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1. ‡kD¯Uì2

©tíMŠ½æuÊû˝“©_k}×

í£cbu´ª[Ñ/<£cbí d Ÿj

¸”; 7©tíë,Ñ�½æuÊ«n“©_

×k 3 íXbu´ª[Ñs_”bí¸; ©

_×k 5 íJbu´ª[Ñú_”bí¸”


Bk©tíMŠ-ë,Ñ�½æuÊ«Ø“©

_k}×í£cbu´ª[Ñ/<”bí d

Ÿj¸”
 «n¥<½æ×_uÊû˝�-í

û_½æ:

(1) k}×ƒ�uÖ×nŸ)ƒ


(2) /<ƒ�uÖý_nª?


(3) [ýíj¶bu´�t�C6uÚ¡í

t�æÊ


(4) Ú¡t�í3áDw�b (Jæ�b)


�É©tMŠ½æíª�u'0§í, |h

í!‹ªJ¡5 Vaughan íz [10] í|

(øı
 Bk©të,Ñ�CMŠ-ë,Ñ�

½æíª�œÑbî
 ×–uÄÑ”bœØ

¦³£TÜíÉ[


�É d = 1 íª�à-: Ê 1937 ",

S:bçð&Û#…°Ú (Vinogradov) ‚

àÆ¶„p “©_k}×íJbîª[Ñú

_”bí¸”(˚5Ñú”bìÜ); Ê 1974

", 2ÅbçðÏ�â‚àÙ¶ (×Ù¶% ü

Ù¶) „p “©_k}×íXbîª[Ñø

_J”bDø_BÖs_J”b�#5bí

¸” (˚5Ñ 1+2 ìÜ)
Ì$uú”bìÜ

C6u 1 + 2 ìÜ, (/·�rÖdı½„

CZªŸVí„p


�É d ≥ 2 (6ÿu©tMŠ-ë,Ñ�

½æ)íª�, BFø−íd.c�M˚9O

í“#<Öb$”
 9õ,,¥…zí3bqñ

ÿuÊ«nMŠ-ë,Ñ�½æ, 7/"×¶

}íqñ·uM˚9í“T
 M˚9„p7:

ç£cb

s≥

2d + 1 2≤d≤10,

2d2(2 ln d+ln ln d+2.5) 10<d,

v, ©_Å—

N ≡ s (mod K)

ík}×£cb N îª[Ñ s _”bí d

Ÿj¸, ¥³í K uN

K =
∏

(p−1)|d
prp ,

w2 pu”b, r2 = θ2+2, rp = θp+1(p ≥
3), θp uU) pθp|d A/í|×£cb
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2ÅíbçðÙjµs¬B“M˚9Ê

¥_!‹Fàí.2�u'3Gí, Ä¤F

í!‹u'Øy#8Zª7”
¥6uü�"

V, ³�LS�ÉMŠ-ë,Ñ�½æª�í

ŸÄ
 ÿuÄÑ¥<D”bóÉíÆ¶5!

‹'3G, FJnù–…A;;/ƒbñ,

í¥<óÉ5.2�£«Øƒbñ,íMŠ-

ë,Ñ�½æ


Ñ7jZ–c, BbøF��Éƒbñ

í¯U£ì2AÊ…;í|(, Ê¥³.y

#ì¯UízpDì2
 F‚Öá�MŠ-ë

,Ñ�½æuÊ«nj˙�

M = r1P
d
1 + r2P

d
2 + · · · + rsP

d
s

íj (P1, P2, . . . , Ps) ∈ As í_b½æ,¥

³b° P1, P2, . . . , Ps uíá[bÑ 1 /Å

—

deg M/d ≤ deg Pi < deg M/d + 1,

(1 ≤ i ≤ s)

í”Öá�
Ñ7éj˙��j,Bb.âú

Öá�M £[b r1, r2, . . . , rs ∈ F
×d

q dà

-.bíÌ„

r1 + r2 + · · · + rs

= M í d · �deg M/d� Ÿjáí[b

(1.1)

à‹ M ∈ A Å— (1.1) í.bÌ„/I

Gzd,s(M) Ñ,Hj˙�jí_b,†Bb)

ƒ: ç 2 ≤ d < p /

s≥




2d + 1 2 ≤ d < 11,

2d2(2 ln d + ln ln d + 2) − 4d + 2

d ≥ 11.

v, �ø_�b S(M) U)

Gzd,s(M) − qN(s−d)

N s
· S(M) � qN(s−d)

N s+1
,

/Ê q > p C q = p, d = p − 1,M ≡ s

(mod T p−T ) v, BbªJ„p�b (Jæ

�b) S(M) > 0


MŠ-ë,Ñ�½æu˘kÆ¶íTÜ

_�, 6ÿun$ÀPÆ,CÀPÆqóÉ

íNb¸½æ
 Ê §5 2, Bbb«nøC

Ýr!¼,(,íÆ¶, 6ÿuÊc_Ýr

!¼,(d#}CuNb¸í<2
 !…,,

Ýr!¼,(,íÆ¶·uÊ«nø<�ò

DV¡íGX½æ


bç¯Uíì2DòŸ:

Fq =x� q _jbí�Ìñ, ¥³ q

u”b p í/Ÿj


Fp = Z/(p)
 x� p _jbí�Ìñ


Tr =â�ÌñFqøB�Ìñ Fp í�

ƒb(trace map)


ψ(a) = exp

(
2πi · a′

p

)

 ¥³a ∈ Fq,a

′

uNÅ—[a′] = Tra ∈ FpíL<

cb


A =J Fq Ñ[b, TÑ‰bíÖá�

= Fq[T ]


A+ =Öá�=A2, íá[bÑ1í

Öá�FZAíäÕ¯


K =JFqÑ[b, TÑ‰bí�Üƒ
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bñ Fq(T )


K∞ = {f = cdT
d + cd−1T

d−1 + · · ·
|ci ∈ Fq, cd �= 0, d ∈ Z}
 ˚¤
ñÑÝrB¼)(


degf = d, ¤ f à,F[ý
 ˚¤Ñ f

íŸb


sgn(f) = cd, ¤ f à,F[ý
 ˚¤Ñ f

ííá[b


|f | = qdeg f , ¤ f à,F[ý


˚¤Ñ f í"úM


Ê¤"úM5-, K∞ �ßu�

Üƒbñ Fq(T ) íêeñ


Resf = c−1


E(f) = ψ(Resf)
 ˚ƒbE : K∞ → C
×

ÑÝrB¼)( K∞ ,íNb

ƒb


M = {f ∈ K∞| deg f ≤ −1}

µ(M) = 1, ¥³í µ uNé�¿C

(Haar Measure)


πN = #{f ∈ A+|deg f = N / f u

ø_”Öá�}


2. Öá�,íM˚9.��D

&Û�…°Ú.��

Bb·ø−: õb(,íNb¸ (C6

uúi¸) Êj&b$,rÆO”Ñ½bí

iH
 Ä¤, ÊÝrB¼)( K∞ ,ê�ó

ú@íNb¸Ü$ªJzu«nƒbñ,í

GX½æ5Mø¥
 Ê…dí‡B;³,Bb

lzÿõ[Ê«ØƒbñíBCNb¸í½

æ,
 9õ,, BbÊ¥<Nb¸í½æ,)

ƒóç�gMí,ä, ¥U)BbÊÖá�

MŠ-ë,Ñ�½æ,)ƒ'ßí!‹


2.1 Öá�,íM˚9.��DM˚

9ùÜ

#ìÖá� Q ∈ A+ £J A Ñ[b

íÖá�

f(x) = adx
d + · · · + a1x + a0 ∈ A[x].

dìNb¸ S(f,Q) £ W (f,Q) à-:

S(f,Q) =
∑

a∈A,deg a<deg Q

E

(
f(a)

Q

)
,

W (f,Q) =
∑

a∈A,deg a<deg Q
(a,Q)=1

E

(
f(a)

Q

)
.

Ê [4] íMù;2, Bb)ƒà-3Gí,

l:

ìÜ 2.1. (Öá�,íM˚9.��)1:

úL<íÖá� Q ∈ A+ £Öá� f à

,
 J f Å— 1 ≤ deg f = d < p £

(ad, . . . , a1, Q) = 1, †Bb�

S(f,Q) � |Q|1− 1
d ,

W (f,Q) � |Q|1− 1
d ,

¥³í&Û#…°Ú�b � cDÖá� f

íŸb d £�Ìñí_b q �É


1. �ÉÌS„p~¡5 [4] ìÜ 2.1 £ùÜ 2.5
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�É¥_ìÜí„p,Bb* Q uø_

”Öá�íŸjÇáOG
¥ví8$,Ûb

àƒ0k�ÌñíHb�(5-�cq (6

ÿun& (A. Weil) í!‹)
 9õ,, ç

Q = PN v (P ∈ A+ uø_”Öá�),B

b)ƒà-y3üí.2�: à‹ |P | ≥ 2d

C6 ad ∈ F
×
q / a1 = a2 = · · · = ad−1 =

0 v, Bb�

|S(f, PN)|
≤ max {1, d|P |1/d−1/2}|P |N(1−1/d),

|W (f, PN)|
≤ max {1, d|P |1/d−1/2}|P |N(1−1/d).

Q-V, BbV5?ÝrB¼)( K∞ ,í

ø_#}.2�
 à‹#ìJ K∞ Ñ[bí

Öá� g(z) ∈ K∞[z], Bbì2¤Öá�í

Õ�¸ (polynomial Weyl sum) S(g,N)

Ñ

S(g,N) =
∑

b∈A+,deg b=N

E(g(b)).

�ÉÖá�Õ�¸íW¥í!‹Ñ

ìÜ2.2 (Öá�,íM˚9ùÜ)2: J

Öá� f (à,) Å— 1 ≤ deg f = d < p

£ (ad, . . . , a1, a0) = 1, †ç 1 ≤ v ≤ d

v, Bb�∫
M

|S(α · f,N)|2v

dα � qN(2v−v)NC2 ,

(2.1)

¥³í&Û#…°Ú�b � cD D, v, d,

£ q �É; 7�b C2 D v, d, £ q �É, w

2 D = max{deg ad, . . . , deg a0}
 ²Æu

z, j˙�

f(x1) + · · · + f(x2v−1)

= f(y1) + · · · + f(y2v−1)

Ê

xi, yi ∈ A+, deg xi = deg yi = N

í‘K5-íj_bu� qN(2v−v)NC2


2.2. Öá�í&Û�…°Ú.��

ÊìÜ 2.2 2, Bbc)ƒ 2v Ÿjí

Öá�Õ�¸5,l
éÍí, ¥Ê@à,�

'×íÌ„£.jZ, FJê�œßàíÕ

�¸,lu�w.bí
 ¥ÿu…ü;Fb

ÅHíìÜ


ìÜ 2.3 (Öá�,í&Û�…°Ú.

��)3: #ìÖá� f(x) ∈ A[x] ££c

b l
 J f Å— 1 ≤ deg f = d < p, †B

b�

∫
M

|S(α · f,N)|2sdα � qN(2s−d+δ),

¥³ s = dl, 2δ = d2(1 − 1/d)l; 7/&Û

#…°Ú�b � cD d, l £ q �É


éÍ, &Û#…°Ú.2�ªM˚9ù

Üßà, Ouç deg f = d Mœüív`,

M˚9ùÜí,lºª&Û#…°Ú.2�

V)ß
 Ä¤, M˚9ùÜD&Û#…°Ú.

2�u.?�ó¦Hí


2. �ÉÌS„p~¡5 [4] ìÜ 4.2

3. �ÉÌS„p~¡5 [4] ìÜ 5.4
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2.3. J”Öá�Ñ‰bíÕ�¸

D”Öá�óÉíGX½æ��Ûbà

ƒJ”Öá�Ñ‰bíÕ�¸,l
 Ä¤Ê

¥ä;³Bb«nJ”Öá�Ñ‰bíNb

¸,l½æ
 q f(z) ∈ K∞[z] uø_íá

[bÑ α ∈ K∞, ŸbÑ deg d ≥ 1 í

Öá�
 Bbì2J”Öá�Ñ‰bíÕ�

¸ S ′(f,N) Ñ

S ′(f,N) =
∑

deg P=N

′
E(f(P )),

¥³í°¸
∑′ u‡úF�íá[bÑ 1 í

”Öá�7k


ìÜ2.44: q d = 1 / α = a/Q, w

2 Q ∈ A+, a ∈ A Å— (a,Q) = 1
 Bb

�

|S ′(f,N)|<< max{1, ln deg Q}
N · q deg Q

2

·
(
qN + q

N
2

+deg Q · deg Q
)
,

¥³í&Û#…°Ú�b� cD q �É


ÊìÜ 2.4 2, α b°Ñ a/Q í$�


9õ,, Bb'ñqâ¤R) α ∈ K∞ íø

O!‹
 ¥<!‹ªJ¡5 [2] R$ 3.4 £

3.5
 ¢ÊìÜ2.42, ç deg Q ≥ (2N)/3

v, S ′(f,N) í,lu.ßí
¥v, BbÛ

b�-í,lTÑ^Œ


ìÜ 2.5: Vino225 q d = 1 /

deg α = −N + m (¤v α ∈ K∞ ÿª

J), w20 ≤ m ≤ N/2
 Bb�

|S ′(f,N)| = O(qm+N/2),

¥³í&Û#…°Ú�b� cD q �É


ìÜ2.66: q σ0 ≥ 0 uø_õb, 2 ≤
d < p / α = a/Q, w2 Q ∈ A+, a ∈ A

Å— (a,Q) = 1 £ σ lnN ≤ deg Q ≤
dN − σ lnN
 µóç σ ≥ d26d(σ0 + 1)v,

Bb�

| S ′(f,N) |� qN

Nσ0
,

¥³í&Û#…°Ú�b� cD d, σ0 £ q

�É


ìÜ 2.4£ 2.6}^ÿøŸ£òŸíÕ

�¸d,l
 Ê [2] íMú;³, Bb‡úø

Ÿ ((4) í8$d7'êc/ÌSí«Ø


3. Õ�.��Dy�òíM˚

9ùÜ

Ê §2.32, Bb«n7J”Öá�Ñ‰

bíÕ�¸½æ, ¥<.2�uÑ7j²D

”Öá�óÉíGX½æ (WàÖá�MŠ-

ë,Ñ�½æ£§5.1D§5.2 Fû˝í½æ)


Ou, ×¶}íGX½æ·uDøOÖá�

óÉí, FJê�JÖá�Ñ‰bíÕ�¸

u!…/.bí
 ìÜ3.1ÿuÊ«Ø¥jÞ

í½æ


ìÜ3.17: q g(z) = αdz
d + · · · +

α1z ∈ M[z]
 J 2 ≤ d = deg g < p /æ

4. �ÉÌS„p~¡5 [2] ìÜ 3.2

5. �ÉÌS„p~¡5 [2] ìÜ 3.3

6. �ÉÌS„p~¡5 [4] ìÜ 11.8
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Ê Q ∈ A+, h ∈ A Å— (h,Q) = 1, N <

deg Q ≤ (d− 1)N £

deg(αd − h/Q) < −(deg Q + (d− 1)N),

†Bb�

S(g,N) =
∑

z∈A+,deg z=N

E(g(z))

� qN(1−1/σd),

¥³

σd =


2d−1 + 1 if 2≤d<13,

2d2(2 lnd+ln ln d+3) if 13≤d,

/&Û#…°Ú�b� cD d £ q �É


ÊM2;³, Bbê�7ÖCíNb¸

.2�
ã¯¥<!‹,BbªJ)ƒy3ò

íM˚9ùÜà-:

ìÜ3.28: #ìÖá� f(x) = adx
d +

· · · + a1x + a0 ∈ A[x]
 J d = deg f ≥
2, (ad, . . . , a1) = 1 /

s≥



d2(d− 2) + 6 if 2 ≤ d < 9,

d2(2 ln d + ln ln d + 2) − 2d

if 9 ≤ d,

†Bb�∫
M

|S(αf,N)|2sdα � qN(2s−d),

¥³í&Û#…°Ú�b� cD d, s,D £

q �É


4. Öá�MŠ-ë,Ñ�½æ

Ê¥ø;2, Bbø«nÖá�MŠ-

ë,Ñ�½æíj5Ú¡t�, £wÚ¡t

�í�b (˚ÑÖá�MŠ-ë,Ñ�Jæ

�b)
 Ú¡t�í×)uøÖá�íÀPÆ

M }’AiC£šCFßÞí;7àS „

pFßÞíJæ�bÑ£õb†uÇø_ê

Gí½æ


Ê¥;2, qÖá� f(z) = adz
d +

· · ·+ a1z ∈ A[z] Å—:f í[bu�”í/

2 ≤ d = deg f < p, f(0) = 0.

4.1. Öá�MŠ-ë,Ñ�Jæb

q s uø_£cb/[br1, r2, . . . , rs

∈ F
×
q

d

 úL<íÖá� M ∈ A, Öá�M

Š-ë,Ñ�Jæ�b S(M) ìÑ

S(M) =
∑

Q∈A+

∑
h∈A,(h,Q)=1
deg h<deg Q

s∏
i=1

W (hrif,Q)

Φs(Q)

·E
(
−hM

Q

)

=
∏
P

SP (M),

�#2í P u‡úF�íá[bÑ 1 í”

Öá�7k, 7/

SP (M)=1

+
∞∑

N=1

∑
h∈A,P �h

deg h<N deg P

s∏
i=1

W (hrif, P
N)

Φs(PN)

7. �ÉÌS„p~¡5 [4] R$ 6.2

8. �ÉÌS„p~¡5 [4] ìÜ 7.5
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·E
(
−hM

PN

)
.

Ñ7„) SP (M) > 0,Bbì2 Xs(M,P )

Ñj˙�

r1z
d
1 + · · · + rsz

d
s ≡ M (mod P )

Ê z1, z2, . . . , zs ∈ A, zi �= 0, deg zi <

deg P í‘K-jí_b


ùÜ 4.19: q F
×
p

d �= {1}, 6ÿu

z 2 ≤ d < p − 1
 à‹ s ≥ 3d, †

úF�í”Öá� P £Öá� M , Bb�

Xs(M,P ) > 0


ùÜ4.210: q F
×
p

d
= {1}, 6ÿuz

2 ≤ d = p − 1
 úF�í”Öá� P £Ö

á� M , Bb�

(a) J q ≥ p4/ s ≥ d+1,†Xs(M,P ) >

0


(b) J q = p2 / s ≥ 2d + 1, †

Xs(M,P ) > 0


(c) J q = p3, p ≥ 5 / s ≥ (d + 1)(d +

2)/2, † Xs(M,P ) > 0


(d) J q = p3, p = 3 / s ≥ 3, †

Xs(M,P ) > 0


(e) J q = p,

s ≥

(d + 1)(d + 2)/2 p ≥ 5,

3 p = 3,

/

M ≡ s (mod T p − T ),

† Xs(M,P ) > 0


Bb�

ìÜ4.1: q f(z) = zd /ç q = p v,

dìM .âÅ—M ≡ s (mod T p−T )


J

s ≥




3d 2 ≤ d < p− 1,
(d+1)(d+2)

2
d = p− 1, p ≥ 5,

3 d = p− 1, p = 3,

† S(M) > 0


4.2. Öá�MŠ-ë,Ñ�½æ

qÖá� M ∈ A Å—

sgnad · (r1 + r2 + · · · + rs)

= M í d · �deg M/d� Ÿjáí[b;

I Gf,s(M) Ñj˙�

M = r1f(P1) + · · · + rsf(Ps)

Ê-A‘K5-íj (P1, . . . , Ps) 5_b:

P1, . . . , Ps Ñíá[bÑ 1 /Å—

(deg M − deg ad)/d

≤ deg Pi

< (deg M − deg ad)/d + 1

í”Öá�


Bb)ƒÖá�MŠ-ë,Ñ�½æí

Ú¡t�Ñ

9. �ÉÌS„p~¡5 [4] ùÜ 9.3

10. �ÉÌS„p~¡5 [4] ùÜ 9.4

11. �ÉÌS„p~¡5 [4] ùÜ 10.1
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ìÜ4.211: à‹

s≥




2d + 1 2 ≤ d < 11,

2d2(2 ln d + ln ln d + 2) − 4d + 2

d ≥ 11,

†ç s1 > s v, Bb�

Gf,s(M) − qN(s−d)

|ad| ·N s
· S(M) � qN(s−d)

N s1
,

¥³í&Û#…°Ú�b � cD d,D,

s, s1 £ q �É


çÖá� f(z) = zd, Bb)ƒ

ìÜ4.312: q f(z) = zd /ç q =

p, d = p− 1 v, dì M .âÅ— M ≡ s

(mod T p − T )
 J

s≥




2d + 1 2 ≤ d < 11,

2d2(2 ln d + ln ln d + 2) − 4d + 2

d ≥ 11,

†ç s1 > s v, Bb� S(M) > 0 £

Gzd,s(M) − qN(s−d)

N s
· S(M) � qN(s−d)

N s1
,

¥³í&Û#…°Ú�b� cD d, s, s1 £

q �É


5. Ýr!¼,(,íÆ¶

Ì$uMŠ½æCuMŠ-ë,Ñ�½

æ·u˘kÆ¶íTÜ_�, 6ÿun$À

PÆ,CÀPÆqóÉíNb¸½æ
 Ê…

;2, Bbb«nøCÝr!¼,(,íÆ

¶, 6ÿuÊc_Ýr!¼,(d#}Cu

Nb¸í<2
 !…,, Ýr!¼,(,í

Æ¶·uÊ«nø<�òDV¡íGX½æ,

Bb}AøŸDòŸV¡_^n$


5.1. øŸí”Öá�V¡¶

øŸV¡|�±í½æuósF„pí

ø_½æ: q λ1, λ2, λ3 uú_Ý 0 /.°

vÑ£CÑŠíõb
Júõb

λ1

λ2

,
λ2

λ3

,
λ3

λ1

Bý�ø_uÌÜb, †Õ¯

{λ1p1 + λ2p2 + λ3p3 | p1, p2, p3 u”b}
}�òkc‘õb( (dense in the real

line)


ÊÝr!¼,(,, ‚àìÜ 2.4 £ì

Ü 2.5, Bb„p7

ìÜ5.113: q λ1, λ2, λ3 uÝr!¼,

( K∞ ,ú_Ý 0 íjÖ
J λ1, λ2, λ3 Å

—

sgn(λ1) + sgn(λ2) + sgn(λ3)

= 0 /
λ1

λ2

�∈ K,

†Õ¯

{λ1P1+λ2P2+λ3P3|p1, p2, p3 u”Öá�}

}�òkc_Ýr!¼,(,


5.2. òŸí”Öá�V¡¶

òŸV¡�±í½æu®dšÔ (Da-

venport)% ½�ÓO (Heilbronn) £(V

12. �ÉÌS„p~¡5 [4] ùÜ 10.1

13. �ÉÌS„p~¡5 [2] ìÜ 2.1
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í Ramachandra F„píø_½æ: q
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