Sampling Distribution & Estimator

Central Limiting Theorem
t—distribution
estimators

sample size
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Take many SRSs and collect
their means x.

SRS size 10 _
—x=26.42
SRS size 10
—X=24.28
SRS size 10
—%=25.22

b
Population,
mean | =25

The distribution of all
the x's is close to Normal.

N

20 25 30

Properties of the Sampling Distribution
of the Sample Mean

* Comparing the

population distribution

and the sampling

distribution of the

mean:

v The sampling
distribution is more

bell—shaped and
symmetric.

V/Both have the same
center.

v The sampling

Uniform Distribution (1,8)
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Relationships between Population Parameters

and the Sampling Distribution of the Sample
Mean

The expected value of the sample mean is cqual to the population
mean: —
E( X) =m-,=m

The variance of the sample mean is equal to the population
variance divided by the sample size:

2
V(X) =sh=—*

17

The standard deviation of the sample mean, known as the standard
error of the mean, is equal to the population standard deviation
divided by the square root of the sample size:

6U)(§ﬁ-=syzzi;ﬁ

Sampling from a Normal Population

Sampling Distribution of the Sample Mean ‘

0.4 = 1
«——Sanpling Distribution: n =16
' '

Sampling Distribution: n =4

formal

ulationNormal population
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law of large number
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The Central Limit Theorem

Theorem 5.4-1 If X is the mean of a random sample
X .X,,..,X of size n from a distribution with

a finite mean y and a finite positive variance o,
then the distribution of

n

Y-

Wj(—/z _idl
oln n ¢

is M0,1| in the limit as n-o.




The Central Limit Theorem Applies to
Sampling Distributions from Any Population

Normal Uniform Skewed General

Population|

b
> P

4

n = 30
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ex.

ex : FILF G AUEET HE B BEC N (72.81) - [
(1) FERIH 1 N - s BUEE 80 Z B ?

(2) FEfkdH 10 A - P29 B8 80 #REK 7

(3) [l (2) » Bk 800 53 2 HEZR ?

(4) FHRHEEERRR > 0T 7

ex : HTFFISECH » 1 30 A R.S. » SKREAHRAITE
KINZ BB o
(1) X~ Poisson(4.5)
(2)  X"Bin(9,0.5)

Student’ s T Distribution

Definition:

If ris a positive integer and T:Z—

\/m;

where ZT'N(O,I),U",Zz(r), and they are independent,

then we say that T has a t distribution with r degree of freedom.

Denote it I™¢(r)

Gossett, William Sealy published “t—test” 1in

Biometrika 1908 to measure the confidence interval,

the deviation of “small samples” from the
“real” .
Suppose the underlying distribution is normal
with unknown o 2.



Student’ s t Distribution

* The t is a family of
bell—shaped and
symmetric distributions,

one for each number of
degree of freedom.

» The expected value of ¢ tandard normal
is O. =20
* The variance of t is =10

greater than 1, but
approaches 1 as the
number of degrees of
freedom increases. The
t is flatter and has
fatter tails than does

the standard normal.

* The t distribution
approaches a standard

~

Remark

If the population standard deviation, ¢, is unknown,
replace owith the sample standard deviation, s. If
the population is noq@aXLUmhe resulting statistic:

si\n
has a t distribution with (n — 1) degrees of freedom.
i
Tj(—/z ol\n
SYJE ‘ 1‘§ .
J” I[a-1]
&
We know that
Ry AN AL s s 7ln-1),
ol{n 5

and these two are independent. So, X_—'a”t(n—l).

$/\n

4--19

Estimation
TEfaT B R b FAF 5 m] 4 3 2Bk (e B B A A B )
i o T 3 M 2 A R A2 EL (unknown parameter) o
LU E B ST A H e Ad BT E e 2 8 o
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Methods

Bbfh=t ( Point Estimation )
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&S EEr ( Interval Estimation )
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Estimation

* Consider the following statements:
X = 550

* A single—valued estimate that conveys little
information about the actual value of the
population mean.

v'We are 99% confident that p is in the interval
[449,551]

* An interval estimate which locates the population
mean within a narrow interval, with a high level
of confidence.

v'We are 90% confident that p is in the interval
[400,700]

+ An interval estimate which locates the population

some often used point Estimators

An estimator of a population parameter is a sample
statistic used to estimate the parameter. The most
commonly—used estimator of the:

Population Parameter Sample Statistic

Mean () is the Mean (X)
Variance (02) is the Variance (s9)
Standard Deviation (o) is the Stajdard Deviation
(s)
Pro * Desirable properties of estimators
include:
v Unbiasedness
\/Efficiency
\/Consistency
-/(‘..ff: -t - -
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Unbiased and Biased Estimators

Bias

An unbiased estimator A biased estimator

is on target on is off target on

average. average.

Efficiency

An estimator is efficient if it has a relatively small
variance (and standard deviation).

An efficient estimator An inefficient estimator
is, on average, closer is, on average, farther

to the parameter being from the parameter being
estimated. . estimated.
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Consistency and Sufficiency

An estimator is said to be consistent if its
probability of being close to the parameter it
estimates increases as the sample size increases.

T
'
'
N \
N T
A /
\

Cmmusumqyu

An estimator is said to be sufficient if it contains

all the information in the data about the parameter it

estimates.

Properties of the Sample Mean

For a normal population, both the sample mean and
sample median are unbiased estimators of the
population mean, but the sample mean is both more
efficient (because it has a smaller variance), and
sufficient. Every observation in the sample is
used in the calculation of the sample mean, but
only the middle value is used to find the sample
median.

In general, the sample mean is the best estimator of
the population mean. The sample mean is the most
efficient unbiased estimator of the population
mean. It is also a consistent estimator.

4--27

Properties of the Sample Variance

The sample variance (the sum of the squared deviations
from the sample mean divided by (n—1) is an unbiased
estimator of the population variance. In contrast,
the average squared deviation from the sample mean is a
biased (though consistent) estimator of the population
variance.

(x 7

E(Sz) E (177])

E (X @2 2
n

Confidence Interval or Interval Estimate

BEE R PG B B 4t

A confidence interval or interval estimate is a range
or interval of numbers believed to include an unknown
population parameter. Associated with the interval is
a measure of the confidence we have

that the interval does indeed contain the parameter of
miAre@onfidence interval or interval

estimate has two components:
v'A range or interval of values

V/An associated level of confidence



Confidence Interval for p
When ¢ Is Known

R—sampling

e If the population distribution is normal,
the sampling distribution of the mean is
normal.

* If the sample is sufficiently large,

regardless of the shape of the population

distribution, the sampling distribution i
Fhi57 Central Limit TI .
~1.96<X 4 <1,96|=0.95

oln "

0.2

0.4

£(z)

or

B 0’ _ 5 0.1
%-1.96Z < u<x+1.96Z =095 | A4 N
F( \/71 \/71 -4 -3 -2 -1 0 1 2 3 4

The sample function is used to generate a random sample from a
given population. It can be used to sample with or without
replacement by using the replace argument (the default is
F). The only obligatory argument is a vector of data which
will constitute the population from which the sample will be
drawn.

The default is to create a sample equal in size to the
population but by using the size argument any sample size
can be specified. A vector of probabilities can also be
supplied in the prob argument. This vector has to be equal
in length to the size of the population and it will
automatically be normalized if its elements do not sum up to
one. The default is for every element in the population to
have equal chance of being chosen

Confidence Interval for p when
o is Known (Continued)

Beforesampling,therdsa0.95probdiity thathénterval

1.96—=

Vn

willincludethesamplemean (and 5% thatt wildot) .

Converselyaftersampling ,approximatly 95% of suchinterval

X 1.96—

N

willincludethegopulationmean (and 5% of themwilhot) .

Thatis,x 1.96—= isa 95% confidenceintervalfor
n

R: sampling from a population

- #Generating a random sample + CLT: sampling n random sample
from a Poisson distribution for the population “a” , and
with lambda=3 repeating the processing

nsample times. See the
set.seed(124) distribution of xbar.

- pois <— rpois (100,
lambda=3) a=c(1:6)

- pois[1:10] n=3

- mean (pois) nsample=20
var (pois) xbar=rep(0, nsample)

for (i in 1:nsample)

- #Generating a random sample {
from a Binomial rsample=sample (a,n,replace=T)
distribution with size=20 xbar [1]=mean (rsample)
and prob=.2 set.seed(124) st e (Pesmmie . sber(l]))

+ binom <— rbinom(lOO, 20, 3
.2) hist (xbar)

- binom[1:10]

- mean (binom)
sd(binom)




R: CLT

#function for central Iimit
theorem

central=function(a, N, n ) {
mu.a=mean (a)

#sampling wwith replacement sd.a=sd(a)

x.bar=rep (NA, N)
for (i in 1:N) {

x.bar [i]=mean(sample(a, n,
replace=TRUE))

}

X. barnorm—(x bar
mu.a)/sd.a sqrt(n)

#a : original population
Zn : sampling size
ZN: repeated sampling

maln aste
n=",n))

p01nts(den31tg(x barnorm)
cex=.2, col=

}

central (c(1:10) ,N=30, n=4)

hist (x. bar?orm fge%iFALSE,
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