ dy =1 FIEFIS R, S )I}{vhf A_Zx]

i1 irreducible element. O

BigAPEY -7 d Lemma 7.3.8 (2 Lemma 7.3.11) 3 i 4vif # & Proposition
7.3.14 9 polynomials & Q[z] » &_irreducible.
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7.4. Quotient Field of an Integral Domain

i gRaiE Z {integral domain @ Q ¥_field. ¥F + Q £.¢ 7 Z ] e field.

ARG R L Z E D Q 0 2 3] {9 integral domain D.
& 2_iZ X P integral domain D, 4 S = {(a,b) |a,be D, b#0}. 7 L3N H-b

S ¥ ¥ - B equivalence relation. ¥3+ § ¥ &3 % (a,b),(c,d) € S, A £
(a,b) ~ (e,d) #2*&EF a-d=c-b.
¢ LHigfh relation ¥ 32 F4E, * FINUBHEQ P PELZAEZFT BT /b £
c/d, 2% abjc,deZ 2 b#0,d#0,78Fp RF a-d=c-bie— BM RS,
NP EBE ~ i&- B relation - B equivalence relation:

(equivl): ¥#7% e (a,b) € S, @ * D & - & integral domain *7 ™ com-
mutative, & a-b=">b-a. T EE (a,b) ~ (a,b).

(equiv2): #° # (a,b) ~ (¢,d), * P REEF (¢,d) ~ (a,b). ¢ (a,b) ~ (¢,d)
APF a-d=c-bie- BMES. 7 REF (c,d) ~ (a,b) P LFLT
c-b=a-d, LefrBEX DM G, T (¢,d) ~ (a,b).

(equiva): # 4 (a,) ~ (c,d) * (cd) ~ (e, f), % 1'% & (a,5) ~ (c, f).
BB R AP

a-d = (7.1)
c-f = e-d (7.2)

S

Bgew it t (71) fo(7.2) @ B M RS EF5 o f = biEBH ENR? F
LM (7)) DESIERY F 7 (a-d)-f=(cb)-f=(cf)b £
P33+ (72) F (a-d)-f=(e-d)-b,» )T-‘faamd-(a'f—e-b)zo. 71 d#0,
2 D ixF zerodivisor (%% 7 D #_integral domain), #= ¥ a- f =e€-b.
WM ~ S ¥ h- B equivalence relation, # [AF R =iel 1
Yoo RAEL E (0,b) €S, AL [a,b] A4 E S P F e (a,b) b AR F S
&L L S RS AR R TG & Y 1}“,@ S ¥ n 3 [a,b]
AN 2 qbeD X b£0, M2 F (a,b) ~ (cd) Al S P Ja,b] =|[c,d].
MENPREAES Y LEAEfrRE. £ (0,0 €S2 [e,d el M
[a,b] + [c,d] =[a-d+c-bb-d ™% Ja,b]-[c,d=]a-cb-d].
PR AEEER B foRE AR < Tty N A Bk e oz A
Mk, L AR FITE T - ‘}5%}&5’-\4@ e & otk Lt 2 fr k2 & well-defined. §
A& Ag b DGR TP (0,0 + e, d] fo [a,b] - [e,d] €SP, fj‘uﬁlﬁu b-d+#0.
d b#£02 d#0 ™% D 4 integral domain, § A7 # b-d#0. &7 K&
L HEE [a,b] = [d,V] 2 [e,d] = [,d], B [a,b] + [c,d] = [a/,b] + [, d] ™ %
la,b] - [e,d] = [, V] - [, d]. A& TRNGRE [a,b] + [c,d] = [d/, V] + [, d] F3 &
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(a-d+c-b)-(b-d)=(d-d+-b)-(b-d).
Kafl* q.b=ad-b"% c.d=c -dF
(a-d+c-b)-(t-d) = (a-V)-(d-d)+(c-d)-(b-b)
— (ab)-(d-d)+ (- d)- (VD)
= (d-d+c V) (b-d).

:3"-‘
2
ycl

WA [a,b][c,d] = [, V] [d,d] T &Z%#E (a-c)-(V-d)=(a ) (b-d).
ffﬁﬁﬂ"* a-b=a-bM% c.d=c-d%¥

(@a-c)-(/-d)=(a-V) (c-d)=(a"-b)-(-d)=(d-)(b-d).

TR ST AR A o, AP RER S EFE- B ring ¢ PR
’fﬁﬁ (R1)-(RB). - i ¢ ik A8 R % iipt, B AT A IFMIWE 9+ S
# - # commutative ring with 1. # ¢ S &0 & [0,1] & 1 & [1,1]. &+ M
* Va,b] € S Pl [a,b] +[0,1] = [a,b] & [a,b] - [1,1] = [a,b] #EF. 23§
#_ commutative ¥ ¢ D #_ integral domain K Fv D #_ commutative #< ¥
[a,b] - [e,d] =[a-c,b-d] =c,d] - [a,b].

A g (R EP S 8- B feld, + ERHELD 0,0 €52 [o,8] #[0,1]
T3 E] [e,d €S #F [a,b] - [e,d] =[1,1]. Fl& [a,b] 7$ [0,1] #& 4T a #£ 0, #7714
[ba] € S. %% % #4 [a,b]-[ba] =[a-ba-b]=[1,1]. B2 K EZ § ¢ 2
F* #0 A unit, #F4 S E- B field, & P2 5 D 9 quotient field & fraction field.

D 1 quotient field § § — B & & chft FF ,T%{T/’ H.¢ 7 D | e field. ife%‘i’“ﬁ
BEFAPERP - T ANPREL l*ﬁit" i ¥ #-3 B isomorphic P & 7 = 4
-tk T F 5511";‘2)1 Ereng 7 D, B kwmpzisr - B subrmg i
D E_isomorphic. *T ™ &AL #73] S *«ié’ 2 D -] e field % 7 %" F & - B field

£ % — 1 subring f= D isomorphic, B] F * 7 — # subring fr S isomorphic.
RS fra k| D ¢ 3T 1 quotient field.

Proposition 7.4.1. B3k D - ® integral domain, * % S E_D ¢ quotient field,
pIF $ 5 - BHE_D | S 1 injective (— ¥ - ) ring homomorphism .

Proof. 48 ¢: D — S T&FHE L aeD, ¢a)=[a,1]. ¢ % a,be D Pl

¢pla+0b)=[a+0b,1] =a,1] + [b,1] = ¢(a) + ¢(b)

=1

¢la-b) =la-b,1] = [a,1] - [b,1] = ¢(a) - H(b).
tcir ¢ E - B D ¥ S 7 ring homomorphism. 1 * &% ¢ £- #-, APpx
L4 4 ker(¢) = {0}. 4 3 ¢(0) =[0,1] %4 0 € ker(¢). % a € ker(¢), % 7T
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d(a) = [a,1] =[0,1]. I* =&, [a,1]=[0,1] %7 a-1=0-1, %=F a=0. FI* ¥
7 ker(¢) = {0}.

O

% A Theorem 6.4.2 % 7734 D/ker(¢) ~ im(¢) ® Proposition 7.4.1 £ 3 #%
ker(¢) = {0} F1* ¥ D ~im(¢). & & im(¢) £ S 7 subring (Lemma 6.3.3), & 4v
D e D # quotient field S ¥ - i subring £ isomorphic. #F kA P& P D
7 quotient field #_7 i B #F {2 & ] i field.

Proposition 7.4.2. B3% D - ® integral domain, £ 4 S %D 1 quotient field.

F F A~ field #° ¢ 7 - B subring = D isomorphic, | F ¥ » F — B subring

1= S isomorphic.

Proof. ¢ & 43 &~ B - # - ¢ ring homomorphism ¢ : D — F. % 4] *
$B ¢ i ¥ - B- - 9 ring homomorphism ¢ : § — F.

HiEdhab el 2P Y(a,b])=d¢a) o). FRERAPERE o £
% well-defined.

FAAPRE (a,b]) LEEF P hAE. 43 [q,0] €S, T b#£0, Fltd
¢ E-H-wpb) LEF P - BAER R F, wd F A field SRR o
dp(b)te F. &=®# (a,b) =¢(a) - ¢p(b) L eF. HFE®RALTEF [0, = [c,d]
Al ([a, b)) = (e d]). (£ FHAL: § AP BIEPFiod: LRELDEF D
ForiE AvE- | A - {Q%ﬁﬁk@ - ~ZH2 Pk TiE §HRPHIIRDE
PR S el )I-‘u{\a’u? a-d=c-b, B 4HAT

6(a) - 6(b) ™" = ¢(c) - ¢(d) .

ma it ¢ {ring homomorphism Tpla-d) = d(a) - d(d) £ ¢(c-b) = ¢(c)-o(b). #=
4 ad=cb? qb(a d) Jf’kpfu(b o(d) = ¢(c)-p(b). + 3 FEF
¢(d)~" - p(b)! ( ~ ( ) 1“-" ( ) # 3 E200) 7 # ¢(a)-H(b) ! = ¢(c) - ¢(d)
Flt ¢p - B well-defined 75 #c.

BT AAPR o £- B ring homomorphism. ¥ E & 1 [a,b],[c,d] € S, & o

=3

N E N

Y([a,b] + [, d])) =¢(fa-d+c-bb-d)) =d(a-d+c-b)-¢(b-d)~*

=]

¥ (la,b]) +¥([e, d]) = d(a) - 6(0) ™" + () - H(d) .
A f1* ¢ & ring homomorphism, &+ ¢(b-d) = ¢(b) - p(d) #* P %% * 5%
$la-d+c-b)-¢(b-d)™" = (a) - ¢(b) " + ¢(c) - p(d) .
i

¥(la, bl + [¢, d]) = ¢([a, b]) + ¥([c, d]).
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e IR ¥ 2F
w([av b] ’ [C’ d]) = ¢([a ¢, b- d]) = ¢(a’ ’ C) : ¢(b ’ d)il = w([av b]) : 1/1([@ d]),
A ) #_— 1 ring homomorphism.

BRAMERE QK- o - RARKE ker( ) = {0, ]} B3t [0,b] € ker(1),
o w([av b]) - (25(@) : ¢(b)71 =0. &+ ¢(b) & v iF ¢( ) fe d % é ¥ - %t

%4 acker(d) = {0}, @ a—0. PR 0= [0.1] www v - %
o O
.4 r1is % § & D e quotient field, 2 i - 5 g D@ g S, 4 T‘K;’"z‘

[a,1] B =+ a. F AP [a,b) €S EEB Y afb



Chapter 8

Integral Domain } 4

IR

ANPERAER L - AT B hE R Sring FI{ - RARIR, Rig- F ¢ AP ring
A% A integral domain. * R FIRiE- FOp FF A FEL, PR
SRR A E R

8.1. Divisor

% integral domain A& 7~ % 4 f& < U3 R fiE A R ij‘%{ irreducible
elements fr prime elements. #% 7 #-5 & 3L m?ﬂ? E AN NP S e

HAA PRI - BAEOFEE- B NPT

Definition 8.1.1. 4 R ¥ - & integral domain ¥ a,d€ RE R *® % B2 5 0 P
AF kT reRB L a=d-r,lfd % a R - B divisor £ 35
d| a.

v A - T % R % integral domain £ d € R, | (d) ={d-r|r e R} #rrd -
BEHEAPRFI T d|aPEEF ac (d) RmE ac (d), d (d) % - B ideal
THEZSDreR Y a-re(d). =t (a)g(d). FZ2_FE (a)g(d),f) ae(a)
ﬂw@é@)ﬁaémae@ogfﬁggg (d), FIot 200 F 11T

Lemma 8.1.2. ¥ R # - % integral domain £ a,d € R\ {0} . Pl d|a %2 &%

(a) < (d).

Lemma 8.1.2 &’El"ifs?ﬁf‘f WmERF,vVEFAPAE Fﬁmf"'“ffﬁg DERSRE ¥
ideal FFene Z M . NUEAPEHELS ~ZF mﬁﬁffﬁ@lﬁfﬁ“ 3% P2 % divisor
EEE & Y%L Awgwwﬁlwmm&ﬁi%ﬁ,«%ﬁ%m@%*%{ﬁﬁ*%

g 67,

143
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FacRZ a#0, APz 2L R ¥ - B unit §7¢ L a
- B divisor. &&d * % u £ R ¥ ¢ unit, ? (u) = R (Lemma 6.2.4). 4
(a) CR= (u) Toyla ¥- 36 F u A unit B, a-u~+ & a P divisor. i+ ¥ d
(a-u) = (a) (Lemma 6.5.4) # Lemma 8.1.2 8 * # 3| u fr a-u &4 a 7 divisor
Hoa s fEiRg A AFe AP L a9 trivial divisor. ™M T Lemma E_3F 3

a-u B a 0 trivial divisor v a @ f H B %
Lemma 8.1.3. £ R #- B integral domain £ a v+ b & R & B2 5 (0 ch~
%. A= q e b hB R EE G

(1) FhueRERD- B unit %L a=b-u.

(3)a\b ® b|a.

Proof. (1) = (2): ¥ ¢ Lemma 6.5.4 * (a) = (b).

(2) = (3): ¥ ¢ Lemma 8.1.2 E $&4& (¥,

B)=1): " a|lbrrrrreREEF b=a-r,£d blawFi ' cRZAT
a="b-7. &

a=b-r"=(a-r)-r"=a-(r-r).
4 gL

a-(I—r-ry=a—a-(r-r)=0.
fI* a#£02f R A~ B integral domain, # r-r' = 1. # o ER o L R - B
unit. ]

B0 AR A% Lemma 8.1.3 ¥ Al k- BaIRS L

Definition 8.1.4. ¥ a,b€ R\{0} £ ¥t ue REZR ¥~ B unit % La=>b-u,

PIFE a v b AL associates. 3 & a ~ b.

f1* Lemma 8.1.3 ¥ e (2) 4P g~ b F 2 FEFE (a) = (b), frrl B bR A
#_ - 1 equivalence relation.

¥ RE- T e Z ¢ NP Eq,b 7 greatest common divisor & a,b 7 common
divisor ¥ &% @ A Fla] ¥ 2 2 f(x),g(x) 7 greatest common divisor #_
f(z),g(x)  common divisor ¥ degree # = &7, f - #0 integral domain &_#&
i T %] & degree . 7 W A A% 0 greatest common divisor % — B &
i F (42 Corollary 7.1.5 (2) ™ %2 Corollary 7.2.9 (2)), # (AR IB R U &

integral domain ® 7 greatest common divisor.
Definition 8.1.5. ¥ R #_- B integral domain, a1,...,a, % R * 2L 0 =~ %.

(1) # ce Rd & cl|a;, Vie{l,...,n} PIF c & a1,...,a, - B common

divisor.
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(2) #de R E ay,...,a, 7= B common divisor £ % LHE L a,...,a,
7 common divisor ¢ ¥ % & ¢ | d, PIF d & ay,...,a, - B greatest

common divisor.

¥ u AR ¥ unit, Pld % (u) = R (Lemma 6.2.4) ¥ *#E X ay,...,a, ¥
¥ (ai) C (v),Vie{l,...,n}. ~ »?u{;fu ula;,Vie{l,...,n}. /& R ¢
unit $% 4 a1,...,a, 7 common divisor. # i ¥f - 4 ¢ integral domain, ¥ &
7 qy,...,a, B greatest common divisor A% F %, & F & H greatest common
divisor + # - TrE- (& Flx] E"f‘l‘]%‘i‘ﬁ,’j“nl{— Bl VA EIR DL AL THRZT Z
¥ £ greatest common divisor = Section 7.1 ¥ Definition 7.1.3 7 greatest common

divisor 48 £ 7 — B & f 5L & F A P74 greatest common divisor A & (2 F

Lemma 8.1.6. X R & - & integral domain.

(1) B dfcd ¥ 5 ay,...,a, 7 greatest common divisor, B| d §= d' asso-
ciates.

2.

(2) BK R ¥ EA B220 =% greatest common divisor 3 &, Bl R ¥ E§

n B 2% 0 ~ % 7 greatest common divisor » F .

Proof. (1) % d fvd’ ¥ %_ay,...,a, 7 greatest common divisor, R d % & d &
ai,...,a, 7 common divisor. £ f1* d &_aq,...,a, 7 greatest common divisor

FEd|d. FE d|d #1l* Lemma 8.1.3 v d~d.

(2) B R ¥ i @220 ~ 4% D greatest common divisor # ., # 7 f * H &
ET?P\ EEPEZL n B0 72 ay,...,a, 97 greatest common divisor » # . K
XEL n—1B2L0 ~% ay,...,a,_1 7 greatest common divisor ¥ &* 5 dp.
Fl dy fra, #4 R 7?2t 0 ~ %, d BEXFH greatest common divisor F . 4
d & do fr a, £ greatest common divisor, #* * & M d % ay,...,a, 7 greatest

common divisor.

Brd d|dy 2 dyp & ay,...,an, 7 common divisor v d | dy | a;, Vi €
{1,....n—1}. £4¢ dla, ¥ d & ay,...,a, 57— B common divisor.

BFE cia,...,a, - B common divisor, B ¢ ¥ R4 _a1,...,ap_1 - B
common divisor. #&d dy & ay,...,a,_1 7 greatest common divisor v ¢ | dy. #

% 2 c4_dy fr a, - B common divisor. ¥d d &_dy fr a,, 7 greatest common

divisor ¥ ¢ | d. Fl¢td & d E_aq,...,a, 77 greatest common divisor. O

B 1 AP & & irreducible element fv prime element. Irreducible _7 ¥ 4 f#

RN, T 2 %‘u{“ﬁ? 7 trivial divisor X F # i 0 divisor.

Definition 8.1.7. 3% R #_ - # integral domain.
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(1) % a {R #enZh 0~k 2% K g <0 divisor 38 AL trivial divisor (« i*u‘«‘?-\
F d|aR dE- % unit & d~a), Pl a £ R - B irreducible
element.
(2) F pER?PPE)AFIHELBLp|c-dPe,deRF T plcd
p|d, RIFE p & R c9— B prime element.

1 % i irreducible element v prime element e E & A~ F % e Hp
TR ES AR e, 2T 8% 2 AP & integral domain 2 T

prime element — Z_#_irreducible element.

Lemma 8.1.8. B3 R &_ integral domain. % a € R - B prime element, ?| a

= H - B irreducible element.

Proof. 2 d | a, &% #% a 4 irreducible ;T*{'@ ZM d ¥ - B unit & d~a. ©
Wdla, mErktreRB  a=d-r. 1A PF a|d-r. FI* o & prime it
Fioa|ds al|r. 4% a|d, 4 d|a PEKYE Lemma 8.1.3 r d ~ a. 4%
a|r, BHd Lemma 813 T an~r. #aFEHE, T B unitu 8% a=u-r.

d g=d-r=u-r "% R ¥ - # integral domain v d = u ¥ - B unit. O

oo Y GHREN P E BT ideal B kR B~ F ﬁ':"mg“,f B %. T % 9 Lemma
i-*'uf?\% #7249 irreducible element = prime element *74& 2 ¢ principle ideal *7¥t

Rt

Lemma 8.1.9. &3k R & - B integral domain, a € R £ a # 0.

Ay

(1) a - B idrreducible element & & *&% X F nontrivial principle ideal ¢ %
(a)-

(2) a &~ B prime element ¥ 2 *&% (a) - B prime ideal.

Proof. (1) =: B3X a &~ # irreducible element, 4v% 3 %2 b € R i & (a) C (b),
d Lemma 8.1.2 = b | a. ¥4 a #_irreducible # b - B unit & £ b ~ a. #
% 2 (b) =R (Lemma 6.2.4) & (b) = (a) (Lemma 6.5.4). #7443 # ¥| nontrivial
principle ideal ¢  (a).

< F 2% d|a, P4 (a) C (d). 4 BKiXLF nontrivial principle ideal ¢ #
a), # (d) - % trivial principle ideal ¢ # (a). #% 2 (d) =R & (d) = (a).
(d) =R %7 (d) = (1) #d Lemma 8.1.3  d ~ 1, ~ Ij‘k{’pﬁ- d ¥_- B unit.

)

)

—

*
¥ (d
(2

prime FFBEK T a|c & a|d TE2FNP ce (a) & de (a), il (a) - B

= (a) FFtd Lemma 8.1.3 v d ~aqa. ¥ ¥ q .- B irreducible element.

=: BX a - B prime element. 4v% c-d€ (a), * alc-d. %94 a &L

prime ideal.
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<: B (a) - B prime ideal. B ¢,d€e R& X a|c-d, v c-d€ (a). &
? (a) £- B prime ideal PEKF c€ (a) & d€ (a). #¥F 2 alc® ald, &

# a 4_- 1 prime element. O
8.2. Euclidean Domain

A aryg Z fe Flz] 7 #7353 0 Euclid’s Algorithm (%% 438 232), fig- &7
AR e B R & - AR ring # 5 Euclidean domain. & i &
APz Z - BT e AF ABARFEAPEELRD G P 7
WEF AP & D Buclidean domain fo— 4% }+ % & ¢ Euclidean domain ¥ 14
AR e,

% fE— T Z ° ¢ Buclid’s Algorithm ¥ MR EEP g becZ 27 b#£0, 5 &
hyreZ, 2¢ r 58 r=08 |r|<p|@F a=b-h+r. @ & F[z] ? {7 Euclid’s
Algorithm HAREP f(z),9(x) € Flo] 279 g(x) #0, P15 & h(z),r(x) € Flz], &
S r(a) # 6 r(e) =0 # des(r(x)) < dealg(@) & @ f(x) = g(x) - h(z) + r(z). &
BMERDE L Z°YF - BEFEIERZ P 20 ~FET2LE mg@: M T
Flz] * 7 - B degree Sn#ic# Flx] » 02 0 ~ % & P2 § g #c, lF“ﬂ&{Jﬂffﬁ!
Priptk ehdn e

Definition 8.2.1. X R #_ - i integral domain. 4= % % - S #k
®: R\ {0} - NU{0}

REFHEL D abeREY b0 WT P hreR B¢ v 8 r=0&
O(r) < ®(b), W a=b-h+r, IIf£ R = - ® Euclidean domain.

"$ 7 Z 1 Fla] *ti®3 3% % eh Buclidean domain. &4 Z[i| = {a+bi | a,b € Z} &
- & integral domain f1#* ®(a+bi) = a?+b* & Lj*u # Z[i] £~ ® Euclidean do-
main (et A3 ERP | FF BB §F Ik http: //math.ntnu.edu.tw/~li/note

T 3% “Factorization of Commutative Rings” 3 w3 ).

- 4@ 3 & %% - B integral domain £ % 5 — # Euclidean domain #_{% F1#{
e, gt AP E R e AR AL AP 5 1 Euclidean domain € & (2.
B g 41% Buclid’s Algorithm # M & Z f= Flz] ® #7F ¢ ideal 3% 4L principle
ideal. i&— Z#P ¥ = = FEF#HI| Euclidean domain ' .

Theorem 8.2.2. ¥ R i~ ® Euclidean domain Rl R * 7 ideal $% 5 principle

ideal.

Proof. # [ . R ¥ - B ideal. ¥ g T = {®(a) |a € I\{0}} i&-
WP hiEE A NU{0} #T T £ NU{0} ch- B+ F &, Fpt T %7 ‘
F.oEOERFEdeIN\{0} & HF é%lf.&mael\{o}?" P(d) < P(a). # P ax
# 1= (d).

~—
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i3 del, pRE (d)CI. ¥ h$ER ael, 4 Euclidean domain PR 4
FrhreRBLa=d-h+r 2 r=08 &) <o¢(d). % r#£0,9 r=a—d-h
Ladel el « FAFE reI\{0} 2 O(r) <®(d). &fr o(d) LT ¢

=4

JEnER A f e =0. %7 2 a=d-h, ¥ ac(d). “@# [1C(d). O

d ** - i integral domain £ ideal %% principle ideal i& ¥k £ ring 2= ¥ 4 %,
AL Lo - BEED r;f)g_
Definition 8.2.3. 4v% R 4 - # integral domain * R ® &7 ideal 3% principle
ideal, PI4£ R % — % principle ideal domain.

Theorem 8.2.2 % 73 7 - # Euclidean domain - % & - # principle ideal
domain. &/ &, —# principle ideal domain * % ¢ £ - # Euclidean domain. 7
BAR DR B F 5 ANl & “Factorization of Commutative Rings” # ¢ § % -

B principle ideal domain & # £_Euclidean domain 76]+
8.3. Principle Ideal Domain

ig- & ¢ A EEE T principle ideal domain P& AL d 3¢ Fr— B Euclidean
domain — #_&_principle ideal domain, 77 i&— & “73 L F § 2R3 * 3 Euclidean
Domain.

o 8- P integral domain E% 3 B2E0 % H greatest common divisor
- FF . A ¥ principle ideal domain, E & @ 2L 0 7~ % 2. greatest common
divisor ¥ - %75 &7 !

Proposition 8.3.1. & R & - principle ideal domain. ¥ =& a,b € R ®
a,b#0 2 greatest common divisor % . @ 2 % d 4_a,b - B greatest common

divisor, Bl 3 e r,s € R @ d=r-a+s-b.

Proof. 7 £% & (a)+ (b) &~ B ideal. 4 ** R A principle ideal domain, # % &
de Ri% & (d) = (a) + (b). 2P EEFEP d ,]* £_a,b 0 greatest common divisor.

BAAEP d & a,b P common divisor. d **

(a) < (a) + (b) = (),
#=d Lemma 8.1.2 v d|a. FE¥&E d|b, = ® d & a,b - B common divisor.
#T KREP E ¢ A a,b - B common divisor, B ¢|d. 2% % c|la X c|b,
% 7T (a) C (c) e (b) g (c) d 3 (c) A - B ideal, v 3 #viZ p
(a) +(b) € (c). » eI (d) C (). % W& c|d.

s d 'h%z,() (b)‘Jm F;ALr-a+s-b, H rsERfeﬁ“};“.éfU’
de (d) =(a) + (b) = TLix & rseRlﬁx—*d—r a+s-b EBHFEHEEE
a,b i greatest common divisor ¥ ¥. &4 #1534 Lemma 8.1.6 &% d & _a,b ¥
- 1 greatest common divisor, FI#* &2 5 (d') = (d) = (a) + (b). O
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“# d H_a,b - 1 greatest common divisor, Bl % & r,s € R® X d=r-at+s-r’
T BAEEEEY GO A RE I 2B AL P B Proposition 7.1.7 & Proposition
7.2.11 (REP > N E ¥ - B principle ideal domain ® 7 irreducible element A

prime element. # #BiEAZ NP4 5 F - fEF]* ideal > iF EP .

Lemma 8.3.2. 3% R % - B principle ideal domain, a € R * a#0. % a 4 R
e~ B dirreducible element P (a) & R - % mazimal ideal. ¥ 2, ¥ (a) & R

- B mazimal ideal, Bl a & R 97— B irreducible element.

Proof. 4r% a £ - ® irreducible element, ¥ Lemma 8.1.9 (1) 2% i &rig 35 # 3| -
& nontrivial 7 principle ideal /i % (a) = R 2 &. % #&d R & principle ideal 7
B A R ¥ 0 ideal 35 principle ideal. # 7R A 7 2= B ideal 17 (a)
fr R 2B, %# (a) £- % maximal ideal.

F 2, 4c% (a) - % maximal ideal, § #%4% 7 ¥ nontrivial principle ideal ¢

A

? (a). #41* Lemma 8.1.9 (1) v @ .~ & irreducible element. O

¥ A - T Lemma 8.1.9 i7¥ — 384 38 o A prime element % £ *&F (a) -

B prime ideal. #71 # 0P (P ™ W E DT 208 %

Proposition 8.3.3. B3 R ¥ - B principle ideal domain, Pl R ® 7 irreducible

element 38 8_ prime element. ¥ 2, R ® 7 prime element 352 irreducible element.

Proof. #]1 5 R “_integral domain, Lemma 8.1.8 4 ¥ * R ¥ ¢ prime element
#% 4 irreducible element.

E 2, % a % R 7 ¢ irreducible element, ¥ Lemma 8.3.2 v (a) & R -
maximal ideal. #8@ Corollary 6.5.13 £ %% i R * £ maximal ideal %4 prime
ideal, ¥ ¥ (a) #_ R - B prime ideal. F1#*§1* Lemma 8.1.9 (2) #3# a &~

i# prime element. O

ok & - 0 commutative ring with 1 ¥ 7 maximal ideal %4 prime

ideal, & 4_prime ideal * ¢ ¥_maximal ideal. A ® Lemma 8.3.2 ™1 % Proposition
8.3.3 #- principle ideal domain * 7 maximal ideal f= prime ideal %7 - B £ & 7

P i

Corollary 8.3.4. B3k R - B principle ideal domain ® I % R ® - B 2L (0

ideal. Pl T .~ B prime ideal % 2 *&% I 4 - B mazimal ideal.

Proof. # i* ¢ s— i# maximal ideal — Z_&_ prime ideal. 7™ ¥ & #P & [ & -
B 22 0 <0 prime ideal, B] I % - # maximal ideal.
%] R & - % principle ideal domain, ¥ % & a #0 & # I = (a). 4% (a) L

- B prime ideal, P] 9 Lemma 8.1.9 ¥ ¢ - # prime element. ¥<d Proposition
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8.3.3 (& Lemma 8.1.8) #* ¢ #_—  irreducible element. F]#* 4 Lemma 8.3.2 #¢
(a) = [ ® - # maximal ideal. ]

Ay 5 fl* Z fe Fla] ? 9 irreducible element fr prime element £_4p I 57538
P Z e Flx] dwi— AR5 NPR ST @ DEF UEP principle ideal domain
G- A R D . 3 EE EA P A 2 fe Fla] ¢ A40T B2 KEP e
- AR R B - 490 principle ideal domain L PEE @ BF fFR T
- B Lemma ¥ ' § B4 2% 09 50 PR B F 3R

Lemma 8.3.5. &3k R .- B principle ideal domain, P &% &= R * 3£ 5 7
B Bt iR 0 ddeals. # P A% {1,100, - 2 R ¢ D ideal % T

LCLC---CI,C---,

Pl temeNRE Ly =Lpy =

Proof. A F Y g I=U2 [, - BE & AP REEP [ £ R ¥ D ideal
(21L& - ﬁii #HE O, ‘~LR 7 ideal 78 J; U Jy * — AR ¢ ideals. # i
fipAld 2 [ 3 ¢ 7B P E s T 2 - B ideal.)

BEabel #owgimzhijeNRFagcl, ¥ bel;. B i>j, d Bk
I; C L. &® abel. Fl¥*d I, £- B ideal, * ™5 a—be L. *TF a—bel.
YaE el P reR 4 BEXTF EieNREF acl, «i® a-rEIi,Jfr%{‘éﬁa
a-recl. #&d Lemma6.1.2 & [ & R ® &1— B ideal.

%% ] R hideal 2 R A principle ideal domain, ¥ & a € R # # (a) = I.
BRafl* ac(a) =I5 meNR®F acl, " (a) L7 7 a |
ideal (Lemma 6.5.1) 4= I = (a) C Iy,. # #15H [ = L, F- 1% #4975 i >m
#4 L, CLME [ CI 8% I—Im—IZ,Vz>m 0

A g %%'** Lemma 8.3.5 chi & i F] & v % d 4_q -  nontrivial divisor
(' d|ai® d? & unit ¥ “ff a # associates), B (a) C (d). 4ot = *, 7 uggd
R@? en % Fiv B3 TS5 B irreducible element 73k # .

v

Theorem 8.3.6. &3k R 4 - % principle ideal domain * a Z_ R °® % 52 02 %

Hunit P F Bl a T BT RSB R P D irreducible elements R ff, @~
# &% associates B T3 11 % %/z FUER e BRF OB E- ,T* A %
a = p?l .. .p?T
e qinl e qgls
HP p,...,p. AB S 240 associates 7 irreducible elements £ qp,...,qs 2 B

48 associates 7 irreducible elements, Pl 538 g § O FHEER AP r=35,p ~ ¢

ME o, =m, Vi=1,...,r.
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Proof. 7 £ PEP o ¥ 8B *7F TS B irreducible elements 7k fi. 4r% q
% i B3 "F B irreducible elements 7%k ff, % 7% a & ¥ 7 &_irreducible, F]*

a=ay by, 2% a,by € R E_a P nontrivial divisors ¥ aj, by ¥ % F - B3 5§ =

7 "% B irreducible elements sk ff. BRX A ay, B+ A PG g, by e R 8 7
a; = ag - by, £ ¢ ay &_ap 7 nontrivial divisor £ ag # & B = 3 *T % B irreducible
elements rﬂ% FoAot - BT A APHE T - P 0 ideals # &

(@) € (o) € (@) € € fan) -
P fr Lemma 8.3.5 % A, ¥ g - TF M H = F '35 B irreducible elements 3k
.

BT kA ipgErE- B - BRI E S FEFE irreducible element iﬁ{prime element
PE — ]%L_,T*uﬁ a2 2l F L Aek

e __

a=pi" Pl =g gl
EB p, @

pil @™ g,

2 p; & prime (Proposition 8.3.3) 3 & j € {1,...,s} ®# p; | ¢;. ¥F 2 p;
Am g & irreducible £ p; # 5'; unit, & & p; ~q; (T p;
fr gj associates). Flp AP AvE HieB p;, & {qr,...,qs} ¢ TR IE- g @
Fopi~g BRIF GFATE pi| g, PIFZT
equivalence relation #* i # ¢; ~ qj, 2o 8K F j £ R T i gy~ gy 4B

FLEdamg v e {p,...p} ¢ HIE-p @ F %~ Pi e 'F“
b {propy T {an . qs ) BF BE T BII- o e 2 R =52
SEFFDOERENTTF pr~q,. e~ IEJF}’»E‘{H- B n; #Amg, =3 > {42L R
'F“TMFA\J{ ni#Emi L ng>mp el d N g =u-p, 27 u A R - B unit, AP
2

F

#_g; - B divisor.

#® p; ~ gy, TI* associates &

i li .

1 —mi 2

" (p] Py -ppt —u™ gy - q) = 0.

FI#* p" #£0 2 R & integral domain, #* * 7

prl my ng' p?r_ m1,q;n2”,q;nr
Rad 3 n—m >0 7@ {g...,¢o} " Fqg F p g (LR v A unit
AT p ) Tj‘*“ L pr~ g, w2 g L{qr, g} 7R )
associates I 4 A, FE S T, O

# %_Theorem 8.3.6 ¥ - & @t Fihring 26 £ & P2 v - BHEAK

R AR

Definition 8.3.7. 1;}\;&: R - B integral domain @ £ R ? 2L (0 ¥ 7 &_unit =
x
v

* AR B3 I B R P irreducible elements 73 &, @ F F L v associates
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PR RF PR e RRFOBEE- P R A - B unique factorization

domain.

Theorem 8.3.6 % ¥ #%  — B principle ideal domain - Z_&_- # unique factor-
ization domain. & #_- i unique factorization domain ¥ # — Z_&_ principle ideal
domain. #* % 5 & Z[z] £~ B unique factorization domain (Theorem 7.3.13)
e B¢ (2) + (z) &- B ideal ¥ * & principle ideal (Example 7.3.1).

8.4. Unique Factorization Domain

ip— & ¢ A PREE S unique factorization domain PR E I it 4 R aE 4

- % 7| & unique factorization domains.

8.4.1. Unique factorization domain 7 5. $+* - B unique factorization
domain #' ¥ 1 i e JR B B K ed2 - 4 BT divisor (PR AE. 3 R A Z
PRI S L F a,b 7 greatest common d1v1sor ORI HRgE AR R h SR
#a,b WF FlEcA f2 2 R greatest common divisor.

% — 9 unique factorization domain R ¢ ** R % - Z_&_Euclidean domain,
ATILE R S PR AR Rkt R F greatest common divisor. &A@ % a,b € R,

¥ 241 * unique factorization domain FHEF #-q b & =

a=u-pMt--plt. E b=u-pl..ph (8.1)
H¥ y,v R ¥ units, pr,...,p, =R 7 B 3 % associates 7 irreducible elements,
AER S e {1, r} n from; FAEZEL R RS 0 R B SN
B A op L pe IR 0, b P PGS R LR AAPEF 0 & omy B0,

YE pila e pﬂ(bf\ll’“? m;=0. F 2% p;j|b® pita, B4 n;=0. FI* %4

d=pppt,

B9 t; =min{n;,m;}, AT F LEP d 2 a,b 7 greatest common divisor.

Proposition 8.4.1. B3k R 4 - B wunique factorization domain ® a1,...,a, %

R ¥zt 0 ~%, Pl ay,...,a, 7 greatest common divisor F T

Proof. §1* Lemma 8.1.6 # P F &FEP R? EZX = B2L0 ~4% a f- b 7 greatest
common divisor ¥ & ¥
BARNPR g b ARG ST (81) AN 24
d:p?‘--pff,
AP t; =min{n;,m;}. TP EEP d E_a,b D greatest common divisor.
Fhd 4 <my ME G <n,Vi=1,...,r, %F LB d]al d]b Fiw
d %_a,b 7 common divisor. IE ¢ #E_a,b - B common divisor, K p £ -

# irreducible element £ p|c, Bld pla ® plb*wp- Tfop,....,p. " - B
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p; associates. T & FFNP & ¢ AL fEP 3 F i IURAe py,...,p. * associates 7
irreducible divisor, + B‘I‘u{;su:‘\ [RIP ISP AAN 7 ARV
S S

C:w.pll...pr”‘7
Be o A unit ¥ s F2Lp B RAcE T B i B L s>, B0 {g;j‘};‘fgs%‘/{
sp>mny 2L AT pit e A cfa T plt [a. #T 2

s1—n n n

pll 1 ‘p22.__pr’r.
d S1—mny1 > 1#

1Py o

R pp A prime, =% T p; v po,...,pr ¥ % B p; associates. =fri 47 BEK
P1,...,pr ™ @ F associates 18 % A, = ® 5 <my, Vi=1,...,r. B g5 < m,,
Vi=1,...,r. &®@ x5 D i=1,....r ¥F s; <min{n;,m;} =t;. ~ ;T&‘E‘L?’u
c|d. #* d &_a,b 7 greatest common divisor. O

o m A a8 Y REP - B integral domain .- # unique factorization domain,
AR P e B integral domain ¥ 7 irreducible elements v prime elements £_
- #eh. 7 1+, & unique factorization domain ¥ irreducible element f= prime
element 3 24p F 9,

Proposition 8.4.2. ¥ R ¥~ ® unique factorization domain, Pl R ® 7 irreducible

elements v prime elements E_4p I¢ 3,

Proof. #' i ¢ & —  integral domain ¥ prime element € #_irreducible element
(Lemma 8.1.8). #7142 i 22 & Z# P irreducible element » € #_ prime element.

B3K pe R - B irreducible element * pla-b, 2 ¥ a,be R ¢ B3 &
heR®E a-b=h-p. AP H# qb* 3+ (81) P58 & f2 Flt 3

a - b — (u . U) . p?l—"—ml .. .p?””—"_mr‘
F1* R &_ unique factorization domain, ¥ a-b P& 25 p - e py,...,p. ®
% - B p; associates. @ n; fvm; * FEFE 0, ~ i&{;ﬁ« n; #0 & m; #0. %
n; 0, FlFpla, mF m; #0 RF p|b. ### p A prime element. O

8.4.2. Polynomials over unique factorization domain. % i #-| #* g 48 ¥
Z|x] E_unique factorization domain 77 ;& £ § R E_unique factorization domain
223

Rlz] = {apa" + -+ a1x +ag | a; € R}
A R 5 %#iishpolynomials ¥73)= e polynomial ring .- # unique factorization

domain.
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F f(z) € Rlz] & f(x)#£0, AIAPEF# f(x) B f(x) =apa™+ -+ a1z +ao,
HP g, #0. 4ok e 33% Flo] 0FRAPT 22K deg(f(x) =n fI* e
Lemma 7.2.2 bt A7 8 5] F f(x),g9(x) €ER[z] £ ¥ F & 0, 7

deg(f(z) - g(x)) = deg(f(x)) + deg(g(x)).
A& hp F1E Lemma 7.2.2 (EP &% 3|3 B2 0 ~F 40k 2 5 0 (7" integral
domam) A FT TG 5 field . I degree i BAFEAFE P 5o

Lemma 8.4.3. 4 R &_- % integral domain.
(1) R[x] » & - B integral domain.
(2) R[z] ® 7 unit ,T*L{R ¥ ynit.

(3) # ac€ R R ¥ 1 irreducible element Pl a 7 & & R[z] *» th~Z& (T ¥
B 9 5Y) P A drreducible.

Proof. (1) # f(z) #0 2 g(x) #0, B f(z) B <A k¥ q, ¥ g(z) 5
B X I B A by, B f(x) g(x) B AE BB a, by 33 ap, by €ER, X
an #, by #0 F1* R &_integral domain v ay, - b, # 0. ~ TT*D'«EL?‘-« f(z)-g(x) » +
e 0 %I

(2) # f(z) € R[z] & R[z] ® unit, RIFI* 5 & g(z) € Rlz] % & f(z)-g(z) =1
o deg(f(x))+deg(g (1:)) 0 (L& 1A% 8?55  x degree # 0). #= ¥ deg(f(x))
deg(g(x)) = 0. # @38 f(x),g(x) FRAF &3 A3 ~ TKFL f(z),9(x) € R. 2%
md BR f() - (IL‘)Zl v f(z) & R ¥ ¢ unit.

(3) & a € R & R ¥ ¢ irreducible element. A & @ degree ’Fr Eiy
# g(x) L fz) @ divisor (4 ¥ 5% & h(z) € Rlz] & L g(z) - h(z) = f(z)), 7
deg(g(x)) < dea(f(x)). REH o § % LA B3 TR, 4 3 deg(a) = 0, &b R[x]
¥ q 0 divisor  degree » #_0. ?f%’ R AR R[az] # a @ divisor /AR G
. wfl* o & R ® A irreducible izt divisor & 7 #_ R ¥ &7 unit »T"u{”ff’ a

associates. @ 4 (2) &+ R ¥ dunit § A+ A R[z] ¢ 7 unit, ¥4 a & Rlz] *

A

% &_irreducible. U

% R #_- # unique factorization domain F¥, £ F 5 R 7 quotient field. & ™
kAP EAY R A Flz] $% 40 unique factorization domain (Theorem 7.2.14) 7P

R[z] .- # unique factorization domain.

v

w1 % Rlx] fv Flz] ¥ Bdpsd g, A PR EEF A S e Zx] ¢ % 020 content
L. B 4 d  Proposition 8.4.1 ¥ f(x) = apa" + ---a1x + ap € R[z], Pl

Qp,...,a1,ag 7 greatest common divisor &_7F fe3,

Definition 8.4.4. # f(x) = apa"+---+a1z+ag € R[z] £ ay,...,a1,a0 7 greatest

common divisor #_ R ¥ 7 unit, PIFE f(x) £ R[z] ¥ 7 primitive polynomial.
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Lemma 8.4.5. BX R & - B unique factorization domain, R ¥t Z & f(r) € R|x]
2 f(x)#0, 3% HF ce R Y f*(x) € R[z] & R[z] &7 primitive polynomial i% %

fla) =c- f(2).

X
flz) = c-f(x)
= g(x)

B¢ ¢ d€eR, X f*(x),9(z) € Rlz] & R[] 7 primitive polynomials, ] ¢~ *
(@) ~g(x).

Proof. 7 £#PF 7 &lt: ¥ f(z) =apz"+ - +aix+ag, ¥ ¢ » an,...,a1,a0
£ greatest common divisor. *T ™M ¥#7F 9 4 =0,1,....n ¥ F a;=c-b, E*
b € R, " & bg,...,b, 7 greatest common divisor # R 7 unit. ¥4 f*(z) =

bpx™ + -+ bix + by, P f*(x) #_ R[z] ¢ primitive polynomial ¥ f(z) =c- f*(z).
T .
BFEPE- P F f(r)=Cd g(x), 27 g(z) & R[z] 7 primitive polynomial.
Bk g(z) =apa™+ - +adx+af, P15 i=0,1,...,n, ¥F a;=( -a}. ¥
wi d ap,...,a0 - B common divisor. Fl*d ¢ E_a,,...,ap 77 greatest
common divisor = ¢/ |c. ¥ 3 & deRE® c=c -d. fI* ay=c-bj=-a}, 3

Pa¥tiry g i=0,1,...,n, ¥ 7

d(d-b)=(-d)-bj=c-b=ca.

b* ¢ #£0 2 R & integral domain, ¥ #$1F Hi=0,1,...,n, ¥F a.=d-b.
e d & a),... a) - B common divisor. @ @ BX al, ..., af 7 greatest

common divisor #_ unit, ¥ ¥ d & R - B unit. #HER c~ . £ I
fx)y=c-f*(x) = g(x), "% R[z] & integral domain, ¥ d- f*(x) = g(x). 9 **
d #_ R unit » & R[z] 7 unit, =& f*(z) ~ g(x). O

FI* Lemma 8.4.5 v — {2 AR5 0T e K.

Definition 8.4.6. %X R #_— & unique factorization domain. % f(x) € R[x] ¥
B fr)=c-f(x) 2¢ ce RY f*(x) & R[x] 7 primitive polynomial, F|# ¢
& f(x) 7 content, T & c(f).

%1% J Lemma 8.4.5 GRgM 2 P avig f(x) ¢ content £ F %&5’\ flx) 75 &
#c e greatest common divisor. ¥t & L E HE f(z) 0 content H F ¥ 3 E - B

T €_0iE ) content 2 F § £ B associates.
i F 0 H# content AR T Flz]. W F A R ¢ quotient field, *7
R P EBAFERTUBE /b N R g beRE b£0 REELD

fl@)y=mrpa"+ - +rix+ro€ Flz], d ®"HEXDi=0,1,....,n, ¥F r =a;/b;,
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HY gub € R, 2AFPFHIN de RE d#£0 #F d- f(x) € Rlz] (>R 4
d="by--by). FI*F1* Lemma 84.5 5t c€ R M % f*(x) € R[z] & R[x] 7
primitive polynomial # # d- f(z)=c- f*(z). ¢ ** d#£0, 27 # f(z) B>

C *
#HeFEREL Fla] ¢ 22 0 ¢ polynomial f(x) % ¥ B = f(z) =7 f*x), #°¢
reF 2 f*(z) € R[z] & R[z] " primitive polynomial. #% i & R F e r & f(z)

77 content ¥ 738 1% ¢(f).

Corollary 8.4.7. B3X R #— B unique factorization domain, & F E_R ¢ quotient
field. RIHER f(x) € Flz] £ f(x) #0, ¥ H ¥ ce F 2 f*(z) € Rlx] 4 Rlz]
57 primitive polynomial 7 &
flx)=c- f*(2).
X TF;;‘;Q
flx) = ¢ f(x)
= g(x)

2P o, d eF, ¥ f*(x),9(x) € R[z] & R[x] 7 primitive polynomials, B % & u € R
AR unit B c=u- 2 u- f*(x)=g().

Proof. w o @ @3 ffd, AP gEee- . APR cfed A8 BF ¢ =a/b
Pl —d W, R ad bV R DAO Y £0 ¥ f(z) £ bV, AT
(b-0)- f(x) € Rla] =
b-V) fx) = (a-V) f(x)
= (d-b) g(@).
R (b-V)- f(z) € Rlz] 7 F 2% Lemma 84.5 2% & (b-V) - f(z) +, &3
tueRERY D unit B a-bV=u-(d b). ~» ‘7*0{?» c=u-d. £H1* J#0
% F[z] #_ integral domain & u- f*(x) = g(x). O

e Zlx] - eavfin, AP 02T 1 Gauss Lemma, K §e4 24 3 5 3 B polynomials

AP %k {3 2. content.

Lemma 8.4.8 (Gauss). B3X R - B unique factorization domain. ¥ f(z),g(x) €
Rlz] &_R[x] ® < primitive polynomials, B f(x)-g(z) %2R E R[z] ¥ 7 primitive

polynomial.

Proof. # #{]* fr Lemma 7.3.5 48 f FREF | “T1 B S aRiEP . B3R f(x)-g()
% #_ primitive polynomial, % 7 f(x) - g(x) *7F % # greatest common divisor
* 4. R ® ¢ unit. F]t 1 * R 4 unique factorization domain % & p € R 4_

R ¢ - B irreducible (» #_ prime) element #_ f(x) - g(z) *7F % # common
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divisor. 2@ f(x) f= g(z) ¥ A primitive polynomials, p # ¥ & JE*F “ f( ) &
Gles 3V B “ﬁ?” g(z) i, T E A Eo) i 7 f(x) ot I8 ik
ZsMJipr“f Mg A k] il B g(x) i) IE A sb%ﬁ'»p?“”’f ,'J E%’ﬁ
3 () - gla) A T A T A p KR e p L f(n) - gla) BT B e

common divisor # A, #& ##& f(z) - g(x) £ R[z] 7 primitive polynomial. O

f\m

Primitive polynomial % R[z] * & fr Flz] &€ iR, FF F & Rlz] * 7

¥ #h irreducible element $% AL primitive polynomial.

Lemma 8.4.9. B3k R & B unique factorization domain. % f(z) € R[z] %_R[z]
7 jrreducible element £ deg(f(z)) > 1, Bl f(x) & R[z] © 7 primitive polynomial.

Proof. % f(z) £ R[x] ¥ firreducible element, & ** f(z) ¥ B = f(x) = c(f)-f*(x)
B¢ ¢of) e RCR[z] & f*(z) € Rlz], %+ c(f) & f(z) e~ B divisor. ¢ f(z)
#_irreducible element PEK F ¢(f) £ R 7 unit (f(x) * ¥ it fr ¢(f) associates

Fl deg(f(x)) > 1 & deg(e(f)) =0), #=* f(x) & primitive polynomial. O

# f(z),9(z) € R[z], # ¥ RCF, f(z) fr g(z) ¥ Ip 5 =+ &_R[z] 7 polynomials
+ ¥ g & F[z] 0 polynomials. F]#* &3 B polynomials B B &5 =+ £ R[z]
S Pla] ¢ R w%%g<wamwwmmﬁﬂfm»em1%wr
5 S() | ale) n Bl 25 % blo) € Fll, # P35 J0) | g(o) i Flal. 4
Rlz] C Fla], fp @&enav i deig £ f(2) | g(x) in Rlz] R f(2) | g(z) in Fla]. 2%

- BRE f(2) [ g(x) in Flz] 2 LR §F f(z) | g(z) in Rlz]. 2 8% f(z) L R[a]
£ primitive polynomial ¥, IT\‘U*EEJL 0.

Lemma 8.4.10. B3k R - B unique factorization domain ® F E_R 9 quotient
field. B3X  f(z),9(x) € Rlz] £ f(x) & R[z] - B primitive polynomial, R
f(@) | g(z) in Fla] %2 *&% f(z) | g(x) in R[z].

Proof. X PR &P : ¥ f(x)]|g(x) in Fla] B f(x) | g(x) in R[x]. ¥ EK 35 &
h(z) € Flz] # ® g(x) = f(z)-h(x). F1* content, #* i ¥
c(g) - g"(x) = (c(f) - e(h)) - (f* () - h¥()).

Hoe c(g)7 c(f) € R &_g(x), f(z) 7 content, @ c(h) € F #_ h(z) 7 content, *

g*(z), f*(x) M % h*(x) $* & R[z] ¢ primitive polynomials. 1* Lemma 8.4.8
v f*(x) - h*(x) #_ R[z] 7 primitive polynomial. £ §1* Corollary 8.4.7 4% &
uw € R A R unit i L wu-c(g) =c(f) clh). Bmad  f(r) & R[z] 77 primitive
polynomial, ¥= ¢(f) #_ R 7 unit. * ¢ K g(z) € R[z] v c¢(g) € R. +« ¥

c(h) =c(f)™ -u-c(g) € R.

N
N
a4
>
—~
8
~—
I
Q
—~
&
>
*
—~
~—
b=
Q
—~
>
~—
m
-
N
W
>
*
m
=3

S z] ¥ 1 h(z) € R[z]. # &
3% f(2) | g(x) in Rla] 0
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1% Lemma 8.4.10 24 i+ 1 ## ¥| R[z] fv Flz] ¢ prime element 8 %,

Corollary 8.4.11. &3k R & - B unique factorization domain £ F E_ R i
quotient field 2 3K p(x) € Rlz] £ R[z]| 7 primitive polynomial. % p(x) % Flx]

® 9 prime element B p(x) & R[z] ® 7 prime element.

Proof. B3 p(x) & Fz] ¥ ¢ prime element. & #P p(z) & R[z] ¥ 7 prime
element, #% % F P £ p(x) | f(z) - g(z) in Rlz], B¢ f(x),9(x) € R[z], P
p(x) | f(z) in R[x] & ( )| g(x) in R[z]. %] p(x) £_R[z] ¥ " primitive polynomial,
d Lemma 8.4.10 & 73 p(x) | f(x)- ( )in Flz]. #=F1* p(x) £ Flz] 7 prime

element, #' 7 ¥ p(x) \ f(z) in Flzx ] p(z) | g(z) in Flz]. £ - & {/* Lemma
8.4.10, % v p(z) | f(x) in Rlz) # p(x) | g(z) in Rlal, % ¥ p(z) L Ra]
prime element. O

¥ Rz fr Flz] ¥ & % 4 5 #% - B Rlz] ¥ ¢ polynomial % R[z] fr
Flz] ¢ ¥ % & % (7 &F irreducible) R 55 |4

Lemma 8.4.12. B3k R .- B unique factorization domain ® F E_R 9 quotient
field 2 B3& f(z) € Rlz] 2 deg(f(x)) > 1. # % & g(z),h(z) € Flz] & &
oalo(@) 212 deglhle) 2 1, & 7 1) = o(@) - h(e), M b m(e).n(e) €
% & deg(g(x)) = deg(m(z)) 2 deg(h(x)) = deg(n(z) & # f(z) = m(z) - n(z).

Proof. 1* content #* 7 #- f(z) = g(x) - h(z) B

c(f) - f(x) = (c(g) - e(h)) - (¢" () - B* (),
27 ¢(f) € R, c(g),c(h) € F, @ f*(x),9*(x) f= h*(x) & R[z] ¢ primitive
polynomial. f/* Lemma 8.4.8 # g*(x) - h*(x) #_ R[x] 7 primitive polynomial,
#cd Lemma 8.4.5 i3 & u € R . R e unit ® 7 c(g9) - c(h) = c(f) -u. #H7 2,
c(g) - c(h) € R. %% 5 m(z) = (c(g) - c(h)) - g"(x) € R[z], n(x) = h*(x), I m(z),
n(z) #* & LWL & K O

? Lemma 8.4.12 2 ¥ ¥ R[z] fr F[z] B irreducible element 8 .

Corollary 8.4.13. &% R % - B wunique factorization domain ® F E_ R 9

quotient field. % p(z) € R[z] #% & deg(p(x)) > 1 & R[z]| 7 primitive polynomial,

Al p(x) % R[z] 7 irreducible element % 2 *&% p(x) 4 F[z] 7 irreducible element.

Proof. 7 £ B3K p(z) 4 R[z] 7 irreducible element, & F#F p(z) + & F[z] 7
irreducible element. B4 p(x) & F[z] # #_irreducible element, #] % & g(z), h(x) €

Flz] i & deg(g(z)) > 1 2 deg(h(z)) > 1 #& ¥ p(z) = g(x) - h(z). ¥ ¢ Lemma
8.4.12 % & m(z),n(z) € Rlz] & & deg(m(x)) > 1 & deg(n(x)) > 1 & &
p(x) = m(z) -n(z). #FHI 1< deg(m(x)) < deg(p(x)) *v, m(z) L p(x) &
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R[z] - B divisor ¥ %% &_unit + # {r p(z) associates. #&+v p(x) * & R[z]
irreducible element. #* friEk 4§, w4 p(x) £ F[z] 7 irreducible element.

F 2 B p(r) & F(x) 0 irreducible element. #=% p(z) & R[z] # % &
irreducible, ¥ % & I(z),m(z) € R[z] #% & p(x) = I(z) - m(z), £ ¢ (z) = m(x)
AL R[] ¢ o unit. ® I(x),m(x) € Rlz] C Flz]|, &% p(z) & Flz] ¥
irreducible element 4v [(x) = m(z) ¢ % F — B & F[z] ¥ ¢ unit (7% #& 5 5 3°).
,T‘ulf»x?{{l(x) =a€R™! d BEK a* i i R T unit, R I(z) =a & Rz] P
unit (Lemma 8.4.3). 2@ d  f(x) =1(x) -m(z) =a -m(z) £ m(z) € R[z] & a #_
f(x) & 78 %#c2 common divisor, ¥ a | ¢(f) in R. & d BK f(r) £ primitive
polynomial ¥v ¢(f) £ R ? 3 unit, ¥xd a | c(f) in R ¥ a £ R 7 unit; ¢* fr a 7

A. w<F f(z) & R[z] ¥ & irreducible. O

£

#_ R Hunit 875 7.
BFAPAFEP R[z] & unique factorization domain s b 4 i F7.

Proposition 8.4.14. B3X R & - B wunique factorization domain, B R[x] ¢

irreducible element v prime element 2_4p Fe i,

Proof. ¢ *" R[z] A_integral domain, #* 4= R[x] 7 prime element ,T-%{irreducible
element (Lemma 8.1.8). F|* ¥ &P & f(r) € R[z] £~ ® irreducible element,
Rl f(z) %~ % prime element. # P & Hd Flz] (T2 F 4 R 0 quotient field)
? £ irreducible element %_ prime element (Proposition 7.2.11) Xz .

BAYRE deg(f(z) =0 (" f(z) =a € R A¥ &) iF3). %l a e R A
irreducible * R #_unique factorization domain, ¢ Proposition 8.4.2 ¥ ¢ #_ R 1
prime element. # & #P ¢+ E_ R[x] ¥ 7 prime element. BX g(z),h(z) € R[]
%% a|g(x) h(z)in Rz], 3 & l(z) € Rlz] @ % a-l(z) = g(x) h(z). FI*
content ¥

(a-e1) - T'(x) = (clg) - c()) - (4" (&) - (),
29 c(),c(g),c(h) € R 2 1*(x),g"(x), h*(x) € R[z] & R[z] 7 primitive polyno-
mials. ¢ Lemma 8.4.8 & ¢g*(z) - h*(
8.4.5 43 i u € R #_ R # unit % &L

u-a-cl) = cg) - c(h),
#eoEF alc(g) e(h)in R. f1* a £ R ¢ prime element 2. B3KX # a | ¢(g) &
h). #a g(x) =clg) g*(x), =F a|clg) Pl a|g(x). BEF a|c(h), P
x). ¥4 a = f(r) & R[z] » 7 prime element.
W g deg(f(x)) > 1 035, £ F AR 7 quotient field. F1% f(z) 4 Rx]
77 irreducible element @ Corollary 8.4.13 = f(x) #_ F[x] 7 irreducible element.
2@  Proposition 7.2.11 % 77 3%  p ¥ f(z) » & F[z] ? 7 prime element. & %
Lemma 8.4.9 & #F 2V ¥ f(x) #_ R[z] ¢ primitive polynomial, # ¥ % * Corollary
8.4.11 ## f(x) » & R[z] ¥ " prime element. O

x) & R &_primitive polynomial, ¥ ¢ Lemma
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MNP Gy FRF AP EP Rz » £- B unique factorization
domain. = FF i * #F Z[z] A unique factorization domain (Theorem 7.3.13)
7 R, AP Y Flz] & unique factorization domain (Theorem
7214) B EF A E SRHEPF LAt RGP 2 ET L FT AP L0 3 Rx]
o Flz] B b 55,

Theorem 8.4.15. &K R & - B wunique factorization domain, ?] Rlz] » # - &

unique factorization domain.

Proof. £ F #_R 7 quotient field.

BAEP T AN TE- R ¢A02FE wmit PF f(a) TB

# R[z] e irreducible elements P&k f. B A% f(z) BF f(z) = c(f) -
B¢ ¢f)e RZE f*(x) € Rlz] £ Rlx] prlmltlve polynomial. % ¢(f
unit, #141* R #_ unique factorization domain #% i* ¥ 12 #- ¢(f) B = 5 T
? i1 irreducible elements Pk . f1* Lemma 8.4.3 (3) #rig c(f) ¥ ™ B

B R[x] ¥ i irreducible elements Pk fF. #T AP R REP  f*(2)
B3 'TS B irreducible elements 3k fi. MH- f*(z) 5~ & Fla] ¢ =
F1*  Flx] & unique factorization domain, 4vig f*(z) = py(z) - pp(z), £ ¥
(2),...,pm(x) € Flx] & Flz] ¥ 7 irreducible elements. £ 1* content, 4v#
B pi(z) 337 B = pi(z) = clps) - pj(x), £ 7 pj(z) € Rlz] 4 R[z] & primitive
polynomial. # ¢ 3% 3%

fr(@) = (c(pr) -+ - c(pm)) - P1(2) - - - pro ().

F1* Lemma 8.4.8 # pj(z)---p},(x) £ R[z] 7 primitive polynomial, #&d f*(z)
#_ R[x] ¢ primitive polynomial ' %2 Lemma 8.4.5 v ¢(p1)---c(pm) =u E_ R ¥ 1
unit, ¥ Lemma 8.4.3 v u » & R[z| 7 unit. FM* P RFP pi(x),...ph(x)
#_R[z] ¥ " irreducible elements Few . At - *

(@) = (u-pi(z)) - pa(2) - pr (),
AL f*(x) T LB F S B irreducible elements Pk (LR uw-pi(x) fo pi(x)

associates, “T14» H_ R[ ] # 7 irreducible element). @ %] p;(z) = c(p;) - pi(2),
d pi(xz) & Flz] ¢ irreducible # pf(z) » & F|[z] 7 irreducible element. ¢ **

ot o

pi(x) £ R[x] © primitive polynomial, £ * Corollary 8.4.13 = p¥(z) + & R[xz]
irreducible element.

BEEP L fRevE- i B F AP 0% Proposition 8.4.14 E P vE -
f, 3 AN R AR Flr] o R % unique factorization domain X3P . B &
BRK

fl@) = (af*-am) - py"" () Pyt ()
= (7" 0 g (@) gt (),
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29 a,...ap, € R (% deg(a;) = 0) & R[z] ¥ # 3 % associates 7 irreducible
elements @ pi(z),...,py(z) € R[z] £ Rlz] ¥ & & % associates £ degree * ** 0
e irreducible elements, %% by,...,bs € R 1 % q(x),...,qu(x) € Rlz] » & F tk
B, §ARLR A L pi(x) {7 gj(z) A R[z] * 0 irreducible elements *

deg(pi(z)) > 1 ™ % deg(qj(z)) > 1, ¢ Lemma 8.4.9 iz # p;(z) f ¢j(z) 3L
primitive polynomial, ¥t ¢ Lemma 8.4.8 /X %2 Lemma 8.4.5 % & R ® 7 unit u
R

nl-.- n/r_ . ml--- ms
ay a,” =u-by by,

#=f1* R E_unique factorization domain P F g §ERHENFT G r =5,

ai~b; F ong=m, Vi=1,...,r. THUEBEAPEE TR

folx) = w-pi"(z)---pyr (z)

= ¢ (@) g (@)

T- WA awE- . d 3 fo(z) € Rlx] C Flz], £ pi(z),qi(z) £ R[z] ¢ “irreducible
elements *7™ + &_ F[z] ¢ 7 irreducible elements (Corollary 8.4.13), #&11* F|x]

#_ unique factorization domain 58 € £ v = w, pi(z) = k; - ¢i(z) £ n; = my,
Vi=r+1,...r4+v, 8¢ ke F. #2a pi(z) v ¢(x) $* & R[z]  primitive

polynomial, ¥+ k; & R ¢ unit. # 7 2, #9773 S i=r+1,...,r+v, ¥}
pi(x) ~ qi(z). =EFEE- |2, 0

B {8 21 kg Theorem 8.4.15 - BE£ & Hfg* . ¥ R % - B unique factorization
domain, # Theorem 8.4.15 v R’ = R[z| + &~ % unique factorization domain. I
TR Ry iE&- By i %8 R 5~ % % (%80 polynomial ring, » II%—EL R'[y] &
S i

fa(@)y"™ + fn—l(x)ynil + -+ fi(z)y + fo(z),
PTG hi=0,1,...,n, fi(x) e R = R[z] .l Reh g D53 RF %
F 4 Rly) = Rlally) = Rla,y] 201 R0t 5 o,y 5 $Heind 6 @4esns
Carai el £ ¢ =t d Theorem 8.4.15 ¥ R[x,y] % unique factorization domain.
Vi w ke boanhii e g Bl Rlxy, ..., m,] B R E G BB, 1, &

% #ceh I % #cch polynomial ring:

Nud

)

W

[N

Theorem 8.4.16. H3X R %~ B unique factorization domain, Pl Rlxy,...,x,] i&

B n B % #D polynomial ring » %~ B unique factorization domain.

Proof. {1* #&& jFiri2, § n =1 Theorem 8.4.15 % ?# * R[z;] £~ # integral
domain. B n—1F R = R[ry,...,2,-1] % unique factorization domain. £ ¢

Theorem 8.4.15 4 R'[z,] = R[x1,...,x,] * % unique factorization domain. O
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Theorem 8.4.16 ¥ — B A ¥kt A€ & e I@ & F Leakmi § F - B field
P %] Fz1] #- ® unique factorization domain, ¥+ F[z1,...,1,] * - # unique

factorization domain.





